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1. Continuous - time
processes

& martingales
From now on

,

(2
.

F
,

P) denotes a probability
space

on which all random variables are defined.

1
.
I
.
Continuous - time

processes

Retr
.

Given an index set IT
,
a stochastic

process
X = EX+: te T) is a collection of

random variables Xt = XIt
,
w)
,

tEIT
,
wel
,

taking values in some measurable
space
.

·

If it is a countable set
,

X is a discrete-time

stochastic
process .

· If TERR is a finite or infinite interval
,

X is

a continuous-time stochastic
process

.

&ful : For it uncountable
,
events like

Sw : X
+ (w) + [a

,
b) HtETT

o

Iw : + X
+
(w) is continuous)

are not measurable in
general
.

Sn : Build regularity into 1 .
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Defi
.

(la ,b) is the Banach
space

of continuous

functions f : [a
,
bl - R with norm

IIfll =
SUP
If

Detn
.

DIa
,
b) is the Polish

space (complete se metric
of left-continuous functions with right limits

Cadlig functions) f : [a ,b] R with tricme
-

d(f,g) = int ( +0 : 7X : [a
,b]= (a ,
b)increasing
,

invertible
,

and continuous

s
.

t
. Sup(x(t)-tEr ,
Sup(f(t)

-

g(x(t))) = + ] .

#
op

.

Dia
,b] is indeed a Polish space .

[Billingsley , Convergence of Prob . Measures
, Chapter 3] .

Pop .

The -fields of Borel Sets of Cla
,
b] or Da

,

b]
are generated by

the cylinder sets , i. e
., by-

[x+ X :
+
+
X
= x(H) + IS

,

It B(R)
,

tela , b]

Sketch Let F denote the cylinder o-field. Since--

ExeX : XIHEI) is a Borelset
,

FCB
. Conversely ,

Exec : /xIr = &TELEr
,
+]) -F.

Exercise : X=D
tz( ,b) 1Q

4



We will always use the cylinder o-field (
= Borel

o field) on Cla ,b) or Dla ,b] . The space
([o

,
a)

is defined by x = (to
,
a) if Xot] -Clo ,T] and

likewise for Do
,
a) with unit . on compacts metric .

e. Let (
,
F) be

a measurable
space
. Then a

family [Fe
:
+ = 0] of sub-o-fieldsF is

·

a filtration if F Et if set
.

·

a right-cont . filtration if Fet= Fs

D
.

Let (d
,

F
,

(f) be a filtered measurable

space
.
Then a stochastic process

(X+ ) is

·

adapted if Ut : Xeeft , i.e
,

Xe is fo-meas.

·

integrable if Xt : XtL, i .e ., ElXtk &.

Example . If& is a
space

of functions on ICIO ,

9)
,

Ft = o(w(s) : set)
is the canonical filtration

.
The canonical

process

* (w) = w(t)
,

Wel is (fel-adapted .

#& is a
space

of right-cont . functions
,

it is

also adapted to #z+ ) .

5



Pop . Let (X+) be a DIO ,al-valued adapted process.
Then (Xt) is progressively measurable : VTO

(0
,
t) + Xerol

on &xT0
,

1) is measurable wrt
. F *BITO ,TJ).

Sketch. By right-cont · can approximate by
X (w) = Xzn +24z7(w)

For
every

AEB(R)
,

4 (w
,
t) =& + T0

,
T] : Xitwi-Al

= USXznk (A)x[2-(k-1)
,

2- k) .

k!
- -

24T
-F =B([0 ,+])

Thus XV is #*BIO,TT) - measurable· Take limits.

Sometimes it is also convenient to assume that

the E contain all null sets
,
i
.
e
.
is complete .

Hefn
.

A filtration satisfies the usual conditions if

it is right-continuous and complete (wr .t .
a given

probability measure).

6



1. 2. Functions of bounded variation

Letn. The total variation of x : [a
.
b) - R is

([a ,
b) = sup[((ti) - x (ii) :

a str
= b)

partition of [a ,b]

The
space

BY[a
,b] of functions of bounded variation

consists of X : [a
.
b]+ IR with Vla

,

b] <&.

Recall : A signed measure y on [a , b] is the
difference

of two muthmaaordandecompositiona
My
and

M ..
The total variation measure ofu is

(x) = m+ + x-

Hahn-Jordan thm : Given
any
finite positive measures

&

M .
and

M2
there are My and y . s .t .

M
=

MFM
=

M+-  -

L
op .

(i) Given a signed measure y on [a , b), its
CDFx(t) = M(la ,t]) is in BYla ,b] , cadlag , and

(x[a
.
b)= (p))(a .b]) .

(ii) Given XBY[a ,b) that is right-continuous , there
is
M

s
.

t
.
x(t) = M([n ,b1)

.

7



Iroof
.

(i) Let
M
=

M+
-

M-
be a signed measure and

X its CDF
.

Let a =to = t ,x
- StrEb

.
Then

& (x(ti) - x(ti-1))=M(ti
-

ti]) = (u)(a ,b)
i= 1

= (x[a ,b] = /) (a , b) .

For the other direction
,

letIm be a
sequence

of rested partitions with maxIt 0
It suffices to show that

M)(a ,b)
=lim(x(tm) -x(t)) .

To see this
,

define the probability on (a ,b) by
r(dt) = (u)(dt)

(p) (a ,b]

Let Fm = 0) (tit] : lim) <Fi
+

X= = 7
suppyex

- 1
suppy-

Xm = ETX/Fm].

For setti
,
to then

Xm(s) = M(Hi ,
t]) X-XI

() ((t , ])
=

(((t , ti])

8



= EIm) = MClaib - xH

and the claim is EIXm)- 1
.

But (Xm) is a bd

martingale , so there is Y s .t . Xm+ Y in L

=> ElXm1- Ell
.

Since o(VFn) = B((a ,bi) in fact X=Y a .S
.,
so

ElY1 = EIX1 = 1
.

(ii) Now let X( BV[a
, b]

.

Assume X(a) =0 and set

X
=
(H) = z(Xx[a

,
t) [ X(t))

.

Claim : XI are increasing ,
i
.e

. X11s) = X(t) if set .

Let aEtox--- thet be a partition of [0 . t] &
sit

.

& = tox--- In Et IS is a partion of 10 , S] .

=> 2x
+ (s)

= Vx[a
,
s) =x(s)

-

IIHH-
= X

=
(s) = X

= (t) .

9



Claim : If X is right-continuous ,

so are XI.

It suffices to show vIH =Xx[a
.
t) is right-continuous .

Let B
=

X (t +) - v It) . Need to show B
=0
. Let h <0 s

.

t
.

x(t+h) -y(t) = B + 3

(x(s) - x(t)) + E for se[t
,
tth]

.

There is a partition of [t . +th] s .

t

.

(x(ti) - X (ti+))= Xx[t
.

t+h)
- B

i

=> [(x(ti) - X (ti+)) = B
-

(x(ti) -x(toll = -B - E
i=2

Since BEX(t ,1- vIto) there is a part of [to , ti] st .

[(x(ti) - x(ti)) = B

Thus there is a partition ofIt , ++ h] s
.

t
.

([t
,

t +h] zB - 3

On the other hand
,

Xx[t
,

t +h] = B+ E

=

B = 42 V30 = B
= 0

.

10



Defn
.

Let x - BVla
,b] be right-continuous

associated signed measure m
.

For -L'l
withthe

Lebesgue-Stieltjes integral is defined by
& flu) bx(u)

=Sflu) Md
(a =St = b)

↓ flu) (dx/u))
=Sflu) yuldy

and set fox(t) = 1
+

flu) dx (n)
·

Exercise. Let XBXla ,
b) be night-continuous. Then

ISf(t)dxlt)) = )
:

"

(H) 1 (dxIt)I

and fox is in BV and right-cont . with signed
measure f(t)dxlt1 and TY If(t)) (dx(t)1

.

Drop .

Let XfBY be right-cont . and I bounded
and left-cont

.
Then for

any sequence
of

partitions (of [a ,
b) with step size0 :

&
"

Ht)dxlt) =im f() (x(ti) - x (ti-1)

f(dx(t))=m(x Stil - x (ti 1) )
·

11



Proof
.

Let fm(a) =0
,

fult) = flt) if teltt]

=> flt)
=im

fult) by left-continuity

=>) (x(t) -x()) = Sfm(t)dx(t)
(a
,b]

PESf(t) cx(t) .

The second claim is similar
.

Exercise
.

Let X
,y BYlab) be right-cont .

Then

X(b)y(b)
-

x(a)y(a)
= (x(t)dy(t)

+
Py(t+ dx(t)

&

12



1
.

3
.

Continuous - time martingales
Detr

.

Given a filtered probability space
(8

,

F
,
(f)
,

P)
,

a martingale is a family of random variables
M
+ c telt such that

(i) (t + Mz)tD(Tt)
,

P-a
.

s
.

[if It is continuous)

(ii) H+ :0 : MetE and ElMel = &.

(iii) HOEsEt : E[MeIFs] = Ms , P-a .S .

If (i)It then (MItrl)
,

is a discrete-time martingale
Wit

. (Fe) . By taking ti
= 24k and using

right-continuity , most properties extend from discrete

to continuous
.

Doob's inequality
.

If (Ne is a martingale and

En
= [W
:S

Ms(w)) = e)

then

PIEe) = GETLEIMel] = ELIME)

PLEe) = EzEL1EeIM+]
=

tec EllMaR] .

13



Proof. The discrete-time versions of Doob's

inequalities imply the statement with Ee

replaced by
Ee

= [sup IMs1ze3
.

OISEt

SE2-tN

By right-continuity , P(EE) ↑ P(Ee)
.

Defn
.

(X) is a submartingale if (i) & (ii) hold
,

(iii) HOESEt : ETXtIfs]2Xs
,

P-a
.

S
.

and a supermartingale if EIX+ If] = Xs .

Exercise
.

Let (X) be a martingale , p : IR-IR

convex
&

and assume ELId(X)1] =& .

Then d(X)
is integrable for

any
<T and a submartingale.

Cletn
.

A stopping time is a random variable I
with values in [0,] s . t.

Ht20 : Ex
= StEtYeEt

Define E = <AEF : An ExtES
.

14



Exercise
.

· If I
,
Tz are stopping times , so are

[x52 and E , XTz .

·

If T
. ETs are stopping times . EE Fiz

.

·

It f is a measurable function s
.

t
.

f(t) t

for all + then f(t) is a stopping time
if I is one . Thus In

=2-12"It is a

stopping time St . In
? [ and in

I

.

Exercise : Let X be a random variable in L
,

i
.e. EIX1&. Then the set of random variables

EIX1E] where ECF
ranges

over sub-o-fields

is uniformly integrable : V307X0s
.

t
.

VE :

ElETXIE) LEXIESKx] = E.

Vitali's
convergence

theorem : Equivalent :

·

XifL' and Xi - X in 1

·

XiUI and Xi +X in probability .

15



Ihm
.

(OST)
·

Let (Me) be a martingale and, in be

two bounded stopping times. Then MeiEL' and
ElMic (F

.
] = Mz
,

a
.

S.

Proof Assume [
.
Tz = N .

Let T = 2
-*

↑2"[i] = N+
-

where N is a deterministic constant
.

The

discrete-time OST implies that

ME
=

EIMM / fe]

In particular
,

Me is UI . Since M
-

Mr as .
therefore Mir My

,

in Land likewise for t
.

The discrete OST also implies
E[Me (fer) = Mic

In particular , for any
Aft
,
Fi
,

EIME1a] = EIMer1A]

Since My - Mc
,

in L'the claim follows
.

C
.

For
any stopping time , Mex is a martingale.

Exercise
.

Extend to (Mz) a submartingale.

16



1
.

4
. Semimartingales
Let (2

,

F
,
(f)

,

P) be a filtered probability space
.

Example Let (Xnl be an adapted discrete-time
process
.
Define

An = [E[X; - Xi+1 ]
,

Ao =0.

j=

Then Yn = Xn-An is a martingale : for men
,

M

Elin/Fm) = E(XnIfm) - BETE(Xi-Xi+ IfIlfm)
-

-

LEXmlim
= Xm-EX-X

and An Fh-
.
The decomposition Xn = Yn + An with

these properties is the Doob or semimartingale
decomposition of Xn . The process in is the

martingale part of Xn and An the compensator .

Exercise : The semimartingale decomposition is unique .

17



The semimartingale decomposition is more subtle
in the continuous case.

Rop .

Let (A1) be a continuous - time martingale. If
A is continuous and BV

,

P-a
.
S
.,

then A is const.

Proof. Assume Ao=0 and let At be the variation
-

of A on [0
.
t]

.

It suffices to consider **It =C
.

Otherwise
,
consider Any where T= inflt : AC).

Let tj = (/n)T . Then

At-AtSyplAt-At[At-Aj

=

Csup lAtj-Atjil .

Since 1Atj1 = /Aol+C and A is continuous on

10
,
T]
,
thus uniformly continuous ,

-

#At-AtR]+ 0 .

On the other hand
,

since A is a martingale,

ETA-AR) = EA-AoR

Thus ELIAT-AoR) = 0 , i .e. A += Ao a
.
s
.

18



ropetbeboundedmartingaleandon
with AC for

everyt
. Then

X
+

= M
+At-MoAo-] Ms dAs

is a martingale.

R
. Formally, X+= J AsdMs -

Proof. Since A is continuous
,

&"MscAs =im Mtj(At-Ati

n

=

MzAe-MoAo + lim Atj (Mej-Meit
n + j=

=> X
+=limA-Mix

Since At Fi
,

and M is a martingale,

EAti (Maj -Mtj) (f) = 0 .

and similarly XV is a martingale.

If Misbd
,

X* - X+ in 1 .

It follows that X is

a martingale.

19



2. Brownian motion In fact
,
suffices to

havet in dense set
.

2. I
. Kolmogorov's continuity criterion

↓
Ihm

. (Kolmogorov's criterion). Assume (Xt)tard is a
stochastic

process
S.t

.

for some P21
,
x30

&

ELIX-X
,

(*) = Alt-s/d
++

S

Ot
,

S = I
.

Then there is a version * of X
,

i.e
.,

P(X+ =*z) = 1 Xt
,

that is continuous in fact v-Holder continuous :3
-

p sup
It-*st

-X]=t+ S It -S/W

provided thatV< X/p and with C
=Carp
-

The essence is really a real analysis estimate.

Formally , the estimate follows taking expectation over
the following inequality ("Besox space embedding").

Prop For X :R
*
-IR" continuous

, p21 and UsO,-

Sup
(xt-Xl

ECP)d)
tSEB

It-s10

-

[x]j
where B=B

,
(O) CRI

20



Garsia-Rodemich-Rumsey inequality .

Let
p
and 4

be strictly increasing continuous functions on
Co

,

al s
.

t
. p(O)

= 0 and 4(t)- (t -a)
.

Then

if X
: [0
,
i) - IR" is continuous and

-

(4)(x(t)
-X(s))
)dsdt = B=

p(t-sK

the(t)-x(s)) = 8+ (B) plau)
Plu) d

Proof of#) when d= 1
.

Let 4 (ul = up
, plu) = u8

+/P
,

B = B(x) = ))(x()
-xsl

as dt
.

It-sp
+2

=> ((t-X(5)) = (B) "P
=(Bp'n8du =

G
,
pB
**
It - s/X

8

# If
x is only in Loc and the RHS is finite , there

is * S
.

t
.
Y= X a

.
e . S .
t
.

the estimate holds : Set

x(t) = 2 tX(t+u)du

Then IXr is bounded. By Arzela-Ascoli there is X
st

.
IX
*
- * la -0 along some to. But xXa .

e
. by

Lebesgue diff . Im ., so Y= X a .
e.

21



Proof of Kolmogoroy's criterion. If we already knew
that X was continuous

,

the estimate would

follow from the GRR inequality
.

But we have

not even assumed that + X+ is Borel measurable !

Let

XE = Xz-n(2nt)

Then XI is measurable . Set

*w= [hX(w) for (w ,t S .t . the limit exists
O else

.

Since PIXE-X= 2-n) =A2th2m) l
+B

is

summable the limit exist a.s. for
every

fixed to

Let

↑ = EXI =) ds
=> ElyP] =Al It-sll

+

<- pudsd++ if as up .

Thus
,

for
every
w.* coincides for a

.

e
.

t with a st
.

[X] = CY for all w.

22



It remains to see that PIX=*) = 1 for
every
t
.

# suffices to show this for += 2- K
. Then

PTX = Y+ ] = P[X+ = Y+7 .

But PTIX
+

- **/ > S] > &"gltB - O so as before
S

*** a .s
.

as 340
,

so X= *+ a . S.

#roof (GRR)
.

Let

T

IHH = ( 4) II-XsII
so that It)dt = B . By the mean-value theorem

,

there is to+ (0
.

T) S
.

t
.

ICtol = B/T
.

Given the
,

define an by

p(dn-1)
= zp(tn-1) (so Oxdn-< tn-1)

and the (0
,
dn-i) S it.

Ilt)=B4
(x(tn) - x(tn -1)

( = 2[(tn+ )
P(tn - +n+1 dn -1

y

Each can fail on set of measure of th

Thus both can fail only on a set of meas .Any.

23



Thus dost
,
sa ...

Then :

p
(dn
+
) = 2 p(tn+1)= p(dn) = dritnto .

Also :

p(tn- +n+1) = p(tn)
= 2 p(dn)

=

4(p(dn)
- zp(dn)

= 4(p(dn)- p(dn+1)

=> (x(tm) -x(tn)) = p(tn
- tn
+1)4

+

))
= 4(p(an) -p(dn+1))4+n -1)
= 494)p(du)

=> (x(to) - x(01) = 454
+

/* ) plau)

By an analogous argument,

(x(T) - X(tol) = 4 4
+

(7) p(du)
=> (x(T) - x(01) = 84

+

(B) pldu)
.

24



Given Ols <t = T set

Y(u) = x(s +Eu)
P(u) = p((u)

The argument above with Bu (s)" B = E gives
(x(H) - x(s)) = 84"(B)((du)

= 84-1))p(du) .
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2. 2
.

Definition of Brownian motion

Lett
.

A stochastic
process

(Belzzo is called a

Brownian motion or Wiener process if it is

continuous and:

(i) (ts : B
+

-

Bs ~ NO
,
t-s).

(ii) t>S : B+
- Bs is independent of olBu

: UIS)
.

Im. There exists a unique probability measure
on Co

,
a such that the canonical

process
is

a Wiener
process
. This is the Wiener measure.

Lemma
.

If (i)
holdsfor

a stochastic process on some

probability space there is a version that is

in fact Holder continuous for
any

Holder exponent
strictly less than 42

.

Proof
.

Since Wt-Ws NO
,

+-s)
,

EliWt-Wslp] = Cplt-sIP for
any p
: 1

.

Thus Kolmogorov applies U
=I- 3 when P2 :

EtIWt-Ws/P] =Clt-sIPX = (pIt-slUp
+

26



&roof (construction of Wiener measure)
.

Given
any

eac (R
,

F
,

P) on which a Brownian
probabilityis defined

,

consider the ma
a

1 : 2 x([0
,

a)
,
wr(t+ Bew).

This
map

is measurable
·

Thus Pol" defines a

Borel
measure on Clo

,

a).

Using a monotone class argument one checks it is

uniquely defined by its fin-dim .

distributions
.

Drop .

Brownian motion is not in (2 :

P(sup
(
=

-

Xs) =a) = 1.
tS It-sl

-

Oxt
,
S

Proof. For each t
,

(B+ -Bs)/It-slk is NO , 1) .

Sup
N
+
-Xs)
zSuzn-XIt-gl2 2.

/2

=> Plsup = 1 - PIX]- 0
.

where 2vNCO, 1)
.
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There are
many ways

of constricting (Bt).

Defn
.

Let (d
,

F
,
P) be a probability space.

Then

SCE(f
,
F
,
P) is a Gaussian space if S is a

closed linear subspace and any
X is a Gaussian

random variablee.

Example .

Let (Xil be i
.

i
.
d NO

,
1) on some

probability space
. Then spanXi) is a Gaussian

5)
The X

:
are an ortho normal system :Ta le

.

E[XiX i)
= Sij

Note that limits of Gaussian random variables

are Gaussian.

Prop .

Let I be a separable Hilbert space and S
as in the example. Then there is an isometry
I : H+ S

.

Thus :

· FfeH : I(f) ~ NO
, 11f()

·

VfigeH : Ellf)[lg)
= (f

,g(t

In fact
,

[laf +Bg) = aIH) +BIlg) a .S .

28



&roof
.

Let lei) be an orthonormal basis for H
.

Set

IHf) = H
,

ei) X :
·

The limit exists in 1 and a
.s. since

kt(ei) Xi
is a martingale bounded in L2

Lett
.

Let W be an isometry from ECRH) into some

Gaussian
space
. Then W is called white noise.

For +zo
,

define

We = W(150
,

t])

# Would like to think of Wif) as IfdW but

W has infinite variation almost surely .

Exercise
.

(i) For ACIyBorel
,

1A1&, W(A) ~NCO, (A)

(ii) For A
,

BCR
+
with ARB =0

,
W() and W(B)

are independent.

(iii) For A = & A : with Ai disjoint, depends oni = 1

WCAl
=
Wil in Land

the Ail:

W looks like a random measure but it is not.
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Pop . For any t, ..., In the rector (WilE ,
is

jointly Gaussian with covariance

EWtWs] = sXt for s
,

tI0
.

Moreover
.

Wo= 0 a
.
S
.

and

We-Ws is independent of otWn : U<s)

W-Ws ~ NO
,

t-s)
.

Exercise : Let B be a Brownian motion. Then

· - B is a Brownian motion (symmetry)

· But is a Brownian motion (scale invariance)

·

Bets
-

Bs is a Brownian motion that is indep
of (Bu : UXS) Markov prop?).

Exercise
.

Understand how Brownian motion is the

Gaussian measure with corariance (1)"on

to
.

al with O-boundary condition at 0.

Defn
.

A stochastic
process taking values in IP is

a d-dim .
Brownian motion if each component

is a Brownian motion.
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2. 3. Heat equation and Feynman-Kac formula

Let pe(x,y) =re be the heat kerne on R
.

Detr
.

The semigroup of Brownian motion is

Te f ( x )= Ex[f(Bt)]

where Ex is the expectation of a BM starting
at X- IR

.

Eact
.

Since Bt -X ~NO , t),

To f ( x )= (p
+

(x
,y)f(y)

= (f(x+y)p+ (0,y)by
=(f(x+y()p, (0,y) dy .

Retr
.

The infinitesimal generator is

If(x) = Lig
Te f ( x )- f(x)

t

for such that the limit exists
.

Eact. For feC the limit exists and

If = If".
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Proof Iffec3
,

-im(f(x
+

y -
f(x)

P
,

10
,y) dy

=lim)
f(x)yetef")yt

+ tey) ploy yo

with Keely)) = Clyp . Thus

↓(x) = If "(x)
.

If fECt
,

one
still has +ety)) = o(t) .

Thus not
,

x) = tef(x) satisfies the heat equation

E ult
,

x) + f(x) (t +01
.

Exercise
.

Let Xt = X + oB++mt be Brownian motion

with variance of and drift m .

Show

Lf(x)=f"(x) + mf'(x)
.

Fact
.

Given (2
,

F
,F ,

P)
,
a continuous adapted

process
(BH) is a Brownian motion iff

ETf(B
+
) IFs] = Tt-sf(Bs) Of continuous

.
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Feynman-Kacformula .

Let X be bounded and

continuous
.
Then
-

uH
,

x) = Ex(exp()Y(Bs)ds) f(x+)]
satisfies

= + Yu
,

u(0
,

x) = f(x)
.

#root. Expand exponential :

ultix)= Ex]Y--YVIBH) --- V(B +n) f(Xt) dti -dt]

=Extat)--X(B+) f(x)dt
..

- dtn]

=F -Vlt)f(x)dtI
n11

=>TTYTVTet
dit
.

M I

Differentiate term by term
.
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Example : Arcsine law
.

Let St
=

Ef
*

1Bpods .

= El3t] = E
.

What is the distribution of 37?

3
= S'1Besso ds ! 1FBRO dS

=

GAB50da

= 3
+

~3
1.

top .

P[5[X]=y dy= arcsin() .

Roof
.

Let V(x) = 1x0
.

This Y is not cont . and

a more careful argument would involve a limiting
argument to apply Feynman-Kac. Anyway

,

ult
,

x) = Ex[exp) -0)"X(Bs)ds)ds]
satisfies

=Ou
,

u(0x) = 1.

Let g(x,x)
= Ye-Xtult

,
x) ot
.
Then

O

xg + oVg-
= 0

.

34



Thu
+olg-Ig" = 1 (x>0

x
g
- zg" =0 (x0)

andshouldbe boundedatand
continuousa

&

g(x)=
Thus

&

ES expl-xt
-o]Y(Bs)ds)dt]

= El exp(-xt - o+ 3t)dt)
= E(9 exp(-xt -o+3 , )dt)
= Elis)=*
Thus Elites) = it
.

Differentiating :
&

El = F(x
*
-*
(rx)
-

dx
.

Since the support is bd .
moments characterize the

distribution.
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2.4 . Strong Markox and reflection property
Markox property .

Let ts
.

Then

#A: PIB+EAlfs] = Pts(Bs Al
↓ 2

- (y
-Bs)
-

=she 21
-

Sdy -

E

Wf dd : PIf(B+ (fs] = Pt-sf(Bs)

= Pt- s(Bs ,y)f(y) dy .

&roof
.

Immediate from independent increments.

Strong Markox properly. Letbeastopping timeThen Bett-Bi is

conditional on [S&

Proof
.

Let in = 2
*

T2"Il and = 2-k
.

Given Atfers set Ar= Al[[n = tr]-Fexts
.

Then

Elf(Bintt) 1Ak] = ETf(Btic+t)1Ak]
= ELTt-sf(Btats)[An]
= EITt-st(Bin +s)1An]
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Elf(Bintt)1AnaEal] = ElTt-sf(Bints) 1Austas]
For f bounded

,
can take no:

Elf(Bi+t) [Anstas] = EITE-sf(Bits) 1Anatias]
=> Ef(Bi+t) /Fits] = ElTesf(Bits)] a . s .OnO

Rk
.

Let Es : Cl0
,
a) - Clo

,
a)

,
@wlt) = wit +5)

·

Then for fin
. stopping times

Px[G+w+Alfe] = PxtIA]
,

Px-a
.
S
.

For a stopping time that is not a .s . finite,

Px [GweAlf) = Pxca[A]
,

Px-a .S . on En
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&

Reflectionprinciple .

Let a30
,
Ta= infit20 : B+= a)

,

and

x
= (Bt [tETal

29 -Bt (t -Ta )

Then (Xt) is also a Brownian motion
.

int
Proof. On the exent Tax& set

Bt = Bitt-BTa .

By the strong Markox property
,

B is a BM cond
.

on Taxa indep .

of Fia
.

Same for -B
.

=> Bt
=

Bitt Bl-ta
+

&Tac

* = Biaxt-Blt-ta
+

Atacd .

Thus B and X have the same distribution
.
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Cor
.

For a 10 and bea
,

PISUBa , Beb]
=

PIB2a-

In particular
,

SupBs ~Bel and t

PL1Bs1 = a) = 4 P[Bt = a)

Poot. For the first claim notice :

LS= PITaIt
,

Br = b]

RHS = P12a-Bt = b]

=PITaIt , XtEbl+
Tas t

, By 2a-b]
O

For the second one :

PTsupBs2a]
= P[supBs2a , Br =a)
-

PlBz =a) trivially
+PspBs[a, BsEa]

PlBzIa] by reflection

= 2 PIBtZal = PLIBH = a]
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2.
5

. Martingales
#ercise. Let B be a standard BM with Bo= 0.

Then the following are continuous martingales :

(B)
,
B-t

,

eXB+ -Ext
&

Prop
.

Let f : [0, xIR-iR be Cint and Cin x. Then
t

Mt = f(t
,

B+) - f(0
, Bo) -! + EA) f(s

,
Bs) &S

is a continuous martingale.

Roof
.

It suffices to show ELMs++
-Ms IFs) = 0 a

.
S.

By the Markov property , suffices to consider s=0 .

Claim : for
any

+>s
, EM+

-Ms] = 0
.

ExTM+
- Ms) = Extf(t . Bel - f(s,Bs) - StzA) flu ,Bu)du]

= Ex[f(t .
Bel] - Ex[f(s

.Bs)]

- [Eu+zAlflu
,

Ba)) du

↑
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=

(P(x,y) f(t ,y) by
- Sps(x

,y) fls ,4) dy

Huly) (EE+ EA) flu ,y) dy du

SPuy) Glu
,y) dy

+ (EAPu(x,y) flu ,y) dy

Using zApu
=Pu thus

Ex[Me -Ms
= (P(x,y) f (t

,y) by
- Sps(x

,y) fls ,4) dy

- S(Pu(x,y)f(u,y)) dy dy
=
O

.

Thus ExTMeT = lim ExIMe
-Ms) =0 .
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Example .
Let Tx = inf5t =O : B

+= x). Then

PolTaTTo]=b EolT-aXTb] = ab

Roof
. By OST (note Blanty"[-a ,

b] is bounded)

ETBTanTo] = Eo[Bo] = 0.

On the other hand,

E[BT-aCTi) = PolT-a<To ] (-al + 11 - BTT-aTTi]) b

- (a+b) PTT-aTTo] =b
.

To compute ETT-axTo] use that Bi-t is a

martingale. Thus again by OST
:

ElBEanTo-TaxTb) = O

=> ELT-axTb] = Eo[BEaxTb]
=

ab + bab
= ab

.
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2. 6
.

Recurrence and transience
.

#m
.

Let Bz) be a d-dim.

Brownian motion
.

Then

· d=: PH(t?0 : Bt =0y = a) = 1 recurrent

· d=2 : PASt20: Be =0] 2) = 0 point trans .

PICt = O : /Be >3] is unbd
.

) = 1 abo recurr

· d23 : PTIBe -&] = 1
.

transient

Proof (d= 1)
.

PITaEt] = IPTB+ a)= dy
.

=
=> falt) = EPITat)=
In particular, PITa = a)

= LimPITat]
=

1
.

The claim follows from the strong Markox prop.

Note even though PITaxa]
= 1 one has EITal =&

Brownian motion is recurrent but not positive
recurrent.
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Poof
.

(d=2) Let Ox r < R
.

Let f-CBIRY) St
.

f(x) = log(x) ( + = (x) = R)
.

Then

Mt= f(B+) - f(Bol - IAf(Bs]ds Le
is a martingale .

Set A
T= inf(t = 0 : /Bel = + 1

.
Tim
= infEt =O : IBH

=R)
.

Then by OST and using Af
=0 on [W = R :

O = EIMoT = EJM+) = ETf(Bil- f(Bo)] .

Assume for now IBd
= (x) = (r

,
R). Then

Ex[log(Bil] = Elf (Bill = Ef(Bol) = log(X)

= P Tr <Tm] logy+ (1-PITr
=Ti]) log = 0.

= PITiTRI=
Thus PtT+<Tr)-0 as +

+ 0 when W = R.

=> Px[Bt= 0 for some >O]

Elim lim PITT]=
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For X=0,

PolBt=0 for some ta]

=JPa(O,y) PgTBE= O for some t>O] dy = O

*
Po [B+ =0 for some + >0] =O

On the other hand
,

for W*0
,

Px[TiTR]+1 as Rid

= Px[/Bike for some t >0] = /

which also holds for x=0 trivially . By Markov,

Px[/BE12 for some +> n) = 1
.

=> PCt = 0 : 1Bt3]l= a) = 1
.
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3
. Stochastic integrals
3. I

.

Wiener's integral
We have already seen Wiener's integral Let

n

f(t) = [fic1(t,ti] (t)

be a deterministic step function. Then

wif) = I finWitinstit

-Infi(Bt - B+) 95dB .

Given fel(0
,a) there are fo as above st . freef.

&

Then Wilfh)
converges

in 2" to W(f) :

EfW(fn) -W(f)(2) = llfe-flliz -0 .

t

More generally , (fdBW(f10.+s) ·

Exercise
.
The Wiener integral satisfies :

· jfdB can be chosen continuous in t a .s.
·

fdB is a martingale
· (fdB)2 -J52 It is a martingale

We will extend this to random f and general mart.
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3.2. Martingales in 12

Defn
.

Given (C
,
(E)

,

P)
,

let

Mark = [M : 1x[0
,a)-R : M is a right-cont.

martingale ,

Sup ELIMIN

Mart = [ME Mark : M1w
,
) is cont

·
for all wh/N

where~ means identification up
to P-null sets
.

Eact
.

Let Me Mart? Then :

·

Martingale convergence : M+~ Ma a
.
s
.

and in 12
:

· (ME) is a submartingale , so EIME] is increasing ;
· Doob's inequality : Elsup ME] = 4 EIMa) .

Prop . Mark is a Hilbert space
with

norm

1)M1lMart
= (EpEIME])"-- EM]"

and inner product EIMaNal. The space Mark is a
closed subspace .

47



Bot. The only nontrivial property is completeness.
Let (Mr) < Mark be Cauchy :

EI(M-Mma( - O (H
,
mua).

By passing
to
a subsequence , can assume

ELM-M(2] =2-

Then

IME-MEsupIME-MERT
LooM

122-m

= SupIME-M a

Thus almost surely (M) is a Cauchy sequence in
the closed subspace of DIO ,a) of bounded
functions with uniform topology

.

Thus

1)Min-MIla-0 for some MEDIO
,
a) a . S
.

Set M=0 outside this event
.
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It remains to show that :

(i) Elsup IME-M+ R]+ 0

(ii) M is a martingale.

To show (i)
,
note :

ElsupIME-M +R] = Elim supIM-M
(Fatolimin EsupIME-MER]
med

Bobiminf EIM-MR

To show (ii) : (A-ineq .
+ (M2) is mart

.)
↓

1) ECM+Fs] - Msll_2 - llEIMt-MElFs]Il+ 11 Ms-Msll12
Jensen)

-

>

llMe-MEll
+ 1M5-Ms1

=

2ETsu IM-MIR" -0 .

The same ↓ applies to Me Marth , so Marthargumen
is also complete (and obviously it is a subspace).

49



3.3
.

Quadratic variation

Im
. (Doob-Meyer). Let Me Mart . Then a .s .

O
there is a

M

ne continuous
,
Iuniq increasing

measurable
process A

st .Ao=O

progressive) is a martingalee.
Detr
.
The process A is denoted <M)

= (MD)
+ 20

and

called the quadratic variation of M .

Example .

Let B be a std
.

Brownian motion
:

<B)
+=

t

.

(to be precise
: <BT t

=txT (

Prof
. Uniqueness

: Suppose A and A satisfy the
conditions
.

Then A-A' is
a martingale of

bounded variation
,
so is constant as.

Finite
case

: Suppose there are deterministic constants
C and T st

.

MMt-Mole) and Me= MeXT
.

Then for
any partition

P= /tile of [0
,
T] set

h

AIR
=(Mtint

-

Mti-+)
2

XP = 2Mti (Meint-M+in t)
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Then clearly X
*

is a bounded martingale and
#E is increasing in K.

Claim : ME-M = Xi +A

A=Mti
- Man)

"

= Mei(Mei-Meil-M (M
+

-

Mei

=

-2[MMi - Min+M+1) (Mei - Mein
=

- X
++ M

- Mo
.

Mi - Min

Claim : ELA1 = RC4

ELCA() = ELEMt -M-12(2)

= ETM+
-M+. ]

+2 EIM- Mr R(Mt - Maz,4
-

orthogonal increm
EliM+ -Mr B(Mt - Mez

,
14ELIME-MEE

=ELMEs-2MtiM+-It ME-]
=ETMEn-MEn-2MemIMenMe

* El(Mti-Mei12 (Men-Mz1
= EIMER-MEn]
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= (4 +8) C2ZET(Me : - M+-1
= R2C ELIMin-MtoR] = 12C4

·

Claim : Let Prlti) with tr= kI-M
,

KIMm= LINTJ
·

Then XM = X
(Pm)

converges
in Marth
.

It suffices to show X
&

is a Cauchy sequence :

El(X-X(- 0

Indeed
,

for m's M
,

XM-Xm=IMiz-m)
-

Mycitzm-ms2-m) (Miz-m--Mci-2m)

Since the terms are orthogonal
,

therefore

ELIX- X = MET Miz-ml-Mycizm-misz-m)2
* (Miz-mi-M(i-2mi)2)

=> El P/Me-MsRx Ara]

CDC*" ELEP-mIM+ -MsIY)

yuniformcont.
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Let X-Mark be the limit of X* and set

A= M2- X
.

Then A is continuous since M and X are

A is increasing since Am is increasing on
k2m

and the is uniform on compact intervals
Indeed

, bonpergencinequality,
llsup (X5

- X
+ 1 1lp + 0 .

By uniform continuity also

Sup1X2H2m
-

X11
-> 0

Sup1M2MH2m-M. 1
-> O

Finally , if M is not bounded , apply above to Min,

In
= inF9t20

: /M
+
-Mok nj an .

Thus<Min) exists as above. By uniqueness,

<Min)+= <Min
+1)
EXTn

Thus one can define a consistent A=YM)
.
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Thus Min-A is a martingale for every n.
To see the limit is a martingale , need uniform

integrability to get convergence
in L.

Claim : EAa) = E/Ma-Mo) <&

Indeed
, by definition ,

ElArxin) = ElMexin - Mol

and as t:

ElAtin] - EIA) by monotone conv.

EtMExin) - EIMEn-Mo) by dominated conv
.

Then as n+&

ElAir] -ElAa) by monotone conx.

EIME-> EIMa-ME] by dominated conv.

This gives AdEL' and thus A Ad is unif. int

Lefn
.

For M
,
NEMart also set (covariation )

<M
,
NT = #KM+N)-(M-N)) .

54



3
.

4
.
It integral

The Wiener integral is an isometry
1 : (40 ,a) : Marth

fi jfdB
For example,

1) I(fillMart = ElIHla] = ETWCf12] = llfIRe .

TheHo integral will be defined similarly .

Defn
.

Let A be right-continuous , increasing ,
progressively measurable. Then

E(A) = 12 (A
,
(E)

,
P)

cenotesthe Hilbert space
of progressively measurea

ElAt

PopThe space 3 of simple processes

Ein Itivisti] & i-Eftin

is dense in L2(A)
.
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Proof
.

Since (A) is a Hilbert space (complete !)
,

it suffices to show that a =0 whenever

# (x
, B((()

=0 B - E

Assume (*)
.

Set

Xt = &as dAs .

Claim : X is a continuous martingale
Let Sit

,

AtFs
,

B
= 1A1

,
+e 3. Then

0 = (a
,B)
=

El1xS
*

AndAul

= ElfA(X+-Xs]) = EtFAE(X+
-XsIFs]]

=> EIX
+-XsIFs)=0 as. X is a martingale .

Claim : X is also of finite variation

[IsldAs= (gas dAs)"
>

At

Therefore X= 0
a .S.

=>
Xs
= 0 for dA-a

. e .
S a . S.

=>
x = 0 in [2(A)

.

56



Prop . Let MeMart . For a
= [xi

+ Alti-1
,
ti]
+ & define

62dMs =Si (Meixt-Mti- , xt) .

Then :

· xsdMs is a martingale in 12

· (5xsdMs)=3 M>
s .

In particular ElsdMs)7 =95M)s and
& EcE((M))- jasdMs -> Mart?

extends uniquely to an isometry(KM7)
- Marti
.

Proof
.

Let Xi
=

xi-1 (Mtix + - Mtiyt)
.

Then for tis :

Sti = EX1Fs) = xi+tfs)
-

M
+il) = Xis

Mtixs

set
* EIXE) =

ElditEMtit-MintEs
= 0 = X

Thus Xi is a martingale and so isX
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Also
,

1)Will
Mart

=

Sup
ETIR] Illalla IMImart

and thus IXie Mart.

Claim : EIXX) = O if ij

EXX)E(Xi (Mti-Mein)9jM (1)
titi

Claim : ETW) = ELSMist .

ETA) = ETa[Mti-Me)(Fri)
E ME:

-

Me
, (i

= EI(M>; - <M>+
-1
(i-]

= Ex
,
(Mit - (M)

+. ..
1)

=Eld(M)]
Thus ElsdMs)" = EalY = Elgasb(M),).
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3
.

5
.

Kunita-Watanabe identity
Lefn

.

For M
,
NEMart set (covariation )

<M
,
NT = #KM+N)-(M-N)) .

Note : <M) = <M
,
M)

·

Exercise
.

(i) <M
,
N) is the unique

continuous progressively
measurable

process s .
t

.

MN-(M
,

N) is a

Imartingale anc

ElMa-Mo) (Na-No)] = EEM ,N>al

(ii) For
every stopping time I,
<MI NEX =<ME, NE

= <M
,
Next

.

(iii) The
map

(M
,

N) +-<M
,

N) is bilinear
, symmetric .

Example .

Let B and B' be indep
sta

.
BMs

. Then :

·

<B
,B') =0 since BB' is a martingale.

·

Then B" = gB+ /1-g)
/
B' is also a sta

.

BM and

(B
,B"x=gt
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Prop . Let MtMart and xtL2 (M))· Then&M

is the unique martingale in Mart? s
.

t
.

# (jadM ,N =

Txk<M,N) NeMarti .
↑

↑
H integral Lebesgue-Stieltjes integral

Proof
.

Let x = &Xi+ Itin
,
til be a simple process and

i= 1

X= di , (Mtixt- Mein+
sit

.

adM
=Xi

Then
x Ne = xi-1(Mtixo- Memo

,
Nt

=

Xi (M .Mtint-(M .Mtint)= MNDs

t

=> TJadM,N] = [(XiN) = GxskM ,Ns
.

Thus () holds for + 3. For xELKM))
,
let antE

be st . &k+ X in LKM))
·

Then

SandM-SxdIM in MarE
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It suffices to justify the following limits :
(JxdM

,
Nalim <JandM

,
No in L'

= limxcM,N) above

#.9xc<M
,
N) in L

g

Then existence for tea follows by replacing N by Nt .
ReCt) : El-SandM ,Mall

=ElMal" ERNal" kW ineq .

(o
&

=

ETS1x-xit) d(M))"lINIIMark Ho isometry
- O

and also by the kW inequality

&(12-x)d<M ,N) = 1191-al(M3) /NIlMart
-O

8

Uniqueness : Suppose X-Mart satisfies (X,N)
=JackM
,
N
.

=(X-jadM
,
N =0N

VN

9

=> <X-jndM) = 0 = X = JadM .
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Kunita-Watanabe inequality :

slBs)(dM ,Ms) = (x5c<M))"(BS (M)s)" as.

↓

dea : Approximate integrals by sums and apply CS .

Lor
.

Let t be a stopping time
.

Then
&

SaftdM
=

YadM
= xdME .

Proof. Exercise
.

Cor

-jndM
, BAN)=BoMN

EljadMBaN] = E(jaB cM,N)]
.

Proof
.

1) ndM, BAN)Ed(M , BAN) EaBd(MN)
-m

WjBdM ,N
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3.6. Ho integral for local and seminartingales
Petn
.

A
process

M is a local martingale if there

are stopping timesIn St
. In& a .S

.

and Min

is a luniformly integrable) martingale .

Example. (i) ale is a local martingale :Every marting
with in = Mx infEt : /Min)

.

(ii) Let (B) be a 3-dim
.

BM
.

Then YIBH is a

local martingale but not a martingale.

*etch. Recall that for fe(
,

ME= f(Bt) - f(Bil -EStAf(Bs) dS
I

is a martingale , but f(x)
= YIX) is not CB

.

But if In = infEt = 1 : IBEnY we can replace f

by In EC5 S
.

t
·
f(Bin) = fn(Bein) and thus

f(Bwin) is a martingale .

That in-& is essentially the same argument as
in the proof of transience .

tosee Misnota martingale ,
note spE

63



Exercise
.

Let M be a continuous lea martingale .

Then there is an a .s . unique continuous increasing
adapted process

(M) s
.

t
.

M2- <M) is a cont
.

local martingale.

Idea
.

Use I case and uniqueness.

Defn
.

Given an increasing process A define Lioc(A)
as the

space
of progressively measurable & s .t .

HT>0: dA = & a
.
S

.

* progressively measurable processa
is locally by it

#T>0 : Suplats = & a
.S

.

Ihm
.

Let M be a continuous local martingale .

Then for every
a
LiM) there is a unique

continuous local martingale XF*&M St .

X=0

↑N) = (xkM
,
N) for all cont

.
loc

.

mart N
.
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Pot
.

Assume Mo=O and (possibly changing on null set)
t

↓ dM) =a for all +0
,
weR

.

Set

In
=

inflt=0 : St(1+)<M > n).

Then in is a stopping time, into a .S
.,

<Min) =[M>exinER .

Thus MineMarth andMin) = n.

=> xfLkMin)) and JadMin is already defined
Check : JadMin = (Sadin) in for min

.

Thus one can define a consistent process JadM .

and it is by construction a local martingale.
The Kunita-Watanabe characterization follows

similarly (apply E version to Min . Non)·
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Detn
.

A fight-continuous adapted process X is a

(right-) continuous semimartingale it

X= N+ M+A

with Xotfo
,

M a (right)continuous martingale
and A a continuous process that is locally of
bounded variation

RK
.

The decomposition is unique .

Refr. For a continuous semimartingale X= Xo+M+A,
(X) = <M)

.

and similarly for the covariation. For a locally
bounded

process
,

set

JadX = JadM + /xdA

↑ ↑

Ho integral Lebesgue-Stielties integral
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3. 7
. Approximation ofHo integrals

Drop .

(Stochastic DCT)
.

Let M be a continuous local

martingale and a locally bounded processes ,
and B a progressively measurable process

.
Assume a .s
.

(i) a as Ast

(ii) 195/EBs #St
,

nEN

(iii) [ BSCKND+ BaAs

Then

:X- xXs in probability .

Proof. The usual DCT implies
SadAs-(dAs

.

Set [m =

intet =0 : (
+

BSKM) > M3 ·

Then

Elmnc-lM2 :E-x)"KM),O ·

Since +xim=t eventually, a .S ., the convergence
for fixed + follows in probability .
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&
.

Let X be a continuous semimartingale and
leta be a locally bounded left- continuous process .

Then for a
sequence

of partitions (tm) S
.

t
.
Aft)-0:

Am

#dX
=

limN (X-X

Iroot
.

Similar to bounded variation case (using new
stochastic DCT)

.

Example .

mX (X) =XX
but

lime (X-Xm) = XX+m [(t
-X

+ i=,
)

= [XdX+ <X,X)
=

Petr
.

For XY continuous semimartingales , the
Stratonovich integral is defined by

& X, &Ys = ↑XdXs + 2 <X,Y)
=

It corresponds to

-Xt
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3.8. It formula

Ihm
.
Let X, . .

.,
/" be continuous semimartingales .

Then for
every
fe(IRP)

,
for

every
+ 20
,

D

F(X . . .

,
X*) = F(x ,...,X*) + I (Xs ....X)dX:

+ (s
....

XkXX
·

&of for
p
=1
.

Write X=X. Let It be rested

partitions of [0, t7 with step size
-0

.

Then

F(xe) = F(Xo)+ (F(X
+
) - F(X
+
)

.

-

F(Xtm) (X-Xer
+ [F"(X
+O(X-X) (X-Xym

First term :
for some OIO

,

17
.

[F(Xti) (X-X+m -FXs)dXs
Second term :

Sup If"(X+O(X-X)) -F"(Xl
+ 0 a

. s
.

bycontinuityofXanduniform
ona
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Since [(X-X -TX in probability ,
hence

suffices to show that (in probability)
[F"(Xt) (X+-Xtr? - (F"(Xs) kXs

·

O

2

Let(d)= -Xim) Se(ds)
Let D= Un[t] and note DCIO,+] is dense .

YSED : Mn([0 ,s]) -(Xs in prob
.

Thus along a subsequence of n

HSED : Mn([0 , s]) - (Xs a
.
S
.

=>

Mr
* 10.t](s)kX

, weakly a
.S.

t

= (F"(Xs) Mn(ds) : SF"(Xs)kX]s a.S
.

O

Froot for ps1 .

Let X = (X
.
. .

.,

X")
.

Then

F(x)-FIX = I (X) (N+-Xtr
+

I -. .

The rest is similar
.
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Cor
. (Integration by parts) .

*Ye = XoYo + CXsdYs + S
*

YsdXs+<X,YE ·

In particular
,

xi = X + 25 XdXs + <Xe

Proof
.

F(x
,y)= xy .

R
.

If M is a cont
.

local martingale
,

then M2-(M)

is a cont . local martingale. By above,
M2- <M) = M3 +2ModMs

Example . If X
= B is a sta . BM

,

+

F(BH) = F(Bol + 1
*

F'(Bs)dBs + If F"(Bs) dS .

If X = t and X2= B then

F(t
,
Be) = F(0

,
Bol+Bs)dB+) Fs ,

Bs)ds

Thus (as seen before

F(t
,
Be - F(0

,
Bol +TFs ,

Bolds is a mart
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Example Let MeMart and X- C. Then

3(M)
+

= exp(xM+
- EXYM)

+)

is in Martie and

E(XM)
+=

exMo + X)
*

E(XM)sdMs
.

Proof
.

Let Fr
,

x) = eXX-EXt
·

ThenG = 0
.

Thus

#M
+,
Mel = F10,Mo) +TKM)s ·

Ms)dMs
-

XE(XM)s

+Ms
,

Ms) d

O

B
.

In terms of the Stratonovich integral , the It
formula reads

F(Xa = F(X) +TF(X
,

)2Xs .

Indeed
,

#F(Xs(&X=F'(X)dXs+ z[,X)+
T ]F"(X)dX ,X)

= [F" (X) d(X)s
.
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Rk
· (Computation rules) .

2-to
= Ss &Xs E> d2 =xdX

&Zo = <X,Y)
+

= ScX,Y)
,

Es dZ = CXdY

Ho's formulai

dF(X) =X+xdXi

Brownian motion : (dB)"= (B) =It

dF(BH) = F'(B+)dB + 2F"(Bt) dt

Associativity :

↑ (B + dXe) = (x+3 +
)dX+as BudX=BdXs

Kunita-Watanabe identity : X

& dXdY+
= (x

+
dXt)dY

+=]xsckX,Yis= (Ix,@Xs,Ye

Integration by parts :

d (XtYx) = X
+
cYz + Y

+
dX

+

+ dX
+
bYt
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4
. Applications to Brownian motion & martingales
4
.

1
. Levy's characterization

Im
.

Let X= (X,
...,
X
*

) be in (Martc)! Xo =0
,

and

[X"
,
Xi)
+

=

Sist .

Then X is a standard d-dim
.

Brownian motion
.

Proof
.

X is a BM itf
,
for
any
fe((RP)

,

t

Elf(X() = [t -st(Xs) = f(Xs) + ]Tuf(Xu) du

=

E[f(Xs)+Af(Xu) If]
But by Ho"s formula and <Xi . Xi)=bist

,

HX-HXs) = [8f(Xu)dXu +1Af(Xu) du
S

Thus f(x)-f(Xs)-At(Xuldu is a local

martingale and bounded , so a martingale.
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H
.

2
.

Girsanov's Theorem

Example .

Let X be an n-dim
.

Gaussian vector with

covariance matrix C

Elf(X1] x(e(x, *x) f(x) dx
,

A=C .

=> ETf(X + y)) n(e2(x
-

y ,
A(x -y))f(x)dx

= ElIf(X)]
,

where

2 ely ,
AX) -z(y,Ay) = eY-[Var(Y)

since Var(Y)= Var((Ay,XI)

= (Ay , (Ay) = (yAy) .

Let MEMart?? The stochastic exponential is

3(M)
+

= eM+-EMYt
.

By It's formula, I
= E(M) E Mart and (if Mo=0)

DE 7 dM
,

i
.
e

. It
= ItSIsdMs

.

(This is an example of an SDE .)
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Thi Let Lt Marte with Lo=0
.
Assume ElL)

-

is uniformly integrable. Define a probability
measure

Q by
dQ

= 3/1)a
.FP

Then if MEMart1o with respect to p then
M = M- <M

,
1) =Mart with respect to Q .

Proof
.

Let in = inflt=0 : IMH = n)
.

Ther In is a

stopping
time andIn-& P-a

.

S
. by continuityN

of M
.

Since QKP also In-& Q-a
.S. It thus

~

suffices to show Mir is in MartiQ)
.

Let Y = Min-(Min
,
L) and=3)L)

.
Then

&([Y)
=

= Y
,

dz
+

+ 2
+

dY
+

+ d([
,
Y)
+

=

YeL
+ I (dMY-d(MmLY)

+ 1
+

<Min
,
13
+

since d/2
.

Y) = d/I
.
Min) = [b(L

,

Min)
.

=> d([Y) = (Y)bL + I dMin

Since Land Min are in Mart's(P)
,

so is IY
.

76



Since I is UI by assumption and Y is bounded,
it follows that IY is UI

,

so a true martingale .

Finally , we show Y is a Q-martingale :

EQ[Y-YsIFs] = EPTIalY
+

-Ys)/fs]
= EP[IHYt-Ys)lfs) = 0 .

Thus Y= (M- <M
,
L)) in is a Q-martingale and

in+& Q - a
.

S
.

Thus M- < M
.

L) -Mart'(Q)
·

Lor
.

Let B be a sta
.

BM with respect to P.
Let Le Martle with Lo=0 be st

.

ElL) is

UI
.

Then B = B- <B
,

L) is a sta
.

BM with

respect to Q .

Proof By Girsanov's Theorem
,

Be Mart's(Q).
-

But <B) =<B) =t
3

so Levy's characterization

implies that B is sta . BM with respect to Q .

When is ECL) uniformly integrable?

Drop . Suppose (LaC .

Then PTSUL]
In corticular

,

ElL) is U
.

I
.

I
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Roof
.

Let T
= int (t =0 : Lt = a) and EEIR

.

Then

=
= eALI-OLTz

is a bounded martingale. Thus ETIa) = ETIo] = 1
.

=> PtsnpLi = a]
= PlLa = a]

= PlIa ? e@a-EEC)

= e-Ja
+2 VO

a

=> Plsnph = a) = e-z .

Consequently,

El sup 3(L) + ) = Etexp(sup Lell

= Pexplsup()x]d
=

1 +9 logN52(X&.

Thus [L)+= Sup
ElL)

+

+L!
·

Novikov's condition
..

Let MEMart' and Mo=O
.2

Then EleMa] =& implies M is MI.
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Example . (Weak colns . of SDEs) . Consider the SDE
dX

+

= b(X
+)dt + dB+

-

tT
.

A weak soln
.
can be constructed as follows

.

Let X be a sto
.

BM under the measure P
.

Set

↳ = )
+

b(X)dXs
.

Assume that ELL) is U
.

I
.
for exampled bounded

=> Be = X
=

- (X
,
()

+

=

X
-

[
+T

b(Xs)kXXY

= X
+

-( D(X)ds

is a sta
.

BM under Q where

= Ella

and

Xt = [
**

b(X)ds + B
=
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Specializing to M
= BM and deterministic shifts

one obtains the Cameron-Martin formula.

Retn
.

The Cameron-Martin
space

(associated
with Brownian motion) is

H = [h : tal +R : ht = [Hs) , he L to
,

al)
.

Rk
.

It is a Hilbert
space

with inner product
IhAre= histf(s) as

and dual
space

the completion of

\u+Mira : S(sxt)m(ds)MIdtl , M((03)
=

01
.

See Homework Sheet 2 .

#m (Cameron- Martin formula)
.

Let he d and

define Ph by Pr(A)
= PLA-h) where P is

the Wiener measure on Clo
,
). Then

Aph

#
= exp(h(s)bXs- [his] ds) .

Proof
.

Girsanov with Lt= [h(s)dXs
.

Note

4)
+= Sth(s) ds = Ihllse , so 312) is UI .
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4
.3

. Burkholder-Davis-Gundy inequality
Im
.

Let Me Mart?? Mo=O
,

and M =

SIMsI
For

any >O
there are <p.C

(independent of M) > .t for every stopping time I,
GEMI = EIMI = GECMIF

.

Prooflupper bound , p22) . It suffices to prove-

the inequality if M is bounded and T=& .

Let f(x) =#P
.
Then ff(2 and

f(x) = psgn(x)(x(py+ "(x) = p(p-1)(x)Pz

By H :

IMP = jpsgnIMs) IMsIP" dMs +EpIp-1)IMsIP-aMY
-

martingale
,

=> EIMHP] = Ep(p-1)ET ! IMs IP
**

cKMDs]
-

EIMEIP-2(M)E

HolderM EKM7
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Doob's (inequality :

ETIP]()" ELIMP]
= (E/MPIEMY PR

= ETIMIP)= EISMI

Take+&
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4
.

4
.
Dubins-Schwarz Theorem

Im
.

Let MeMart's with Mo=0
,

<M/ = &.

Then there is a sta
.

Brownian motion B s
.

t
.
a .
S
.

Ht20 : Mt = BIM)
+

More precisely
,

let

Ts
= infEt =O :

<M/c>SY

[st = inf(t=0 : <Mi
> SY

YM

s
Est

~

o

Then Bs = Mis = Mist and BEEs
= Eis

.

Lemma
.

A
.
s
.,
for all uy

M is const
.
on [uv] = <M) is const

. on
[u
,x]

Proof
.

Since <M) is continuous and increasing &
it suffices to show that for all usx fixed

,

[Me = Mu Xt-Inv]] = (SM)n=<M(x) a .S
.
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Let

N
= Mt- Meu

=
SM

=>Me=DSMs = SMS- SMJen-

Let Ta = infEt20 :
<NDE) .

Then NizeMart

Since [NT2) = 2 and EINEl] = EKNi] = 3
.

=> ET1E4M=<M23 NE]
= El 1Nv) =0 NI]
= El 1

<NyY=0 NETs] = E

for tfIn
,
v] .

=> N
= 0 a . S. on [Mn =<Mix] for teln,Y] .

Thus <M)x = <Mic implies M is const
. On [u

,

v]
·

Other direction : exercise
.

#roof (theorem)
.

We show that B and B- S
S

are (Es) martingales. The claim then follows

from Levy's characterization of Brownian mot .

Since TMTs]a = <Mits
=
S&&, MiseMarti and

(M2-1))is is a uniformly integrable martingale.
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Hence
, by OST, if res ,
ElBs/Er] = ETMlE] = Mir = Br

ETBS" - > IEr] = El (M2-(MD)
is

/ Fir]
= ME-<M)

cr

=

BE - +

as claimed.
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5
. Stochastic Differential Equations
5
.

. 1
.

Weak and strong solutions

Detr
.

Let d ,meN
,

b : RXRPR
,

0
: RR 1Rkm

be locally bounded. A weak solution to the SDE-
bX= b(t

,
X
+
)dt + o(t

,
Xt)cB+

consists of

·

a filtered probability space (O , (f) . P)

lassuming completeness
·

an m-dimensional Brownian motion B ;

·

an adapted continuous process IRP-valued

process
X sit

.

Xt
= Xo + Jos

,

Xs)dBs + /bls, Xs)ds .
Detn For a strong solution ,

one is given a-

probability space (C ,
F
,

P) and a Brownian

motion B
,

and takes the completed filtration of B .

Thenastrongsolutionisan
adaptedora b X
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Leth
.

For the SDE
,
there is

·

uniqueness in law (or weak uniqueness) it
all weak solutions with Xo =XERI have the

same law .

· pathwise uniqueness (or strong uniqueness) if
for fixed (O

,
(E)

,
P) and B

,

all solutions are

indistinguishable (n
.S

. equal for all + 1 .

Example (Tanaka) . Let X be a sta . BM , Xo=X.
Set

Be =sign(Xs)dXs
=>
x+ sign (Xs) dBs

=

x +] sign (Xs c .Xs = X+
Thus dX+= sign (x+) dB+, Xo

=
X
.

Moreover
,

X is a sta
. BM since <B

= YkXs) = t
.

In fact
, any

soln is a staBM
,

so uniqueness in
law holds

.

To show that pathwise uniqueness fails , we
will show that if X is a soln. with Xo= 0,
- X is also one .
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Indeed
,

t

-

Xt =
-

G sign (Xs) dBs
t

=F sign (Xs) dBz + 2 ! 1x==0 dBs

Exercise : (1X =0 dBs :O .

Rk
.

X is not a strong solution .

Im (Yamada-Watanabe)
.

Assume the SDE#)

has a weak solution with Xo=X and that

pathwise uniqueness holds. Then uniqueness in

law holds and for
any
(f

.

(f)
,

P) and B

there is a unique strong solution.

Proof omitted
.

IhmSupposebandare locally Lipsphi. . .
(b(t

,
x) - b(t

, y))
= kn(x-y)

lost
, x)
-oft

, y)1 = Kn(x-y) .

Then pathwise uniqueness holds.
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roof
.

Let X and X be two solutions to Elo
,
b) defined

on the same probability space
such that Xo = Yo a .s.

Let
Tn = intht20 : NelIn or IeKn)

,

fult) = (E) (Xin- *exinR)
.

By continuity of X and it suffices to show that for
all n and t

,

one has fult
=0

.

By Ho's formula,

Iin-YexinRo(bls,
Xsl-bls

,

*s)) as

EKnIXs-YP

2(Xs-Ys)· (ots,Xs) -Ols
,Ys)) dBs

-os,Ys)P ds
= KnIXs-Ysk

Since (Xs- *s) · (ols
,Xs)- ols,s)) is bounded on S[Th

,

the middle term is a mean O martingale. Thus
t

fult) = 2 (kn+kn)(fuls) &S

Since fu(0) =0 and fr is bounded
,

Gronwall's inequality
implies fult) =0 for all t and n.
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Gronwall's inequality
.

- Homework)
.

Let TO and let
-

+: [0
,
i] -to

,
a be a bounded Borel function

.

Then

HH = a + b fs)ds for all teT

implies
HH = nebt for all teT.

& The proof of the theorem also shows that solutions
defined

up
to timeT must

agree up
to time T

.
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Strongexistence for Lipschik coefficients

#hm
.

Assume b and o are globally Lipschitz, i .e, there is
#> O such that for all X

, y
eRd and tzo

,

(b(t
,
x) - b(t

,y)) = k(x-y)
lott
,
x)- oft

, y)) = K (x-y).

For
any
(R

,

F
,
(F)

,
1)
, any

(F)) - Brownian motion B
, any

XtRP
,

there is a strong solution with Xo = X
.

Prof.
.

To simplify notation , assume d
=

m
= 1

.

Define

F(x(+ = X +Sos ,Xs)dBs+ bls, Xs)ds .

Given
any
fe) we will find an (f)-adapted X such

that F(X) =X
.

Such a fixed point is a strong solution
since we can take (E) to be the filtration induced by

B
.

The proof is by Picard
iteration
.

Let TO
.

For X continuous
,

adapted , set

IIXIII
= E)(X+1)

*

Then B = [X : Rx[0
,
TJ-R continuous adapted : IIIXIII=*

is
a Banach

space .
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T

Claim : IIIF(X)-FLYIII = (2T+ 8) k2 ! 11IX-YIEdt .

Indeed
,

I11F(X)-F(Y) IIIF = 2CSRb(s ,Xs)- b (s
,Ys)/ds(2)

la+bl2 1292+262

+ 2 ELEPIT,Xsl-Ols,Ys)dBs14
= (1) + 1)

and (ITE) 1bls,Xs)- bls ,Ysids)E2TKX-YIdt
(Doob+Itl

# = 8) 101,Xs) - ols,Ys) l2ds)= Ok IX-YIt
↑

ESPIMaR
= 4EME = 4EIM

·

Claim :
III F(O) III+&

F(0)
+

=
x + ( b(s ,0)ds + fo(s,0)dBs

= IIIFII3(P+S
,OldIt s,O)dB() = a

= FSbIs ,Olds = 4 ISTols ,olPds)
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Let Xi = 0 and Xi+= F(X")
.

Then

1x: - X
:

II = C]IlIX"-X
:

IIIdt

= CT 1IX-X
*

111 ds

=todd
= 11IX

**
- X
:

In
+

=a

I

i= 1

= X
:

converges uniformly on [0,T] , a . s.
=> F(X) =X on [0

,
T]

By uniqueness , solutions defined using different
T must

agree
when both are defined. Hence we can find a

solution defined on all of 10
,
a)

.

# When o= 1
,

the integral equation X
==Xot]b(s,Xs)ds +B+

can be solved for

argument replacingancontinuousfunction
bythea se
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Thesolution
map

The following proposition provides a rough estimate on
the dependence of the solution on the initial condition

.

-dropUnderthesameassumptionsasinthetheorem2
,

#)SUP Is
- X3(P) = ( ,+ (x-ypP

Proof. Fix
Xy <

IR* and let T= infet =0 : (*kn or I1n]
·

-

Since latb +<IP = 3P
+

((alp + 1bip+ (P)
,

#)SER IXsat- Xn+ IP)

IzPyPts(IrX*

-OXr))dl

#(b(r,

X* ) - b(r
,
X
:

r))d + (P)]
(B)

where Al
*

(E/T10( X*- 0 (t
,
X*r)1 dr

**

)
Holder(10t, XM - o(t, X*)(Pdr)

(i) Holder) (ptP+/ (b(rXr) - b (r
, X*r)(Pdr)
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Using the Lipschitz condition foro and b
,
therefore

there are Cp ,+ such that

#+ -X(P)
= Si"(x-y +G

f(t)
↑

Note thatf is bounded because of the stopping time T

By Gronwall , thus

fH = 3P"(x-y1P exp)(pitt) .
By Fatou, we can take n + a and get the claim

.

Strong solutions are functions of Brownian motion in
the following sense. Recall the d-dimensional Wiener space

d d(WIWP) where W = CR
+

R
*
). The

space
W can be given

the topology of uniform convergence
on compact intervals ,

which is induced by the metric

d(w
,
)=(Sp(wit -Wit a)

for
any sequence

(2)c(0.a) with [x <&. This metric

makes We a complete separable metric space (n
'Polish space) .
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Thm
.

Under the same assumptions as the previous theorem
,-

for x<IR
*
there exist

maps

Ex : CIR
+
1M) - CIR

+, PRP)

measurable W
.

r
.

t
.

the completion of Wh and writ . We such that

(i) Ht20 xIR" : Ex (wit is measurable wrt . otw(s) : set)
,

Y

for P-a
.
e

.
We Wa

(ii) HweCIR
+,
IRm) : X +> Ex(w) = CUR

+,
IRP) is continuous

.

(iii) #x + RY
,

# (8
,

F
,
(ft)

,
P) satisfying the usual

conditions
, every (fel-Brownian

motion B with

Bo=0
,

the unique solution to Elo,b) with Xo
=
X

is Xt = Fx (B)
+.

(iv) In the set
up
of (iii)

,

it UEFo then FulB)
+
is the

unique solution with Xo
= U.

Cor. The solutions to Elo
,
b) with Xo= XIR" can be

-

constructed for all xR simultaneously such that a . s.
# is continuous in the initial condition X

.
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roof. For simpler notation , d=m= 1
.
Let

Et = 0(w(s) : OIset) vN
,

E = Ga

where Nare the P-nullsets. By the last theorem, there is
a unique strong solution ** to Elo, b) with

X5 =X
,

with respect to (W
,
E
,
(E)

,
P) and B (w) = w(t)

.

By the last proposition
, choosing (i) appropriately ,

Ed(XY
,
XY)P = (E) (I& Sup IX-XIP)
Hensen)

=>

I &R Elsup -Xi)

= (x-ylPIXa Cp,k = ClX-yIP (H)
.

A version of Kolmogorov's continuity criterion applies to
processes

X* indexed by IRA and values in a complete
metric

space , provided (H) holds with p>d . Hence there
is a modification (**)xed of (X

*

xeRD that is

continuous in XtIRP Set

* (w) = ** (w) = (X= (w))
+ =0

.

Then (ii) is immediate .

To see (i)
,

note wiXi(w)
isG-measurable ·

Since X =** a
.
S

.

this gives (i) .
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To show (iii)
,

assume (
,

F
,
P) and B are given , and set

X
+

= Fx(B)t
.

Since Ex
maps

into CIR+, R
*

)
,

X is continuous in t
.

Since
1

#(B) coincicles a . s . with a random variable measurable
&

with respect to the completed filtration generated by B and
↑ contains this filtration

,

X is adapted. By definition ,
* = x +Tos, Ys)dBs+ bls

,
Xs) &S

=Xim(B-

B
+) + Tbs ,*s)ds

in P-probability and thus P-a .S . along
a subsequence which we now fix

Since X(w) = F(w) thus
,

for P-ae
.

WeW"
,

Fx(w)t= X+imow(F-ts,X

Since B has law P
on
W&, substituting w

= B and then

undoing the approximation of the stochastic integral gives
t

X = X + ]o(s,Xs)dBs + Tb(s , Xs) dS

as claimed.

liv) omitted (proof is similar) .
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Example:Geometric Brownian motion .

For we CLIR
,

1) define Fx(w) by
[E(w)](t) = x explow(t) +(- E)t) .

If B is a standard Brownian motion with B
.

=

0 then

* = Fx(BI+ satisfies

dX
+

= oX
+
dB
+

+MX+ dt .

On the other hand
,

if we choose to be anysmooth path,
then

Y+= Ex(w) + satisfies the
ODE

dy
+

=

0y
+

dw
+

+ (u- Edt .

Thus the It
map

F satisfies the "wrong equation on smooth
paths .
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5

-Examples of SDEs

-the Ornstein - Uhlenbeck
process .

Let 130. The Ornstein -

Uhlenbeck
process

is the unique solution to

dX
+

= -XX
+
dt + dBt

.

It is
an example that can be solved explicitly

.
Apply Ho's

formula to extX+:

d(ex+ X
+) = Xe*

+

X+ dt + ex
+

dX+ = ex
+

dBt

# extX
+

-X = j exsdBs
~

Wiener integral

= X=
=

e

-X

+Xo + je-Xt-s)Bs -

Exercise
.
Fix Xo = xEIR (or Gaussian)

.

Then (X) is a Gaussian

process ,

i

. .e
.,

Utili
,
is jointly Gaussian for all to=Oxtix---str .

Fact
.
EX

=

e

-*+

X
,

Cov (Xt
,
Xs) =
2x (e

-*t -s)
-

e

- x(t+

s))

roof.EX = e
*
EXo + #ets)dB, = ex

O
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By the Kunita-Watanabe identity ,
Cox(Xt

,Xs)
= (E) (X-1EXt) (Xs-lEXs))

= E)je-X-uldBye-X(su)dBul
-

IE(
·B) (K · Bld) = 1) H ·B

,
K-Ba

= E(HK ·<B) a

= Hurte-XH-u)) (1uases-ul) du

= e-XIt
+

s12xd=es)(

X-Metty
,

text) for
every

t2O
,
XoXeR

- as tra

This suggests the distribution NLO,) is invariant. This is
indeed

easy
to check

.

Eat HX
o

~ NO
,) then ~NO,) for all to

,

and

X is a stationary Gaussian process with

Cox (X
+, Xs) = Cox (Xo , X+-s1)=xe

-Alt-s1

.
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LocalSolutions

As for ODEs
,
solutions to SDEs do not always exist for

all times
.

For SDEs the explosion time is random .

Prop. (Local It formulal. Let X = (X1 . . ., X
*

) be continuous

semimartingales .

Let UCR
"
be
open

and let f : U+ R
*
be C.

Set T = infEt =0 :X+* US
.

Then for all txT
,

f(x) = fX)+ (dXi+ (s)k(XX)
·

Sketch
. Apply It's formula to Xin where

in = infht= 0 : dist(Xt ,UP = h) .

Example .

Let B be a standard one-dimensional Brownian

motion with Bo= 1
· Tak ingU

= 10
,
a)
,
f(x) =* gives

Be = 1+ Bids-tB53ds
for tiT = inf9tz0 : Be=0)

.

102



# Let UCRI be
open

and b : R
+
XU- 1" and

o : R
+

xU + 1*m be locally Lipschitz continuous. Then
for
every

12
,

F
,
(f)

,
1) and B

, every
XtU
,

there exists

a stopping timeT such that for tel
,

&

*
=

x
+ j bls , Xs)ds+ os, Xs) dBs

,

and for all compact KCU, supdtiT : X
+
EK) = T. This

stopping time T is called the explosiontime .

Proof. Fix KncU compact such that Kn2Kn and UKn
=U.

-

One can find be and on defined on all of RI such"that

bnxn
= blrexkn and Onlin =Open and such that bu

and on are globally Lipschitz continuous . Hence, for any
x U andn large enough that X + Kn

,

there are unique
solutions X" to E(On

, bu) with Xo= X. Let

in = infltzO : X** Kn)

By uniqueness , X
**

also solves Elon
,

b)
up
to time In.

Thus X* = X& for =In and we can define Xo for

txT :=
sup
In by requiring that X+= XE for tin .
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Claim : Let KCH be compact . Then on [Ta) a .s.

supt st
: Xtk < T.

Let I be another compact set such that KCICLCU .

Let Y : U+IR be Ca such that 41= 1 and P =

0.

Let R = inf(t=0 : X* LY

Sn= inthtIRn : XEKY ↑T
I

Rn= infhtzSn-1 : ** Ll *
Let N be the number of crossings of

X from 2 to K
.

Then on [Tet
,
N = n)

,

n= (4(X,)
- P(XR)

-Y(-dXx(s)d(XiXi))

= dBs +3ds) = ze

with H2 and F and bounded uniformly in n.
=> RISTet

, Nan
= (e = PLEt

, NIn) = n ER=

=> IPITEt
,
N =a) = 0=CTza

,

N =d) =0 as claimed .
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Example. Consider the SDEs

dXi = bi (x+)ct + (BI
,

X
=

=

X
.

Assume there are a<o
,
c>O such that

xob(x) = a(xk+ c
.

Then the SDE has a global solution , i.e
.,

T=& a . S.

roof
.

Let In = inf(t =0 : /X
+
P = n)

.

Then by Ho's formula

IXttnR
= ENoR +2Xsob(Xs)ds + (xTn)d

= ENoR + 2 aNoRds + (d +dt

= EIXoR + Ctct +2aY IXsxinR ds .

By Gronwall's inequality ,

EIXTRE(d+Heat

C(t)

=> Pliet)
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The explosion time T satisfies T=m In by the theorem..
Hence by Fatou,

IPCTIt) =0 for
every

+>0
·

= P(T= a) = 1
.
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Markovproperty

Let BCRP) be the Banach
space

of bounded Borel functions

with 11f11 =SPIf(x) forE BURH
.

Detn
.

(i) A collection of bounded linear operators at on-

BORH is a transition semigroup if Q
= 0 a .e .
if 20

a .e
.,

QI=where 1(x = 1 for all xY
,
11Q+ III

,

and

Qts = QtQs for all t
,
s
? 0.

(ii) An (l-adapted process
X isaMarkov

process
with

transition semigroup (Qt) if

E(f(Xs ++) /Fs) = Q+f(Xs) for all s
,

+ = 0
,

feBBIR")
.

hm
.

Let b : RPRP and 0 : R-&M de Lipschit .

Assume X is a solution to Elo,b) on some (2
,

F
,
(E)

,
#)

.

Then X is a Markov process
with semigroup

Qf(x) =Exf(xx) = (f(Ex(w)t) P(dw)

where Ex is the solution map on
Wiener

space
and P is the

Wiener
measure .
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roof. Let X be a solution to Elo, b) .

Claim :1E(f(Xz+s) (Fs) = Quf(Xs)

Indeed
,

X
=

= Xo + !O(u)dBu+ b(Xu) du

↑+s
= Xo + (

**

G(Xn)dBu + 1
**

b(Xu) du

Setting Y+
= X

++s
,

F =

Fets
,

and Be = Bets - Bs
,

note that
2

(
,

F
,
(F)

,

P) is another filtered probability space obeying
the usual conditions and B an (E)-Brownian motion.

t

=> Y = Yo + )0(u)dBu + Sb(Xn) du
t

Indeed
,

this follows from G(X) dBu = (o(u) &Bu which
can

be seen by approximating both sides by sums.

Thus Y solves Elo
,
b) with Xo=Xs and therefore in terms of

the solution
map

X =

Ex
,

(B) a .s.

=((f(X s+) Ifs) = Elf(x(Es) = Elf(Exs(B)+ Ifs) = Qef(Xs)
↑

and
Bis indep . of Xs

Q
++s f(x) = Exf(X++s) =Ex)if(X++s()Fs)) = QsQ+f(x) .

Qf(Xs)

& Using the strong Markox property for Brownian motion ,
one can

prove
this property for X similarly .
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Let ColIR") be the Banach
space

of continuous functions

tending to 0 at & with norm 11fll = SRIf(x)1 .

Defn
.

A transition semigroup has theIntellerproperty if

(i) HfECo
,
>O : QueCo

(ii) HftCo : llQtf-f1l -0 as +- 0
.

#m
.

The semigroup of the last theorem is Feller
.

of ( assuming & and I are bounded) . Let feCo .

Claim : Get is continuous

Indeed
,
since x ++ Ex(w) is continuous

, by DCT,
(Q
+
f(x) - Qefly)) = SIf(Ex (w) +) - f(Fy(w(t)/P(dw) - 0 .

Claim : Qf(x)+ 0 as (+ 0

Since X =
x+ b(X)ds + o(X)dB> and 0.b are bounded,

#X
+

- x( = ((E+t

Markoy plIX-XK AlAG-O as
A

= IQtf(xIl = Elf(X*)lIE-x = A + 11 fllIP((X* - x 1 > A)

limsup IQf(x)
= O + IllixA #A

=>limQfx
= O

.

Since f(x)+0 as X*&.
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Claim : 11Qef-fll -O

suplIE((X*) - f(x)) / = sup If(x)
- fly)1 + 211fllup(P((XY

-x(z)
(X-y/ES

= (3 (t* + t)
=> lim IQ++- fll =0

.

t+0
-> O

as +-0

lefn
.

Let

D(L) = [f +6 : E(Qtf-f)
converges

in Co as trO]

Lf = Lim EQf-f) for feD(t)

The linear operator L : D(L) -C is called the generator
of the semigroup (Q+).

Pop. Let feD(1) . Then Qife D(L) , LIQtH
= QuLf)

,

and

Quf = f + SQsLfds = f +S
*

Last &S

I of
.

To see Q+feD(L) and HQrf) = Qu(Lf)
,

note

-(Qs(Q+f) - Qef) = Qt(f)
QtLf) as So

since /IQtIE)
.

Since the left-hand side is $(Qust-Quf)
,

Get is also

right-differentiable with right-derivative QtLf .

Since this right-
derivative is continuous in t

,
in fact Qof is differentiable int .
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Thm
.

Let f
, geCo .

Then the following are equivalent :-

(i) feDIL) and If =g .

(ii) For
every
xeR
,
f(X])-[g(X)ds is a martingale.

Roof
.

(i)= (ii)
.

(E)f)X*+) -
**

g(X# di Ift)

=

(X)
- (*) dr (e)
S

Ast = f + 1Qg dr by (i)

=

+x* ) + jg(xi)dr +1Qig(x)c-g(xdr(f
(ii) (i)

. By (ii) ,

+(x) = E(f(X]) - E g(X*)di)
= Quf(x) - [

*

Arg(x) dr

=> E(Qet -H = EQrg(x) dr-+ g(x) as two .

Cor
. The generator of the semigroup of the SDE as in the-

last theorems satisfies (2CIRY) cD(L)
,

and for te CLIR9)
S

↓

(f(x)= (x)
+ bi(x)), a =T
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Convergenceto equilibrium

Defn
.

Let IQt be a transition semigroup and let
m
be a

-

probability measure on R! Then
Me
is

(i) invariant under (Q) if
-

JQf(x)m(d(x) = (f(x) ((dx)H f-BURY)

(ii) reversible under (QE) if
-

(g(x) Q+f(x) M(dx) = (Q+g(x) f(x) x(dx)Hf ,geBURY.

at leversible = invariant

Proof. Take
g
=1 and use Qu = 1 .

-

Fact
.

The measure
y
is

(i) invariant iff SLf dy
= 0 for all feD(L)

(ii) reversible iff /gLf di
= /(Lg)f dy for all figeD(L) .

# In practice , DIL) is rarely known explicitly
.

However
,

if

DCD(L) is a dense subspace such that QfeD for feD

and > O then it suffices to check the conditions forfED
.

For example , for feD,

JQgd = )Lgdu = /Lf du = 0 .
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Prop. Let At be the transition semigroup of the SDE

dX
= - T H(X

+
)dt +EdBt

.

Assume that HeCIR" with SeH(l + 1H1) <&
.

Then the

probability measure M(cx) = 2 e-H/dx is reversible
.

·

roof
For f

,
ge (i (IRP)

,

9)(f) e Hdx = (g(Af-TH ·-f) e-Hdx
-

Y - ((f)e
-+ ) same argument
-

=

-f*foVgettdy
=

JILf)g e-Hdx
.

#hm
.

Assume that It is uniformlyconvex
,

i.
.e

,
there is

> O such that

3) HessH(x13 = XI3K for all xRY
,

SER!

Let X and Y be two solutions to the SDE w .
r
.
t

.

the same

Brownian motion
. Then

,

a
.S

.,

IX
+

- YolE(Xo-Yole-Xt

Proof. By It's formula
,
t

↑
indep of dimension

-

extIX-YHENo-YoR+
2XIXs- Yske2xsas

t

-

2
!X

· (TH(Xs) - VHIYs)) e2ses

[No-Yol?. => XIXs-Yg(2
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Cor
.

For
every

feC
,

(IR")
,Exf(Xe)- Eut where M

is the
&

invariant probability measure Muldx)ae-Hdx .

Poo. It suffices to assume that fel
.

Then if Yo -M ,

Ef(x) = Ef(YH) + O (10 flaEIX
+

- YeD)- Ef(Yo) = Euf .
-

= e-
*

t /Xo-Yot

Defn
.

For two probability measures , define

div(m , r)
=

Ellyn -ull+v = z(m
-01(b)

·

If r/ with
=

g
then

dix(0
,M)
= 2 EnTIg-11]

Eact
.

d
+y(m ,
r)
=inf

PIX *Y

Betch
.

If IX
,
Y) is a coupling of pu . r),

Stdu-Ifdo
= Elf(X) - f(Y)] = 211 PIX#Y]

=> llm-Ull+= S
11 Sfaly-Sfdoll = 2PIX*Y] .

Other direction : Exercise
.

fr
.

diy (Ma , M) = PIX* Ye]
= PINt-Yokfl = ETNo-YoHe-x

+

where YouM
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To ta lvariation is a natural distancelmetric between

measures
,

but in practice it is often useful to work with
other distances ("divergences") which are not metrics .

CS

Eac
.
2dix (M+,MR= Enlig +-1P] * divergence

= zEu[1gt-Entg1]k] = VaruIgh).

Pinsker's inequality . 2dv(M+,M) = Entulge
Proof

.

The following elementary ineg .

holds :

#-112x(xlogx -x+ 1

=>

Fullgt-110g
Entgloggt] = Entulge

= 2 Entulge) KL divergence

Prop .

LetMo be the law of a Markov process (Xt) with

reversible
measure y. Suppose

dM
+

=

g +d

for some smooth g+ [(m). Then ge
=

Lgt-
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Proof
.

Qtf(x) = ExIf(X)]

= Sf(x)dz
= (f(x)g

+(x)((d(x)

=> Qf(x)
= Qu 1f(x)

= Skf(x)g +(x) (u(dx)
= (f(x)(g

+ (x)y(dx)

=> (f(x)(+ g+(x) - (g+(x))((dx) =0

Exercise. Poincare ineq . # Var(Qef)
= e-2xtVaruf

↑

Log-Sob · ineq .

# Entu(Qef) = e-2xt Entulf) .

Log-Sob . ineq. Poincare ineg.

Sketch
.

For feD(L)
,

Var(Qf)
= z)(Q+

-11 dy
= ((Q+ f-/) LQ+f dy
=

= JNQef) du
= -Xar(Qef)

Apply Gronwall .

116



Back to the example M(dx) ae-H(x)dx with

HessH(x) = Xid #X
.

⑳ The
measure

y
satisfies thePoincare inequality

Vara(f)= FITfR HfECLR")
.

Prof. By the mean-value theorem,
(Q+f(x) - Q+fly)) = Elf(X*)

- f(x)) = e
-

xt Nf(z)1 . (x-y/
M

- where It lies on the
=+ (x) - Quf(y))

= e

-*

ENXf(Zt)/ line from XIto XI.
|x-
y
|

By continuity of the solution map,

=> IQf(x)) = e
-*
+E+(Xt)) = e

- *

Q+ IV f((x)
.

Thus Varuf
= EuF2-lEnfl

= Lima(Em(Qoft - En(Q++(2)

=_ Eu2(ast) L(Qsf) as

= 2%Eu QutR

=> 2Te-2it ElfR = ENfR.
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In fact
,

the following stronger inequality holds
.

Cor. The measure

·

i
satisfies the

osobolevinequality :-

For all feCp(19) with f > O
S

log
Proof. As in the last proof

,

-

NQtfl = e-XtQtIf)
.

Since Qtf(x) =Ef(XE)
,

for all strictly positive f,

H
if E denotes the expectation
writ . the law of X*

= (ExH)(f) ifEfX := EfX)/lf

Ef) =

E
=Q

=> e-ExtQ
=> Enflogf -En + (logluf) =En
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6. Jump processes

6. I
. Poisson and compound Poisson processes

Defn
.

(Noltzo is a Poisson process
if

(i) Almost surely
&
N D(0,) with No=0 and

MEN for all t>0
.

(ii) For each 10
,

the distribution of Neth-Ne

is independent of t

(iii) If [Si
.

t
;
] are nonoverlapping intervals,

Ntj
-

Ns
;
are mutually independent .

(iv) P[Neth-Ne22] = P(Nn22] = oh) as 4 - 0
.

#m
.

Leti be a PP . Then :

(i) Almost surely , It is a step function increasing
by steps of 1.

(ii) There is20 S
.
t

.
Nots-Ns ~Poisson (Xt)

.

(iii) The
gaps
[
,
Tz
,
...

between jumps are i
. i .d. Exp(X) .

for. The Poisson process ofiate /30 exists.
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Roof
.

(i) Let

3 = number of intervals [T]
,

OK I
,

such that N(T) - N*I
.

= Pin = 17 : ETEn] = nPIN) = 2]
=

n - o(t) = o(l)
.

(ii) By right-continuity,

PIN = 17 -0 as tio
.

= Ele-ON] Eim Ele-ONe-tgl
where glot =no 11-ETe-ON]) and the
limit exists since (*) exists (is indep .

of a)
.

glot = lim ET-e-ON
-

(- e-o)P[Nn= 1) + o(h)

=

ll-e-2)mPINE
limit must exist

=> EJe-ONt] = e-Xt(l-e
-

)
=> Now Poisson (xt).
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(iii) PIT =+ ] = PINt=O] = e
-**

since NewPoi(XH
.

The claim follows by induction from the strong
Markov property :

Ne +t -Ny =

Nit-1I

is a Poisson
process independent of

I

,

This is proved in the usual
way

.
Given a

stopping time , consider t
= 2- k124 + 1

·

Assuming the strong Markox property holds for
til one can take kid using <IN and

right-continuity .
To
prove

the strong Markox properly for it,
let AfFz

.

↑

Then Andt
* 2
*

>En and (Notzin-Ne-knit
is independent of And = 2iny .

Sum over n.
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Exercise
.

No-Xt and ( - Xt)2- Xt

are martingales. Thus No
= (N

+
-Xt) +Xt is the

semimartingale decomposition of Nt .

Define Te t ( x )= Elf(x +N+1) (the semigroup ofPP).

Eact. The generator of the Poisson process is

Lf(x) = x(f(x+1) - f(x)

Proof
.

T
+f(x) -f(x)

=

ETf(x +Nt) - f(x)]
t t

= (f(x+1) -f(x))(N
=1

+ 0(1))
for.

ME = f(N-f(0) -X (f(Ns+1) - f(Ns))dS
is a martingale

Exercise : Check by hand.
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et.etXX beidwithdistributionthe
compound Poisson process
Xt = SN

+,
Sn = X , +

--- + Xn
.

Then Xt has independent increments since each
time that Ne jumps X+ changes by an
indep . 9-distributed random variable .

The distribution of X++-Xs is that of Xt and

EleiyX + /=-+ty1"
n
=
0

= ext(a(y)
- 1)

= expliPANY
* thus has an infinitely divisible distribution
and M is called its Lexy-Khintine measure .

Exercise : The followingare mortingales.

X
+

- At
,

A =SXdM(x)

(t-At) - Bt
,
B = SxdM(x)

↑
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Exercise : Xt is a Markov process
with generator

↓ f(x) = ((f(x+z) - f(x))dM(z)

Sketch
.

One can proceed as for Poisson process.

Suppose f(x) = eigy .

Then

[tf(x) = f(x) EleiyXt]

= f(x) exp(t)(eig2 - 1)dM121)
=To f ( x )-f(x)

- f(x)((eiyz -1)dM(z)
t

= ((f(x+2) - f(x))dM(z)
.

For a nice functions f(x) = (fly) eigy dy .

The above can be generalized to stationary
independent increments whichprocesseswitsized by their Lexy measure

.

124



6.2. Markov jump processes
Let (E

,
3) be a measurable

space
Istate space) .

Let M(X
,

A) be a transition probability :

#At E : X+T(x
,
A) is 3-measurable

#XE : M(X
,
·) is a probability measure

Then there is a probability measure on EI
under which (Yulnew is a Markov process
with transition probability i .

The n-step transition probability is defined by
TM (x

,

Al =

fi
M

y , A) M(x
, dy)

Let (N1) be a Poisson process with
rate 1

.

Define X+= YNe
.

Then

· Px[X+ A) = p(t ,X, A)
= [ e

-

Xt tT(X,
A

k =0

· PIXEAlFs] = plt-s , Xs , Al
·

p(t +s , X , A)
=

_

p(s, y , A) plt , x , dy) .
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Proof.

P[XEAIXs =X) = PlYN-Al YNs = X]

= P[YN-NstA l Yo
= X]

= P[Xt
-s
(A) =

p(t
-

s
,

X
,
A)

p(t+s , X, A)
= e-Xit

+

s]]
-

(f

=m

=De-mx
STTM(x

,dy)T /ly
,

A)

= (p(t, X , dy)p(s,y . Al
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Let B denote the Banach
space

of bounded

functions 5 : E-R with

1If11 = S1f(x)) .

Define the transition operator M
: B- B :

Tf(x) = ( T(x, dy)f(y)
for
any

transition Kemel M(x
,by). Then :

·IIM fll = Ifll and MI = 1

·Tf30 if f20

If Ttf(x) = ) p(t
,
X
,dy) fly) dy then also

·

To = id
,
Te ts

= ToTs= TsT t for
any

S
,
+20

.

It plt,x ,dy) is defined in terms of 1T as above:
T=e-X = extexp(X

= explth) , 1 =XT-id) .

Thus

(f(x) = X((f(y) - f(x))7(x , dy).
is the generator .
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Example . Let a : E + (0,) be bounded and

Lf(x) = a(x)((f(y)-f(x)) M(x
,
dy)

Then if X = a(x) for all X
,
can
set

↑ (x
,
Al= (X

,
A) + (1- ) AxeA

so that

(f(x) = X((f(y) -f(x))π(x,dy) -

Ihm
.

Let (e) be a Markox jump process
with

generator 1 as above where a is bounded.

Then the strong Markov property
holds : for

any stopping time
-

,

↑ [Xt ++ =AlE)
=

p(t
,

Xi
,

A)
.

&etch. Similar to similar statements before :

Prove first for I taking finitely many valuesa(which is straightforward from standard
properly). Then take limit.
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Ihm
.

Under the same conditions
,

ME
=

f(x-f(Xo) - G
-

Lf(Xs)ds

is a martingale.

Proof
.

Similar to indep , incr.case
.

G
.

For
any
i

t

MIe-Xt-MoStXS MJe as

= f(Xtext- f(Xo) - FEXs[Lf(Xs)-Xf(Xs1] ds

and this is a martingale.

Proof
t

-

Me-Xt-Mo + 1) MJe as
=

extif(x)-

+

(f(Xs)ds) +XMse
-**

ds

g(t)
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Since e-XtgHt) = g(0)-SteelIsthis is

= e-Xtf(Xt) - f(X)
-

+e

-*

sf(X) + Xe
-

1) (f(Xu)du - e-Xs(f(Xs)

+xe

-

xs(f(Ys) -f(X) -jf(X)du) ds
t

= e-Xtf(x) - f(X) + ](xf(Xs)
-

(fXs))e
-*
ds

Since Mt is a martingale :

# Mfe-X-M-
+

Mine
*

di Ifs)
= Mext-Mot-SMe-

*
dr + Mixe-

*dr

-

= Mje-Xs - Mof-jMFxe-dr e-Xs-ext
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Ihm
.

Let ta
=

infEt=0 : X*A) . For 10
,

U(x) = Exte
- *TAf(XTA))

is the unique solution to

(U(x) = X((x) (XtA)

H(x) = f(x) (XA)
.

Proof
.

Let X+A
.

Let T=I, be the time of first

jump : an Expla(x)) random variable. Since
-
and X

= are independent (by construction) :

U(x) = Exte
-

XAf(XTA))

= Exte [textAf(XTall)
U(XT)

= Exte
=

x) Ex[U(Xi)]

=(x) (Uly) M (x
,
dy)

# (x+a(x))U(x) = a(x)(U(y)(T(x ,by)

=> LU(x) = a()is(x ,by)(u(y) -u(x)) = XU(x) .
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Conversely , let LU =XII on A , U= on A?

e

-xt

u(X
+

) - U(X0) - Se
-

x[u - xU/(Xs)ds
is a martingale , so if OST can be applied

,

() U(Xs) =0 for OISTA

U(X() =HX=x)
,

we get
ExteXf(Xial] = U() ,

proving uniqueness .

To make
sure
,

OST
can be applied , replace to

by Ext . Then

Exte -xlTtUIXiat)]= U()
.

Taketd.
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6. 3. Explosion

Example. Let E
=

<+= [U : n2 0)
·

Given birth

rates Xn >0 and death rates
Mn
>O
,

the

birth-death
process

has generator

(Lf)n = Itumfu
with

In
,
n+

= In

↓
,
n- 1
=

Mr

In
,
n
= - (Xn +Mn)

and Lnm
=O else

.

Now consider in = (n+
2

, Mn
=0. The waiting

time at step n has expectation (n + 1)
22

. Thus

Etin]= a
Thus

3
=limin

T & as

Thus the process
with reach a (exit from

all finite sets) by time 3 .
It is called the

explosion time
.
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This can happen whenever a(x) in the generator
is unbounded.

#hm
.

The Markov process corresponding to
(f(x) = a(x)(( f(y)

-f(x))π(X
, dy)

starting fromXo explodes in finite time with
positive probability ift there is a OUEC

with U(Xo >O S
.

t
.

LUW = oU(x) for all xE

for some Gs0.

Proof. For>O set

Mo(X) = Exte-03]

Then there is explosion if Uokxo) > 0 ·

Let t be the time of first jump
.

Then las before

Uo(x) = ExtExte- :31feT]
= Exte

-

T UXi)]
= Ele-ol] Ex[HoIXe)]
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=

a (Urly)T(x,dy)

=> LUo(x
=

0Hotx)
·

Conversely , given U, let

M+ = e-
ot

U(X_) - Seos(oU) (Xs) ds

= e-ot U(Xe) - At
-O

with A increasing
.

=> e-oth(Xi) is a submartingale
Since it is bounded

,

OST with Tn= I+--
-

+ In

the time of the n-th jump gives
U(xo = Exle-oThU(Xin)) = CExote-OTn]

=> UkolE(Exte-03]

= Pla= > 0
.
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Ihm
.

Let 030 and assume there is U20s
.

t
.

LU(x) = oU(X) for all X

and H(X)-& Whenever alx+> Then there

cannot be explosion.

Proof. Now e-otU/X1) is a supermartingale .

U(x) = ExJe-OCTuXT) U(Xinxt1]

EU(x) = Exte-oTnU(Xin)]
Let Ro =Elimin <& 7

.

Since the waiting time
at Th is Expla(Xin) ,

) &

on to .

Thus alXin)-& and U(Xin)vd

by assumption. This contradicts

U(x) = Exte
-

oTnU(X in ) ]
·

--

30 -d
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For alx) unbounded
,

I is unbounded.

Example .

Consider again the birth-death process.
with rates in and Mn.

For is I
,

LU(i) = oU(i)

= XiU(it) + Mi Uli
- 1) - (i +Mi)U(i) = Oci)

# Wit =
(o+Xitmi) U(i) - MiUli -1)

Xi

and for i =0
,

XoUll)= (o +of U(O)
·

UIll= UD

We know that if U is the soln with Un) = 1

and in = infet : Xt
= n) then

U(il = EiTe-o[n]
.

Thus for
any

soln
,

=Ele-oin] for On-1
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Note from the recursion that U(n) is increasing .

Nonexplosion is equivalent to Unl
-

a.

To determine when UIn)-& take U10) =1. Then

u(l) = 1 +5

and

Uit)-Uil
= Chi)-Uli-11) + U(i)

Exercise
. Necessary and sufficient conditions for

Foundedness are

M
&
IMe

Example If in-MnECIH) there is no explosion .

Proof
.

Let Unl = (n+11
,

a
< 1

.

Then

(H(n) = Xn(U(n+1)- U(n)) + Mn((n) - U(n -1)

= An-Mn) (U(n)-Un-1)

= ((n+1)a(n+ 11a
+

1
= (x(n)

·
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