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Progr Lok (Q\ e an erthonamal bogis for H. S
IR E( )X
U Qx@s n 2 and as. snc
ke l (YRS
5 O masTi Q\é@b counded i X
Al \
Dby, Lok W be an isomay from L(RY) \r\\b o’

Goussion S Than W € called
for £20, defing

Wt“ o(ilfot]B
Rk Wold (ke to R o W as (F dW) bt

W has indinde vanabon va\os*r &we\g_

Brerclse. () Tor ACR,. Borel | IAI<00, W(A)~NO,A)
() For & BCR, wath ANB=0, WA) ond W(B)

ore independent
() for A= UA: woth A digjon, el o
WA = )_\N(AB n OJ/\G\ oS . /e )
W looks like o rowdom meoeue bufr i et
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for O\V\é b th The vecker (Wt s

jo Hy Goudign aifh covononce
W, | = At Hor 5620
Moreover, Wo=0 a.s. ond
W, -W, s ir\dQ\)QV\dQﬂ\JT o G{\:\)miv\Q)
W=k & NO, t-s).

Drecise: Lot B be o Browonion mehon. Than
* R & o Bownian mhn (bﬁmvvuz}v&)
y ,’“\B,\%c 5 o Brownon mehon (sale invanone)

© B Bs 15 o Rownion mohen hat s MQP,
o @ ugs) Garkor prop)

Decie Undergland hewo Browron vohen s tha

Goussion moasure Wi @varon@ ()™ en

D) wth D-b&m&wﬁ endihon o~ ©.
Debn. A stochashc SIS Hwb olues in R S

a d-dm. Brawsnion mehon it “each COVV\VDV\QV\'\\'
s o Roonion mehon.
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2.3 Heot ethom omcl Jreqn mon—Kac formula

LQ,ert(th) e—% \oejr\&kaa komel on R

DAZEO. W\Q MRS of Brounion mehon is
- E 5B,
uﬁm@ E 5 the @epec(u‘wovw o o BM &*&rﬁnﬂ

at X@(p\

d Since By-x ™ &\((O,t))
THX) ‘—th(&gB Hy) = | Bty pl0,9) dy
- | Berg®) R 0y) dy

Defn Tha ‘nfinitecimol aprorader iy
[ - fy T 1]

r
Bor T such thod Ha limt exide.

_@g&, for e the [ exighs ek
-1
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Pt I FeC

fxt (_\ H)
JLOS Keyll Ploy dy

:Q%S Hx\uﬁ; +if 'i\u“ﬁ JC/Z@,(L«) Ploy) o\j

wikh (Qg(b )| < CM - Thog
LH) = 35

fie(" o skl bus Pyl =ft).

Thus wlt,x) = T.Hx) salshes He heal ec\wa\w‘an
% ;%— ot ) =4 20\,

[‘&QF(JSQ Lof Xb XT0O P) +mt bQ %rowmom mef‘\on
ot \(M\QV\CQ * ond dof m. Show

560 = 30+ m M)
. Given (O, F F).P), a COnhnucM&H_qdcxPle

PIOMSS (B4) i o Braonion me

MR %] = TS®) W confinuous
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feunvan—Kc formula, LeF V be bowde and

Nt s, Than

i x) = [ P( s)ds> HXV)]

sohshes
'a% é%)}f TYu, wox)=H).

jes) Expovwl RXPONNTG
= 3 A B TR VB 00 -4

[ 0 0

SB[ S v VB HK d{,-'-c\tn]
)

LO<t<~< 4, <t

~

TE[ T VL) VB HK) b dt]

| Ot < <t

3 T Vi, VI VTt e clt]

n=v O<t<--<f <t

Ditlesenbiole tem 55 lor |
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T’MPLQ: Acsing. lawo.
o 5= % [ g0 ds
+ E[3]=3.
Whot 15t digh bubon o %2 \
%’c: g 1«%&0 AS@ Sl iﬁggo ds = §1BS>0 ds
3% 83

E@P P[§<xl:§ﬁw -—%— arcan({x).

\_91Y V ix>o TI/\( \/\ +C®r\‘}‘ OV\C(
S\ED£ MERe cheH a Q] iomio\g w(\\:)(olve o luvuhxj
owawvw/& o C\PP ijwmwl\a(; Aw/}jmg )
) = EJ@@(—O’ [ V(B ds) ds |

ofishes

30\ _ 1 QLL _
{; 2 a)(l UV&/\ ) M(OJ)() ‘ ;

[oF ql\x) - S Eulbx) o, Then
Nt oVg- 523 =0
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Thus
WT)%“ i?)”: | (x>0)
Ng-39'=(0 (x<0)

\@ulc) e b@wd@_& o £9 avnd continu
ol\%ralfﬁ&)le or 0 The solubon \s& . G@

= e

expl-AL ] VIR, c\s) dt|
( /\{f 6% g-t) AJC
) \

1 _l/
Airb‘?.] . (X (o
Thws E]ﬁg;l] = J———-: Dxﬁuw cﬂr\v\%

E[¥]- AR R
ﬁw\m % S\Appgr‘v s b momads chowclaize e

tSﬂ
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LY. SHUAS Morkoy ord efechen Pmperﬁj

H.u}@(_p[q&ﬁ%. lek £>5. Than
Vh: PBeAIE] = pﬁ(& A)

2

TR PRI - RS (R
=)0, {Bs.y)8ly) dy

Pt Immedicle from \v\c\QPdeer nCrepents |

E%_B&MI_@@PL Lot T be 6. Stoppm ﬁlﬂm

By, —Be' I8 agin BN mdQP o0
CDV\CM'\OV\(I @v\ ‘C(OO

o o T= 2 ol 4217k

Given AT st A A(\{E\ Jckie s - Than
ETF®rurs) da ] = ELHRL )

TS Brs) 1,

T M)
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S -
> B30 Vo] = E[ T HBrs) dhnpoce
for £ boundad can feke nosoor

[ S'(BU O 1@{3@0}1 [Fljcﬁy' BI%\ 1‘1&0{3@0;}
= EH Bt l7rt+s] E[TJC s%(&@] a.s. On TR

Rk Lok B, Clooo)— Cbpa), Byealt)=wolt+s).
Then for fin. gLova% Himes

P[ thAlfF] x(c)l_A] P 0.5,
For o sfomov\ fwe Hret s net as. Finite
[@zweAl?] PnA], P-as. on T
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ReHedhon Pr\)ﬂdPIQ. lof o0, T=id{>0" thu‘]) ond

M Bt (t<T)
30« -Be (£27T)

Than (Xe) & olso o Rrownion menon.

-

M\ A
Y \/ TQ
E&@ff On H/\Q Q)(QI/\JC' TM<00 8‘25
B, = Pm—t B,

! o 2 o M
Eﬁ H”AFQ%@‘A] ke% & %img ; oy .

> B = P)E’\b i BH% 11;400
X Btm P)Jc D+1Ta<w

Ths B ond X hoe the somg dismbuhon
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Gr. for 020 ond b<a,
Plag B20, Beb)= PRz bl
In p@r’rjm(c«x/ DS:(S’B; B~ IRl ond
Maap Bz a) <t PR 2al
Rt Tor the ficch dalm nefice
[HS= P To<t, B, <b)
RHS = P[200-Ry < b]
=Pt XS b] +PT>t, By 2 Ju-b)

—_— —

O

E‘)( H\Q &Q@V\d OnQ -
P[mP B za]-= li[SUEEEQJ R, 26 ]
PR.2a) )tfwio-uj,
F P[&AE B 20, Be<ol
F®, 20] by reffechon
= 1 MB2a) = PLIB,) >

39



5 Mk
EX;QSZ o B bQ O\S\UV\(;(Md BM uo\H'\ Ro=0

{@ Dwv\a Y QDV\"\Y\\MD(AS YV\QP{‘W\BQKQS
(&)) B t >\B+ §L>\Z{T

Bop, Lef f:T00) <R bf n tond G in x. Then
M= $6,8.) FO.Bo) - | (2 +4A) Fs By) ds
|S N CUA'\NA@VLS [Y\thnﬁa\e

PI‘GSS‘ b sffices 1o SL\DUO L’_[Hs& -Ms l;:} 0 as
BU H«z Norkoy PmPQf‘rg sdhas to cnsder S=(O

QQ\M foi 0\/\8 s EK[Mt H} 0
MM £ 08550 § B4 Ho B

d
=E[MEB)-E [ 2]
-\

(RTINS

(V%
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SPJ( 4) ‘F(thj c\g SPSX\M V\)dﬁ
[ S (?WD au 1[&)““ 5\ dti du

S¥

j P (’“3) Y] Ub‘j) d3
SLAPM(X@) Tu,y) dy

u%\/\ QAP ©MPM H/\U\S
Eﬂh M= | Ptxg Ft9) dy~ Splky) Hlsu) dy
L&A (Pu&xfb) 7&(0\/5}) d‘ﬁ dgr
:_O |
Tus BM.]- [ EM-H]=0.
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BMHLQ Lot Ty=if 1120+ Be=x{ . Thon
RIT< Tl o3 EolTanTy] = ob

Frecr 83 OST (nete BTﬂATb ef-a i bOUW\dQA)
ED[BTQATJ = B,lBo=0.

On JI'L\Q DW MMJ
Eo[BT-cA’\Tb\‘ EIT~0<T(,] -0 +U“ Eﬁ.u<Tb]) b

3 () P T <To) =b.

To compule ELT.QJ\Tb] ne that Bi-t is
ot W\Sn‘gh Thws agn b\\j OT: i >

& Brar, 7T ATb)

> E[TnTy)= B[ Prst, |
302'0{_101' bzcﬁ_—b: O\b.
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1.6 Recomence ond tronsience

Ty Let @) be o d-dim Rwsnion mctiy), Then
- d=l: P#{t20: Be=0Y=co]=|  recorrent

- d=00 Pl#{t>0: B,=0J22]=0 point frans.
P[{t20:Bd<eY is unbd. ] = nldd recarr

+d23: P[1B)20a] =1 fronsient
ot =) o
PIT.ct] =2P[B, 20 /%S o dy.
Rl oy

S 5= 5 PlLst]s = g, e
In porhicular, PTa<oo) = fim PLT<t =)

t>00

The caim folows from fhe &H@/\S Morkay prep.
Note even Fraugh PLTactol = [ ovg has E[Te]=0.

Roonioan mehion s recumeat but pet pesiHye
recurrent .

43



H@@ch )) Lo Ocr<R Lk $eGE®) si

<= log I [r<IX<R).
lm ,c
=38 SR - 1 eads N
S o moerng\lQ. Sd N

T i E20° [Reler |, Ta= i £20 B =R)

Than by OST and using A5 =0 on rek<R:
0=E[M]-E (M :?B(%ﬂ‘ JQ(BO)J .
Assume for nowy 1B= I € (rR). Than
[ les 1B+1] = E[5(B7)) = E[5R) = I% |><
ST Te]-log fy+ -PLTe<RT) Joy =

BT+ (R/IX
= E[‘M l[{l (I%L(R/X)
Ths PL Te< 10 0s r~0 whn K<R,

+ P[B=0 for same 1>0]
£l L Bl T<T]=0.

Ra0p r=>0Q
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hor x=0,
[ B=0 for sove t>£]
- [P0y R[B0 for some 20] dy =0

8;0% [B=0 fo somg 120] =0

On the offer hord, for K70,
PLT<Tr]—™ 1 as Roon.

3 RLR<E for some £0] = |

obich olso helds for x=0 frvially. By Morkoy,
PL B <& for some f>v\]-§

+ Pt >0: Bd<e[=c0] =1

.
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5_Stochoshic inkeomls

3.1 Wiener's \V\\earcm]

We hove Ormd\d @n Wiener's iNVHU\' ot
5(5) = Lack (b beer] ()

e a d@JQ(mm\ch S‘e? funchon. Thau
W) = L e Wi e ])

z f Br-by) %15 6B,

Given wt%L(DOO) thae o %\ os obow s b
W\Qv\ V\)W) con\(er%m in L to \l\\(ﬂ

) -WEF] = 1,51 =0
oegpaaly, [§dB ¥Wifing)

\D(QG The Wienas \V\k ra‘ SQ\'\BF]QS

5 FdB con be d/\eseﬂ wnhnuous N T as.
g £ is o martingole

- (F4db) ~J5dt is o mortingple
We will exdend this fo rudom + ond %ercd hort
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3, MCH‘HO%O\\QS in 12
Dd“_/), G\)(Qf\ (Q,G:Q, P>, |€j‘

Fork = { M: Qx[Dp0) =R M is o rght-cont:
MQHW'\*%O\\Q ,

WP ELIML] oo § v

Morte = { Me Mot 1 Mw,") is cont. for ol m&/rv
whate ~ maans idenFilicahen 09 o P-nyl wls |

o Lot Me Morf Then:

° Mor{ﬁn%)cﬂe COnvRrnCe: M= My as, and 5
- (Me) is o &))OMO(HV\%O\\Q) o HMe) is iﬂmﬁ',
* Docb's |2 ‘lV\QG,V\QJ”\a‘- E[&JCAP Me <Y EIMG)

flop Mort™ is o Hilbert Sposs it nam
l\Mu“OfP' = (%}% E[M:, 1\\4 - a Nﬁol\/)'

ond inngs Psochd— E[M N . The S Mardt is o
clesed &»)ogpogz.
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E@ﬁmg\g oy 1 @V\bjzwg pvopq% i< @W\PIQ@\Q&S

FTMa-MY =0 (m—o),

by pssing fo a &&3&&1 WINCD, €GN GSSUMQ
t[mn 0 \32] < 2 V)

M /;
QL(&A@M 1 ]% Jsp e-ref]®

?El\m nl ]/2
/zfzm/
= f Sup My =M, < D as,

Thus ol ®g’r s\m\ (M) is o Condhy = wzmz N
He cloxd s @? D0 00) @L 63
wcwd )ONS w\lrh AN %wv\ {‘GDP@ %«3

(M =Ml =0 Sor onma Mebmo@ 0.3,
S M=0 oufside Hals eveuh,
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t temains fo show fhet
z"_}o

() Elsup ME=He]
() M s o maﬁiﬂau\@

To shew (), nele:
oot} g, sop ]

%gm\

S honinf ] sup MG
Ob) =
¢k |(\;\m_)10/&f = Mo~ Mgl ]*Q
o Sll\O\;J G;\i (&fno_ci.'(‘(HA) s mort.)
M7 - Mol o€ TEMAMEIE N LIS Ml
(Rngew)

<28 sp M- =0,

Tha same Jr ey to Me MO»A}Q o Mort
s olo g\r@\m (Eﬂg kolz\/i&@\% i )st\asfgcsz)_
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33 ka&mHC_ VOHO\HGV\
Thin, (Docb-Meser). Lot Me Mafe . Then as

H\av*e is O \m\que ONFNUOS, INCreas) m
Ae=0

resswq Auztrr&awmbiz Progss A s
s o morbingale.

D@f(\ TF\Q proess A s devonfzd MY = ()50 ov0

o the qmglgm vonohen o M
EXGAAP‘Q Lef B be o 2. Rroanion meher: ®Ry.=t

(o be precise = <RI =4AT )

Becr Un cuengs A O A sobishy e
C@dx’ﬂ@\/\g -“/‘QV? &J\P/:EO 1S G C:v\ur‘-\r\ Q t?
l:@\xv@\Qc\ cho\\‘\DV) © S COV\sanr

Finite cose: Suppo&e fuare e éokvmmlshc cerdons
Cod T <t

My~ Mo1<C and Me=Miat,
Then for mﬁ porHHov\ P- (fs)g Sl [O,T] N
A =2 (Mene = Mt

X? = Z_T, 1 Mﬁ-‘(Hﬁ"’G B Hj"i*‘/\t‘)
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Then dQur| Xm < o bawded Marhngo& and

N’)Ck S INOROSING. N K
Cam: MM, = X%fi T A(E,
lAgz?L = lZ UJ\J(& - Mtiq)z
) ‘)\- Mtc Wt; ’Mta—‘) - ‘X Mti-l (Mfa' Nta-\)
== 20 Mo (M=) + 3 M Y- M)
=Xt M -1 -t
Caum: E[(A(P) l] SRCH

t[( (P) \ “( My ~ Mt 3

=ZE[(MJ¢-‘1 V]
s ;HE Mt (M, -]

rH\ @ (‘ @)Y
otogoral ot (-, wmm M)

] T E MmN ) (M,
=l:[Nh<‘Huj
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S(L{ +8) Cz g E[(HtL - M‘:;-(y—‘
=0 H (MM < Rt

Claim: Lot Br (k) with 42 \Qm k<” =27,
Than X™= X0 CONVRIRes iny Morte

It sufhicas Jro Shawo X"/‘ s a C&vd\«i) Sequance:
(- xw\]

ndexd, Jor m'>m,
Xf;\f XZ‘ff (M&-nl vl ML(Hu"‘ ™ 3( cz-M‘"H(mzm‘)

=

Since the ’rermg GIQ @\W om Hhare fore
EU Xou\] Z ?[ (Mﬁ-\)l w! ML(H\l"‘ "‘JZ"‘)Z
(Mo My y0) Z ]
¢ E[ 2 MM « ATOJ
3 (llCL*\"ZE sop IMe- HJ”‘}
—>C) bfj uniferm C®V\“.
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Lot XeMorR be the [mf o K7 cod @
A= M-X
Toon A iy confinuens sine M ond X ore .

Als incrasig snce A” iy Inoresing on k}"‘“
e conelaone is wnifem on intenals
Indeed, by Dot W\Qﬁmﬁl'\a)

(lw Xi-Xel 1. =0

% (XVl\&OfW\ COV\H V\w% Cl\kSO
59 [y X 1= O

.t

8 Mgy~ M | = O

.L

F\mllb, M o hmvded, &PP\S aboe to M™,
Gs {1207 [M-Hol>njan

Thus AHwD exists ay qbove, Bg W\'\q\m nesS,
(Mt"‘x = <Mt""">t/\(n

Thas one an dahing o consislent A=(M)
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(s MW -A s « fv\oﬁm Q\Q for ove
@AF@W\

To s Ha [wvujr s o mar \
(V\log)mb iy fo 69} (@/\\(Q{BQV\Q w\ L‘
Coim: H Aw]= M5 —M5 ] <00
Indexd, by defint hon,
E[A'f/\fn\ E[Mc/\t O‘
and 08 o0 :
E[At/\tn] - E[Atn] by Mendeng Gnv.
o) ELHe ] by domindid o
Than a5 N>
E[ Ar,\ E) Aoo C\ MONGTONe. ConY.

Htm E[Mn b{j dlominaled conv.

This 3\\/65 A GL ond thus A+ Ao is unit. inl,

Defn for MN€Mark: also st (covanohon)
CHNY = £ MY ~MAN)).
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gL“ Hé \n‘ijQ‘

The Wiengs Wﬂ(a\ IS oNn fsomgw
L H0m0) — Mort?

$ - [5dB

S Q)«xmp\e)
(TOK,. < BTG E[WEP) = 11
The o ivxkegrq\ will be Ookingd Sivvxi\ad\tj.

Ddn. Lot A be rif)\/d» CONTINUBUS | Increasing,
pm%ress‘lvd% reaswoble . Then

(A = (A R).P)
denoles Hha Hilbert PR g prog(esIVe | y mesguroble

PIOCRSES (¢ § +

AT d/ﬂ €00,

E[QP_H’W\Q SPM_Q € @\: émPlQ P(OC_QQSQS
2o deba, i R
s donse in (A
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ot Since LAY is o Millert (cemplels!)
T suificos fo she Hhaf uzO%neigw

ta (u,[‘sz(A):O Y BGE
Assume () St
X{;: g&g dAs

Joime X is o confinueus mart nga\e
L] T, AG‘FSJ R= " Lmef Then
0= (B) = E[4, §o, dA]
S=ENIS AR NP AT
= E[)Q’Xd%]‘l@ as. = X K a mﬂ%m%m\e.
Qaim: X is oo of fiate vanahon

oo g < (o ang

Thaefore X=0 as.
= 0,=0 Jor dA-0e.s oS,
3 x=0 In LAY,
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P@P, Lot HC(\“bHC for o= D oo L JC]CECIQ&RQ_
J M = 2o (Myne Meae)

Then:
é%st S O mor—h«\gode n L
0‘&st> SOKZ A0,

In pocticnlor E (Yudeg ‘ Jod aM), ond

1€ EC LMY — fis a4, € Nort?
exends umiqw% to an igomo}@ 20— Mort?.
Pf@S{_ l_d' X = 0 (Ht/\\' Mt f\%) TY/\QV\ ‘Y@f -t>S
o=t = LI (B Ment %]~ My.,) = X

Hﬁtws
s <k, = BN R] = Bl N Mo 3 1A
-0-% °

Thus % IS 0 Wﬂrﬁv\aa\e od 30 IS ﬁl)(i.
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Also,
”X “\"\o«tz = 8% E[IX;\Q] < 1) N\Lo “H”HGI‘I:Z <

ond Hwg X X € Mok
Claum: E[Xzo XU‘-O W [<j
Ko Xa T Bl e )0 Bl M 15 ]
t 24 e}

t.

am: E[0S ]+ B[ o6 0]

E{0) - o, M ) )
H Hf; - Né.‘ li;_‘]
H (M M
=§(xz(<M> (M, )]
7o ]
T, Bl 04T 5 ] - E ¢ 00,

—
—
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35 Kunifa~ Wobenobe ‘dvamg

Defn. for MN €Marke st (covenohon)
D =LA~

Nole : <M =<M,M>.

Cecic

1) (MN) i Hhe umun conhinuoEUs pr ress]yela
maaswable protass st MN—MNY i a

morhingale and
EKM«\" Mo) (N~ Noﬂ - ER MJN%J
(i) For eve gjropp‘\n fie T,
<Ht;/\l\l:L = Q‘ﬁgN}c: M Nt
(i) The v (M NV SN i bilineo, &zjmmdﬂc,

&MP‘_Q. et B oand B be i/\dQP sk, RM<. Then:

> (B,BY=0 sine PR is a rorbinoole.
* Than ?>U=gB+U~gz)\“B\ < alp @ Sﬂ RM ord

® 2% =gt




R—OP- lof MeMart? and xe 2EKM)). Then ' M
IS the Wniqu WWHH@CA\Q in Mart? s}

gudH N) - Eadmw VNeMort?
HO \V\LESTOJ Leb%m%hoihes wkwa

F(oof Lot w= ZO‘HM bl e o sw)iq Poss and

erLt ;- (Hh M A{*)
fbmdl"\ IX

Than
(XN) = o M = Mo N, wAt
= K ‘KH \) BAE <M N>t /\i:): j %, dHW,

‘ tant
S (JoudH, Ny =T 06Ny = S(xgd<MN>

Tws &) holds for oe €. For xe LMY | Jok
ok b i 05 Thom (D), - et

S(XK a4 — 50( dM n Mgdizg
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b sufbices o JM&]’\F‘(/] th fol ouing it
D\dM N> |wv\< (XKC\H N> in L
= [im S(Xk CKN N> obove
BT AN in L

Thew exislence for £ follows by replocing, N btﬁ
Re (H): a O(dH O(KdM \I> 'F 'Q? A%

<H( MQ@H}J E[N) ]’Z KW gy
E[?u M Nl 1 iy

ond) cﬂgg bj Hhe KW mequcﬂ m
T SN < Tty N =0
Ui o\wv\s&% S\MPP@SQ XcMars sihishes Q( N > S‘XCKM)‘\}

= {X-{udM N =0 ¥N
S AX~{ndM) =0 > X=[udM.
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Kaunifo—Welanobo \A@q\@@
Vo [l AN € (T2 0] (T2 )

B\. A‘PT(OX! W\&Q&FO\&& L)j SIWMS O\V\d O\PP(L:) .

(m;\, ot T DQO\%’OPP/\%jﬂM Then
§oai@,t]d adM udW‘

Dot Perow .

er , ,t
(LodM, [pdNy=J o dCNy.
oM [RoN] = B fop cnD]

frask.
(e, ] By ™) gt noy ap oy

(KW}

= S\’chH N>
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36 I 'W\kam) for locol _and sw'lmﬁ%&zs

Debn . A procss M s o lecod markingole i Hhare
e Sopping. Tiv@s Tn §4. T/ 00 as and H™

IS O (gm'\fg@—m‘% MQ@(@H@ errHﬂ%oJe
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< X R®)y

(1) 1o fho o uﬁ of (i) it Ues then RuB) is the

)

Mio\m lubon waith X= UL,

G The sgubens to Eb) voth Yorxe® cn be
CQV\SMQLQCJ ?@f ol xe@ S\M\JW\QO\&(%, Sud\ H’NL Q.S
X e ontipnoue i the witial condifon x.
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frodt For simplef nctohion, d=m=|. Lef
Gy = ofw(s): 0<set) VI, GG

whare Nore the P-nullsefz. Bﬁ the fosf fhaorem thore is

0 uniqus sivong sdlufion X* 1o Elgb) with o =X,
with \res‘)edL % (WG, &), P) and B, W)= wt).

By the ot proposxhon d\oosmﬁ () QpPrOPr\chzlg)
Ed0¢) < B (2 wp - X“\))

(JQJ\RV\

< 2 Oy H:(SU&)( 1% - XS\P>
< lx-glPlu Coje < Cly-yff ()

A vecsion o Ko\mogo(ovg conhmgxri@ enkenon O\PP\nes 10
ProGSSes X indexed by ® valus in o ompla
mahne A2, rovided tp) holds woth >d Henco thoe
IS O H cahion 6@(»&@ oF O<x xe@d H’UJV N

Conh r\uouvs n xeP Gt

Belw) = X ( ) O( (w) )t>o

Then (i) ¢ imwediode. To sea (), ndle we X ()
s G- meosumble. Sincg X - 0. fhis gives (i)
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To show (i) ) ossure (L% P) and B ove given, and se

X = F(B)t
Smca F x MOps into C(Ry, R) X & confinuous in 1. Sin
F(E‘z owncicks CH:\Q . wm ﬁ;\dﬁm VMQHTZC{ WEQQS%@E&Q
Wit MRy o (om nNEN Q
= cor\#a?\igﬁ/\\s ?\fﬂ?}\&)ﬁ X 3 oda‘z %W; V\IROV)

K= x o ofs, ) dbs *Yb(sxgds
= X £ [m ZG“» Xt\UBt Bin) + glis X\d

Mm=00 [=(

n P- ool wxd*kus?as olong
N s S

Gnce X(w)= Flw) H\ws lor P-ae. weW™,
R, = erhm i(ﬂ )R, - B +Sbs§Qd

Sha B hos o P on W subgjr\h/\\m B and Han
undowd fha aqaroxxwoj\m d H’\Q sf@dnadwc W\kam( gves

Xz x*rS slo,X.) dB. +§Hs ;) ds
0s daimad.
(V) omited (@roé s Smlod)
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b@mP‘Q: Gecime e Brownian mehon
For we (IR, R) define ﬁ(w)bj
[FwiLt) = x exp( sul) Hu- 1)

F B s o Sonolard Rrownion moRon with 8,20 thav
X‘. = Fx( B)Jc SQ"ISBE’_S

CU(t - Gxt CJBJ; 1_}/\ Xt OH

O b ot bard v dosse w fo be omhuﬁw\hpﬁr%/
Then e = Fw, whchey the ODE

dg; O Yy dwb +<,ur %2) djf

Mﬁi flo 110 rap F sahichies the (\beﬂ\(j\ ea‘mﬁom on sveeh
g,
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b Emvw‘o\es of Dks

The Omskm-%\enbeck DOsS . Let N0, The Omglein =
Uhlenkeck PIOCESS i the w\'\c\w suflon 1o

= -AX dt +dBy

EQ:“ f\ﬁ Qéwgi‘» )‘de wn be shed eglictly fpply O’

d@* i) =AM ¥ dt 1 ¥ dY = eMdB,
MY, - X 0 S: s db, /Wiener 34k5m|
@ X=X, + o NES) dB, .

E—m Fix X=xeR (0( G&usslovx\ Then (t\ K o Gaugsm
poss, ie, ) 6 omHu(\ Gougson for all t=0<tic- <t

Rd Ex-ex, Cov(tX\ e ewsl)
Do BXem M EX+ B L dR, = e

— —
O
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B& the Kuntta~Watunaloe ider\w)
Cod, 1) = E( 04X - EX))
B Jedp, [ dn)

Elbe BYK-B)) = E(HB, KB, = E(HK"<B®),
5) e e uyjum oS u\) du
=g

-AlE+s) gte Cl\/\ _ L e /\VCTS)( IN(sat) l)

(or Xev Mektx "e )%I e\(end JEZO Xox eR

L——Y—’

—Q —-)5’2\ QS “t—)OQ

This S\/\%ﬁa&S\S e dchabuwhion MO, =) s vatont. This 1
| red gy o chack.

fod ¥ K NO ) fhan Kv NOR) for all 120, ond

XIS o sﬁiu\qva G <Sion p?owss waith

(e, X< = Cov (06, ) = 25 M1
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53 Local Solubons

ks for ODEs, solhons to SDES do el duways edst Sor
ol Fimes. FOI s fhe pr cdlon Ting 1S Tondom

Pon (Locol 1) Formula). g KX XY e cortinuons

SQVV\IWW{’\ nlos Lol (1@ QV\d ot {: ()~ @ bﬁC
Xt = IV\&:/E)(>O X#UL} T[«QV\ FO( t<T

Hk)= Hxvz(w o7 T 0

Sﬂ w% 5s Formula fo X wque
\V\HJVO c\\gHXt )< L\‘Y

&@mp’ let B be o dondord ore<dli | Rrovonion
Mohon wjr% Bo=1. lakmg U= (093% WV)V\QVF ‘%(E;S -

\j-@; HLS ‘/z_dS SBQC(
for t<T=ia{t20: B=0)

-

O
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T, \g AR b epon and br Rexli= Y and

o RxU— Hld"”iﬁ local\% hps&h orfinuous. Thany
%re Q, 7 | P) (Md B ewery xell, fhorp exisls
Q sbgym boe T s T for tﬁft

.- x Sbsxs\dgf@(sxs)d&
and for all compad KCU, &*PW YEKY<T. This

S)[OPPW\E)) Hve T 1S chUeA H/\Q ﬂpj@&_@ﬂ_im

ted . Fix K.l Com?od such thot K 2K, ond UK.

One con find b, and’ o, defined on all of R such ot
bilg s, = blrak, 0nd 5\1& o Olask, ond such tat by
ond Gn o glokall h@s&\h tinuis, Henca, for ony
kel and 1 E?w%xz Ou@% taf Xe Ko, Ho aw oniop

subons X Yo E(0.,B,) with Yo=x. Let
To=iH£20: X1 K,

%ﬁm szvuz%s X" also sohves E(G, b.) \»\E to tive T .

X2 for E<Th and we con deting X for

{<T:= wp Tn \93 veqmv% ot X2 X3 dor £<T,.
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Claim: let KT\ ke COWXLC}. Than on {T<0] @3
splt T+ LeKy< T

ek L be anothar o wch thet Kelel e,
Lot 9 U= R be (such Hab @e=1 and Plec =0,

lek Ri=inH 20« X &L
Sa= inH 2R : XeEKIAT
R, = iv\H 1250 X & L] S
lob N bo Hag nuwber oF Cf(%%\w&& of X from L 4o K.
Then on 1Tt N>hﬁ
n= i LP(XS.) “P(ng))

£ Pl aue ST 2 00 0000

(el de) -2
woith H ond H“ and bOW\JQCl unform Y n n.

+ 0 A nong <20V 2 PTet Nzn) <P REZY) <57

+ Pt N=co)=0 = P(Tow N=t) <0 g5 chumed.
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bangle. Consider fla s
X, B dt +dBy Xex.
Asume Hheat are 0>Q, ¢>0 s Heof
v blx) < ol +c.
Than fhe SDE hos a globol solubion, 1, T=00 0.
Roo.  [of T, - W\HJVO IKfl 2. Than bﬁ s formula
EWyr, [ = EIXS +UE Xs b(X) ds + (T, d

<RI lz+.20(t "IXf ds + (ot
CRIGHT Wikt *Qoﬂo El¥ons, | ds
By Gronaall's inqauqlil}g/
E Wear, | < @EIXOIZT(A\LWJ“
Clt)

5 P(Tet) < &Y
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The explosion e T sohisties T=[m T, by the Hheorem.
Henca Pbl; fatou, i

PT<t)=0 for e >0
= P(T*»m\:l.
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5 & Murkoy P(Dper’mu

leb BIR) be the Ranach 0 d bowcled Boel fnchirs
ot 1F-sug 10l fo fe RO

Ddn (1) A collechion o bounded linar oEerqP@rs Oy on
B is o fongben smiqrown 1 GF 20 e 20
ae, Bul-1 or 160-1 foral xR hQeli<l ond

Qs = 0.0t all £520

(1) fn ()~ adapled process X is o Markoy process with
fransihon S?!Yuaroup (Qs) it

EGHOG) %)= BetXs)  for ol o t20 f¢ RIRY)

Tm ld b RoR od o = R e Lpschib.
Assare X is o sdduhon to Hob) on some Eﬂ/qﬁ(ﬁ)ﬁ).
Tren X is 0 Morkov prowss wth sm §roup

B = EIXD = | F(Felw)) Pldw)
whare T is the solubion Mop 0N Weerer $pac ad P i the

Wievar QA Se.
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Bod let X he o @luhon to Eob).
Claim: E{{Xees) 175) = GHX)

dead, %= X.+ [ O{K) 4B, + {BIX) du

s = %+ () 4B, ] B dn
b o o 8 o B0 B w0
5 X =X (ol dB (bR du
’k\(J?_Q/(\/) Hhis Toloyes Trom TG(X) dB. - Stcr(%) drg“ which
Con R S \a% O\?P\'O)(\MO-HSV\& hofhh sides bJ M,

Tus X olves EOH) 1oth Xo=Xs ond thoefpe in krme of
e saubon o X - R (B) as.

= B0 1) = BUIRIZ) 3 EUGUBL 1) - Qufn)
ond B inde. of Xs
Bt 69 = F, 1) ~ B Bl )= O QB0
Q. HX)

Rk Using. fhe drong Markoy properby for Brownion wiohion,
One cayv\i& prove H\(nas pvqseﬁg %pqr\y s(mi\ary
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ot GURY) be the Bonach o of onfinuous funcRons
b@m%k>6q}w>ww1mmnumr%@WML

Dy A frorci on semigioup hos the feler omper H it
) ¥feG,t>0: Qi e

() \HeG: IBef-H1—0 os t20

Thm. The semigronp of the log theorem s Feler

fodt pSsuming & and b are bounded). Let FeCo

Com: Qe is cotinuens
hded, since x> Fw) i continuons, bﬁ e}
[0:F) - QI < SIFCRdw) ) = FIE, w),)| Pidw) — 0.

Oam: QG F6)=0 a5 k=0

Sng X< x+ {3} ds +{ o) B, ond o ore bouwdel
EX -x [ < CF+t)

LBkl 5 A) < KC = 0 e Aoan

< QN € IR dgrge, + 10 PL -1 A)

A fsp 1000 € 0 HIFNRIGA>A) A
ISQO (IQW;M QM) = 0 W {—=0 os x>0

\
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Con: 1G:F 11> 0
sp | EOX) - H)l < sup 609891+ 20 yp PG -+

< Ce (£P1t)
+0 o8 >0

< [im IQe -1 <0
£-0

Detn. lef
DY = { feC » Q) converges in Co 0s £00)
LF = Jim ¢QF-F) for fe D)
The linar eperafor LD =G s lled fle seniaber
of the em) GOuD Q)
Bap lef feDWL) Thn Qe DIL), LGeh)- QALY ad
Qcf =4« Qulh ds =f+f LQst ds

Pood To s Qe D) ond L(@tﬂﬂ@t(l})) nolz
10:@h-04) = (4G4 -D) = Gl as 10

H—’_

— L§ sinca Q¢ <Y,

Sina the I -howdl side i Js@%%(iﬁ)) O is ako
r\‘%vt~d;ﬁe«mHoue it gt -dedabive QeLE. Sine this ght-
dernahve is confinuaus in £, in fadt O 1o diflerenbioble in b
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Em Let ? GCD Then Ha fol \Owwxg QR ec\u\\\;o\‘emf
(1) e DXL OVLC\ |_¥~ ;
) for wRY R HX)- {a(Xd ds s a WVHV\SSQAJQ,

Frool. ()= (i)
F(Hc,,) - S“acx‘\ & 1%)
- E(0H06) - [ 30¢ ) dr %)
O.f - fﬂ@gd(' by (i)
- H6)+ {90¢)de + {090 o - 90 1)

>
)
=

Ui\ = G)_ By (i),
)= E(H60) - § 40) dr)
= Q) - § Qg dr
* 0 -f) - lgﬁ(g(x\ dr — g os ti0.

Cor. The BQnQ(cAJrO( of fhe SQW\\ o e SDE a& m the
lag theorems, sakishes C (le )C D& ond for e Ce

- 4 L0t f, 0 13 b B, 000"
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S7F Cor\\(Qf%QhCQ o equi\\'krium

Defin. LgHQQ be o hong Ron Somigfoup and et 2 be q
pmbub\\'\% measure on R Then ks

() invewnauf under Q) i
105 b) pld) = (R) pldx) W FeBER)
(i) eversile wnder Q) f

9l 0 pde) = | Qugled $0d uldx) ¥4 9€BR)

fad. wversible = Tvanont

Pjﬁ\ To»k«z 84 Omj UR @tifi.

et The Measure I3 IS

() imanont iff SLE d/u =0 for ol fe D)
() reesbk iff (qld dwj(tg\wc du for oll fge D(L)

Rk I pachce, DIL) is e ‘3 kg exﬁ\ci’r\k&. Houoever it
DCDL) is o den mbsgow wh ot Q€D for feD
and £>0 thon it suffes to dheck the condihions for e

for va\nple ) for feD ;
é“@tg dng@tEdH =fl§r d})\‘éO.
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E@P_@ Lot Qu ke the JWOMQiHDV\ SQW\\SFOAP O? the SDE
dX, = ~VHX) dt +{2 dBt
Acsume thatt HeCi(lIf) Wifh SB_HUﬂVH\)(OO, Than the
probability mansuse pldh =z €™M0 d s reversibe.
Ploof For fq¢ C, (W))
lg(LF e dy = Sg(j&? -VH-UF) e M dx
- (ﬁ)e-H) Samye O\rawvumj(
= ‘XVF V‘3 Q-Hc{)( = S (K ge o\x

Thm. Assumq %f H is mmb[msd onvex ie, thare ic
A>0 such

g HessH(x]i N2 for all xeR el
et X and Y be fwo sdubons 1o the DE w.rt. the ome

Brownion mohon. Then, a.s.,

W I M,

P_(Oi~ BE)H'S'S FOTMUL’(‘A) t &—IV\AQP. ®¥ d\MQﬂ$|®lﬂ
PEIC-YE o=y i Y-V o™ de

~a M) (VHOQ) - THY) €™ ds
< lX: Yol. 2 >\|X§'Y5l
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Cor. For every TG, ES0)— B wohore s Hhe
invanound prﬂgbo\b[\% M OSAR ;(d)d EA?;HM Xmu

Froot. It sulfices o ossume ol FECL Then Yo ™ M)
EH) =EHY) + O H B -Yd)— EHY) = B

< e E|X-Yol
Db, for fwo p@babil% mapses, dehng
dnlu,0) = S hu-vhy = § ol ().
Fo<u wih gp:% fhen
O (v, ) = 5@[\3 (]
Ry () =Jnf, PLX#Y]

Yo

Sebch. IF (XY) s a Cmp\m ) (M,O)J
§du-J8do = ELRO-HT € 210 PIRAY]
= \\p—\)\\w < %ﬂ)‘ | SH,\VS%@D“ < DPIXAYL

OHJQ( d\lFQCH@(A: E)(QJ/CJ\ Q.
G dr (o, ) ;@M# Y.J < Pl vy < Eks g*YAl M

0 \(of\/[\k
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Tolo) variohon s o rohwn) distonce (vefnic) bebweary
meogures, bt in podica i TS ekn pehl ho wik waith
oihar didrancae (Kdi\(eﬂ%zw@%") which o et mehncs .

2 P 2
tock ldT\((Mc)f’\) :é Er"(:l%t—” ] /'Kld(ve\r%@/\m
= S EL18-BI50F= Vo Lo,

oequally. 2n(phe )< Brlyl o)
pIQL. The H\O@‘M% ol W\QV\)T(}VB iﬂéqz, ek !

e~ SJ% [t fx\e@yxﬂ

+ 80T < il o
6 ﬁA[SVIOSSJ:EV\l’(AL%V)
=d. E"\J“,m (‘555 KL c\‘we@aewco

Hﬂp_ Lot w De the lowh &F o Morkov procacs (X)) voith

revers ible easiue W Sppee
du = 9t df’\ 2 0
for sove smechh g € L), Then §,=Lg,
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= § f) du,
= F)9400) uld)
= S QHx)= Q. L)
= § LF) 9,00 uldx)
- [56) Lo, 0 uld)

2 S Hx\g‘t%&\‘\_&&g /\A(dx\ =0

beise. foinar® eg & Vor(Qefl < & o \o
log &b teg. & BrfQf) ¢ e Bl
Loy -Sob. . = Poinaare ey

g@k}), o fe D(\_))
2\l 648) - 22 ) 1641 d
=@t LA du
= ~[VOSY" dn < Nor(Qb)
Apply Gronwall .
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Rack o Ha Qxcxvv\p‘e M(dx) « oM dx i
Hes H 2 Nd Wx

(or. The measue n cobishes e Poincare lmeciuod H&
o) < % BV e GR).

Frool. B fe tean-valua H\QO?QW\

l@& - Qefy) = EIFX) L*UEIVP Z) - Ix=y|
= ‘Qt Q+ ‘M ~>\t ‘E\VHZD, meﬁimh%o‘;%a

lx'd\
B& (D/\{‘\T\&M('b of the soluhon Map,
» (VI € e EIVEX] = e Q0 1TH ).

Tus Vor, - B - BT - i (BQAF- Q)
-] B AGHLQ) ds

V)

=] VO H

[ - N
<[V IVHE = BIVER
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Infad. the fo“ow}v% émn%q M&Fu&‘% holde.
(or. The measure i sahishes e gi Soholey inequa h(ﬁ‘
FOF O\H PQCbGQd (/Ol{'k {“>O

LURACEIR

= En’r,k@)
fad. As in the b prost,
VQ.f| < e Q, IVH

Sing QeFx) UZ]C(XJ for ol shncjrl% poa&we F

(QtWH) _(H:IVH) it E denoles g efPeabhon
Q.f  E¥ Wit the low of X

([Ef 'W)GEH 0B X E6X)/ES

@EF \iiw )(‘EH il IVH ((WH )

@ Q{—H DAt WH )
7 Qf Qt( |

\?_
4 Euf bog f- ek (g ) = @'W‘ ¢ g

cs)
<
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6. dump promsses
6.1 Poisson ord compowd Poissen procsses,
Dt (Nehzo is o Foisson process

(i) Amest &xﬁ) N € DW’O) it No=O ond
N €N Tor cx“ 1>0.

u) Qac,\q h>0 H d(sjrnbu&\‘mof) 8¥ N = Ne

S mdqpmchv& of t.
i) [S H e NONONR( nder VO\\

Ne;=Ne; o mudval " w\c?@?%dwkr

3

(iv) P{Nge, - Mt>l] PIN,22]=0(h) os h=0.

Tow. Lok Ne) be o PP, Than:

(i) A%O%JL S\W’\b N Ts o S\QP tunchon | lr\qec\gmc&

\35 pS ol
() Thar & A0 of . Nise Ng ~ Fhisson(At) .

(i) The g8 Tl behoemn juvps aie 1.7, EXPO\\.
(or Tho Bison PIOWSS of \“&J(Q N0 exigs
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E@F () Lot

= number o ol [4IET] Deken
R R

3 {802 1] < El&] =nPIN() 1]
=ﬂ'0(rlﬁ) =o())
(i) BG d‘\o‘/\‘l-(,@ﬂ'\"(ﬂ%'(@)
N2 1T =0 as £-0.
e E[%"GN’C] Lf)[im E Q‘UN’C’“T s

whore 8(0‘ \wv; h(*ﬁ UN“D ord He

it exials zm& ) exists (i ‘/tdQP- g n).

ot =y Ll e
(“ &) PLN=1] + efh)
= (-6 Jy £ PN
AN U [t o exig)
> (N = gmAbL- e®) _ s Ny Poisson 08)
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R0 Plt24] = PIN,=0] =™ sinca NywiB(N)

e chim ol ndudren Hom He o

chavvamp@;id bﬁ | on e 5
N’C‘H: "’N(4 = N_C(H:-\

is o Polseon process '\mdQPde@/ér & T

Ths IS ps@@d in e U\SAQ\ Woy . Givep G
DR, Vo oy gty ol b
\ (O od

t“"%wg\m %cnm jugka v@ PW@ ardl )
ﬁfo"\‘\“@/\fﬁmx%.
Tt He dom Mooy y for 9,
s o ety

Than AT 25356 B and (N e ~Nga !
i filagpe}&ﬂk o g Qe N

M Over N,

00 \;@‘/18 T<
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eicise
Ni-X 0w d\\t XJE -\

o marh ofzg Thus Ny =INSAE) ANE (g
somivar Pkl decomp@uhon ok N, .

Defing Tohx) ~ ELHaHN] (e camigranp PP

o> The 6@\9(0}9( o Ha Poissen PROCOSS N
LE 0= \(Her!) ~Ftx))

M
TA( xt*[r(x H H‘Nt) HK]

G%aH\-fé(x)B U o
5 by

M= 500100~ A (50 1) -§003) de
K O W‘O\I‘HV\%OJQ
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M\ LQ} XUXz) IOQ Hd w“n d(S{"\nb/\h(gh o

cmd Idr thbe o PP w\Hn rate A, Define e
@)

Xt SNt) Sh X\J'" +X

Tl;lQV\ \rm II/\CJ@W W\C(QMQMS SlnCQ_ eada

h Hﬂa’rN X
(:\VEL%P (X - d:csMb%th tmcfdg@ig QU\Q

Q[AQ le%h\buhbn ®¥ Xkﬁ Xs IS H\oxlf 6& )<<r Ov\c\
| @ "N
E[Q“&Xt] - “Z:DQN%JCT) (;\&(3\
= MRl - 1) QXP[M ¥ d“(Y\}
t{E9-1) dM(x )
X, s hos c»n nbnitels dviaible didhbuRen
ad M is clled s \.Qsp ~Krntiie moasure .
beicise: The Fd\ow\w\g ore mor‘*v\ Ak,
X-AM  A={xaMx)
- AP -BE, B- gﬁ-dm)
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becie: X i o Movkoy LICAN with 8QMQ+®V
LHx] = g(ac(xquz) -Hx)) dMz2)

Skelch, One o proced a5 for Poisson procs,
Supp@se M) = el3*. Thon
)= {(x) Elely¥]
= k) @@M(dﬂzv‘) dM(z\]
= Ea[(x){Hx) 5 16 (692 1) dMiz)
= {(§er2)-169) dN(2).
for o nice fwnchons f6) = S%) oY 0y

T‘/\Qala)\remm\p C\LZQCHU%Q cm

LONE NS w QV} (/\CUQVY\QJ/\S
owe c froy foﬁ QUL |
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6.2, Makey ;[uvv\P DIOBSSES

Lot (E€) be o maosurable SpuCe (stode W)

Lot TV, A b o Hrowng hion pmbabil(%:
VAeE: x-T1A) s €£-muasivoble
VxeE: TIx:) 1s o pr&bubil(y MU

Then Hae s @ irobu\oiw reasure on EN

under whidh (Yahen js & Morkov proass
with transihen pr@bab\\d\a l

T[\Q V\~S¥QP {’ral/\%ik@f\ PfObc\\o{ 1; 1\8 IS AQSWAQQX b\Lj
T A)= | 1%y, A) Tk, dy)

Lot (NL) be o Poisson 01O (1SS W le A
DQHV\Q Xt:YNt. Thon 3

CRLkeAT plbah= 3 X G A
- PIXeAR] =P(Jc-s,>(s,/%\
+p(tes v, A) = £ o(s,y,A) plt,x, 0\3)
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Lol B densle the Bovech f bound
MOV\Z\BS E- m\i:\/?& o bourdes

M%%@WW
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