Lattice Models of Statistical Physics (SLMath Summer School)

(1 Spin models and mean-field theory| 1
2 Correlation inequalities| 8
[3 Ward identities and the Mermin—Wagner theorem| 14
[4 Reflection positivity and symmetry breaking| 22
[> Potts models and the random cluster representation| 27
6 Grassmann variables| 32
[7_The O-state Potts model and random forests| 36
8 Fermionic localizationl 43
[9 No forest percolation in two dimensions| 48

June 18, 2026

Please report errors and comments to Roland Bauerschmidt (bauerschmidt@cims.nyu.edu).



. SIDIn madels apdl mgcm—ﬁdcl Jrlr\omrﬁ

/\CZ& Qmite 92" CJf
0 3‘3 420 J“errOfv\oar\th COUP\V’E’ condonts,
/\"* gh C‘Q Spm COV\{‘(SU\TO\WOV\&

(3‘ N=| lg\ng medal, o€ 1¥1%
‘_},\”A 2 e, 6e(52)

VA N Clowical ""\Q\&Q’\b@m{fﬂd
On) V’Y\OtlQ ®/\ /\ ()Ql‘\'\'\

COU\D \/\ CQP% OV\P\Q I\ 8!\&\(\ D M.
V?) dﬁ'\ & @ g OOy H d()‘
o Q-&L% (G- 03) T ds,

'b@chﬁov\ -
{Frp =) FO) v(do)
Twpdvﬂ fnchon:

Gplisy) = <o g



Main quechion: Do Spins 0|(8h2

» RO Gply) 2 0 >0
. b@d@cua G\ib(x,\ﬁ\ ¢ oyl
° PO\& d?cma'- Gfg(x,\j)“«i 'x-d(_(x

Gevoral resulls ;
° Ex{s.de@é for B amal, ANy a: lq’.«ak lewp, expan.

> | .C\QC03 for d=\, ony B: tranfer mamx

g EO {br h=l, 422 it B lcmdoi Roierls cxrgumﬂﬁ‘.
+ LRO %oy n22 d23 1f R lorge, A torus < RP
+ 00 LRO for n2d,d=), ang B20: Mermin-Woaper

J Pda. dQC&a o n=2,ds2, %\ow%qt KT phug
Rv\amkov COV\'JQC‘\M‘Q: Exp. deccg o h23,0\=2/ P>Q
Goddorg pichure: LRO fer n23, B> |,
Crhcal behovier: Neor BB
Betise: Simiku fo pe(cdaHO/\ mguvwm\sz

. High kmpeco‘\mb E(qg:wg}om (b1,

* Paiecls o(awm(/\* >, n=l, d=2).




Mean- field N\@__‘ A=[N]=11,.. N‘] = |

Enuwaiole & w 5
%\QOCQC m{\\ﬂv@io the CO/\‘}\ u%rog\m og\gCOV\PﬂQ SVS

conpils
)5_) (J_ 2,6—) >/1
enrcy . tor ong o= € (RO
o] LY ofbiomt sl
quUlYCL‘QV\'H
@p[%l\ﬁ-c\l Sd{) @1)[ ) >_ - |2]

IKN Spins 3\03\9 bl@t)'\ 319
Bod. By reswling, con take P=I.

CN = Sd\P Qxf)[_gl |‘P\1]

= )40 exp |-§19- & ZG;,\’]

- {30 apl- Vgt 930~ 420l ]
RQonov\aQ.




Pockhon funchen': um{' vechor
Z@ iNq%Q_(U -6.) h2eo; l\dG

[d¢( jeErealthe d )“‘
TS
o 0215 @)= ~log [ 20 4No g
(sm%\ . 2
= _|O3 (g%ﬁ*l) *\n+ e—%(%ﬂ) —h)
= %&?l—bacosk(ﬁ‘?m) +condd
[:XQ(C'(SQ" Plot the ‘FW\QHOV) \Iﬁ,h. tor h’—'O)

g 1 \/@, (S SMC% CONVRX U
V5 (9)z B-FF

* For =(, \ s convex bud U
\5(0)=0, V)~ I

For @1, Vo hes hoo i\




Laplaco Prrciple Lot Vi R'=+R e

» confinuons, bowrded  brlow
4PV minV+1§ i Q@v?o&
« [V dP ¢on
Thew

~ \oage"Nvm & B8V

Whot are fe minima. © \/?" .
Vo, (§)= 8 9% =l codi(BP +h)

> Von (A pP= B lonh(PO+h)

I - D B2
Bn (P~ P~ gerh)

D Vpp(@=0 & 5 tonh(BQth)

st - conticlent eqn.

beicg: for h>0, Hhare s o KQUO T, (B 1)
o« B Pl Hhen G MN-0 os hi0,
s [FR>1 then Q(Bh)— BB,09>0 ay IO,



VL

Cof. § R>) then
T/vn I <0‘ hrg h@w %hJNIOSZg,h SO

h0 N-=mn
—FNER )
Root h = =FN(P,h) is convex (chack! )

lgN (h\ 02, di gﬁe%hub‘llq h@nﬁg Fuv\chOV\g ((
olole,

%FN&\—Q’V@:@\ (OV\\C,Y'\ T ois CH'FQ&

By Logoc Pnnople \:% h)— Falh)=min Vpj .
2 |im LM o > (Obwl\% Oh(vl“’ (ﬁh)»" [im V,;,h A

o o
Whare B is ! son fo P = fonh(BPH
o = i ﬁ{nmh([zﬁf’;hﬂ\i& R0



TS[Q; s quled s ig(xg_owu{; Engm@g b«m\wg
lim <%n = <®‘>
Thus he fmits do r\e‘Y cotvwv\\xtz

Brertise Cmpdl other obsenvoliles. For QKO\MPIQ J
O %or ~ BR-RY™  (BLR=1)
(On,h ™ (3h)"s (h {0)

The suscephbilily X(Bh)= IO8h sohish
%(KS;O)P }5 (B<B.) oh

X (8,0~

D—(E"Bc) |
The obove are eamples o cnhal Wﬁ,

Beici: Gengnlize this fo the OR) mede).




4. Orrelohon |V\QQ§@\IhQS R ol
Gh) rockel: uniform onx

F> +§ZJ G,G; +)_hieeQ; TQ\Q

< pi/b j o) ¢ wit \/Qc‘rctj

[t Goffith inequallly. Tor 121, §;20,, 020,
<@m O 20 me[n]. (GT)

dnd Goffith inequallbs . for n=1,2, J;20, h20,
(&0 O G ?» 20. (GIL)

(GRVH (CRAVRR GV VY
Open c‘wzsh'on: N>%¢

(ot <60'6x>‘3)|,\ 3 Incresing i 220, hz0.

Bt

—a<l:> 2 Seﬂ-BZJ;gD“.Oijh;CRe F

op " fh 0P S+E>Z\\“6~0‘f2h;cr€
=(F; 20,6007,




Bt of (GI). B W’dm%

02140, O} LG
it swfies fo congc\cw J =Q, L\ O Thus H/\Q

ﬂw\\ggém cj g singt " m 0«\% can ckzcgmm
J g ds) >O

Pt of GIL), n=1.
CEHERSAS (R G
whare & is WA ir\d‘Q‘)QhClQV\J[ ©
HEHH(E = Y;i(5;-6 +0:07)
Nr'&
b 5(6"1‘6‘ i - 0:0:+0:0; = 2(£’c +q‘q>
a;= }(0:- 0‘) 0:6~0; 0 =2 [k9thq,)

@cﬁrgiﬁs‘) (CW . 00, ) =H{h‘ 9+t (b qttes,)

9



> 0055 0.0 = 3 pex.) S S ltaq)

End.

Beidse . Show (G~ Oy, 5 0y, Ty, 2 2 O.

Roof of (GI), n=2. Use PD(&( coordinales,

o+ (£81)
tax H/\o c&uP\icQJsz sRlem ol
-40+0), ¥ -iB-0)

Tb\gn (xth mB = Tm: 0. )
@M+ cx(MB') = 2 cos(m®) comP")

cos(mB) — cos(mB')= 2.8n (M9) 2in (v$')
The

- H®) - N(e') 2_J (x®-0) Tax(Bi-6,))
= ZZA  08( B ) e (0 -4)
= —H Z(pog\hye\ 1T con(m®) cos(m@)

10



Thas
<6C X 6} ) O Gé>
= {x(0:0.) 5 @ (6-0e)
= 500080, 0)— s8-8 ))(@(&*9@ )
250(0;8)sin (6; - 6;)

X (posbive) GW sn(MB) T1 cos(m) d%)z z0

&k The pmf,'lmmediatq\a in\P|\eS Ha more

SQ.V\WQ\ noqual
(cos(sm; ) ; XIn, 9¢3> 20

'FO‘ Q\(Q)’Qﬁ m;GZ) D(GZ.

11



Bamde . <G;-o7 )5 € oro) ™8

Rock Lef
(FY « { Fo)e T x(B:6) + Aiﬁc@s(LH—D&T{( db.

L o= (exB,5n8)
Than )= ¢ ond
m < 1050
fma <3 NO);q\Hc)e 00}
o (Sine crUbi=1 @ BeL7)
(. 160L.0),0,10, Q
G’\f\‘lbﬂe'— 535\«51 ‘O‘i\f\ 20
3 {00 < Lo oy
ot 4 =407, q= 0! -07. Than
DWSVEBRACILITY
'\ )
avd 1§ 5 vy than Ey,q0) ~{ED,EN] . Thue
(0; 05 = (& hgﬂjns

12



Bangle. Consider tha XY meddl on Aczd waith
 free Doundony cordihons:

Frose [ F e licd®-8) TTgg,
(SN

° Dinchlet bcwdog condihons:

<\:>/\,+ é‘ x Ji; N6 -6, +ZJACOS(9> T [@

JE /\
TF\.QV\ |‘(\ F CGS(Q_M.QJ, /\\C—/\Q_)

(FMY < (Bt (F)
(YNt 2 KEyfat (D)

As o CoNRQUANCy, i /\1712"', the limds
(P = [im E*

exigt Tor o mowfwc nomn\ F (. Cmd
b\.} d-QV\S( {%

ocal covx ot ob servabley)

13



3. Word donhibes & Ho Nerm'\n—\mggm

Bikigle : Syrmehnes '\mpla, derhkes
nudel the On) mede! waith ext. feld he R
W) o 0 P00} £ 20+, i) d:

_ e —H©) Trdo-
in non udev 9&&1\ mvomM sder |owl

rotafong i ofohons : 0.~ Rio;
G*P\GHSQW\Q Re \.

Bet led R=(R) e o lowl roretion. Then

(FRe)) = (¢ HR's) +H(o) o))
n portislor, § R=RE) ord TR =3 AR,
s 2

achon o an infindesimal | ,

<TF) = {F(TH)Y

Example. (&1 R[t) rofoh o t.
Then in pokat m&\ﬂg’&so 03)\33 0

o-($9),  Rio- (S]]

14



2 To'= ~gnB=-0*
To'= cnB = O

+ T(o-0) = T+ oi6) ) = -cloit ol
X rolebion ochiny O/'\\&O. o o
3 T+T) (-0 =0

Emmplg. le} T=)T; ke @ 8[0&"\ retabon.
+ TH= T2 0-0;-Thot ) = Thiot

Ths 1 hi=h i Cm&‘nm}r) F=0s, @

SRR PR

G ¥ i by 0 e
a0 g A X <odol,

The hawsv%fsa\ -point Rmin & oS d@@
@@/\Qm Q S SpONTONOUS MOSV)

15



&gmp\g. ot R{) be the low! rombon (n=2)

M= 1 0; j¥0
Rt ie#‘t% %=O))

TH= &(—’Z Joy @N0s-0;+t)— 1 cog{eabﬁ))){ .
TH = 2305 Sin(B=6)) + h 8inBs |
\ <Qog 69 {Sin©, (2,303 N 6 D 3 +hgin 6o>>
TsinBo SinB @se @858n 0

< 2:_\)01' (dn B, C0363> +h { Sin 6032>

(03 0> = (e B, rsin’ 6 ) e B, )
= &(S‘\ﬂzeo CO&Q)
— <(Qp§ Qg&inQ Qo) CQ&GQ
cos(2,)
¢ L{8in"O, o 6
| < 9\ QS‘V\? 90>
S (©0sBd < 7 Lloj @3B + h

(%

1L

Nexw

16



Brefcre: Genoolize pod to nz2,
brercise. F h=0 than olto dhow
(0080, 0867 < 1 di {en®; an &)

o On oy verfex~ trons | Rve 3@9\0 /
m(P. h)= (COS@>

Gp(x <COS@ CO&65<>‘2O
sohis sfy (1= Sjo\

m(®,h) < % (]% M th
Gplx) < '—[SZGﬁ(X‘@

Berio: If B then
I% li//\v% Sy "B =0 (ro spond. mog)
QP(K ) < Ceei (. de@\‘jy

Compore Hhae esulls oot e resulie Sor the
wpgﬁtz SiP (ﬁ&x K oo e Ser

17



Aside Exmer ey on the bitce

lef AL, ... LY be o digr Jorus o Sde kvaﬂn L
Lot A - {—mn neAf.

fo B AR defne

?lp\- I P = (f eI

Py = IN P&/\)t(P \PX 1)26./\9,%)313(20
U&E (P) ePX

Pofsew\ \clem\n\d._

,\'g—x = N{%}\" H:(p“

LaP‘O\c.o. OPQ(GJ‘OI on A:
AR, = 3 Iy by

= ﬁ(p) = ﬁ(p)mp),
U\)l'\g'Q lg ijj 1%'\'3
Np)=3 e9¢-1) =~ fp*

e~n0



Mavun—Waorel Thoovem . [f A be o fone,
J(’J(L-—o '*(,) -W\Q-V\ ‘f‘O( O‘V\\tj PG /\

Z<6202> > <G>
. > q&@ > oby S
n 6=,

< o>§,h (O os WO M(FOWV\‘a n A,

Poot Lef
Tp) = Ze"P'S T

d
-Rp) @\Eﬁ

Stp) = D_ &P of
ED T(p) H>| (ISP lﬁp HI?
(TS Mo T H)

= {3 ’Tr_m

11y s KT S
> (181 2 o T

19



Now
RCISEN = 45 N 3 l RP(l ol

V{lﬁ\ﬁ S = )J;\\ > oilik-p AT
(o

g. 6\
>[3h L g 3

for 1#k:
TT((\( ziu N Q hi@.&)
== (%Jb\,ﬁofo{ Jrc;“Q @icﬁ)

\

- —d; 000y 10,0)

20



5 Kt T HY < -RE)+h (oS

W\kk% <D'\
(p-k v\ )
%@iO’Q Q™ 2 (P) (0‘ (TQJcUaUe}* Gop
s &

AP +h{os)

21



't Refletion pesibiafy
leb A be o diserele forus, Ay the ni, \-OFIQC(OY)

(A/\% lﬁgﬁs}x)
let p ke Qﬂ% reaswe on R waith (say)

S‘ Ny M(dg) ol "= no Oh) invnanca g
Deting .
(F) Sei(c’w M p(do,;)
Thm, TUOV\&‘} /\—”P“ Y 1=0,
¥€\> < Q_;zg@ LAY ‘H
In por\wcu\cxr
i l6tey < EpAipT < (R
2.(00 G;&QLPX = Gp(P)
Cor. lef d23. Than the On) medel sobiekes
PRCEM pg..l o) LRD
(&2 [=00) + BliR) - sponh vy

22




Pt Brevd '\devx’rihd
S lgi*=L3 Ic 5(p)| 16 Q)+ X 5 P

RN Al pere W pzo

O the et de
S0 MG ap = (|20 )= <m>

fN< %e/\lg;">— .

L S(s.q\ = A
':> {/\l 2_<G.0 Ox>“[ (/\ll%gc [U( \

ngMkZaHon - Frerci@ |

23



Bod & infrored boued. .
It Ho) = 20, DN\ |

._ﬁ H(U)- (1) 5 Hlo- CAV'H) - 4(F, (')
$5<0

S‘ HE +F o) T\d@' (Wlﬁ S |(o-(-A) HTC\O‘

(—A) b,
Suifiees to prove Z(§) £Z00) .
o :;\‘é SP\(’r A indo A=ALON
—— 4 " Lot B:Ac—= A, be reledhon
ooooo A (eo_\)(: Uéx
60} = F(©o).

Dty <P is RP & for oy FG RV~ R
(F@G}f((@F)@ (FBm20.

foct /\v\& 1id. measue & RP guce
(F667 = (FX06) =<P®)

24



RP maons, (F,6) # {FB® s pes. emidefinito
CQU‘CL%“SCL\WF 2!

{FOGY < {FOFY<GO&Y

lomma. For AB,CO: (RN — R
[\Q A+@MZCGD> < <€A+6A+$cec><eg+eg+j_\)eo>

Red

AOBHOD 3 @ E)
Xe. A

5 (MO, & L (X OXTENBY

S
S (MOBFEDYCy L (0% T h BV
= (pAtOA+OC) ( €B+%+DGD>

The cose oF SCOD is CW\O\OBQXLS.

25



lomma. Let $:=5 on Ay, 3=0% on A~ Thon
ZIF) < ZR)ZIL).
i153)

HE) = 4T o +1Y lo-oP 41T Ises
) l)%G.E*. X % Z%E-Gx 3‘ 2_’%@%7 A

il
Hdo)  H0)=BHdo) Holo)
Sne Holo) = 5_;2;_%[@\1 + Blsl*+ 20x-O0;

= Mo = A+BA+X.COC,
= Hloth) = A, +OA_12.(, 06
APP[B PRY LQW\WlCQ-

s

Hefc&%velb qpﬁgif\g lemma for ol htjpet plones S'NQS
L(f) < &Avg Z(3) = /(0).
g: V&=0

ane Vpi: =0 fo ek

26



R, Polts and mrdem cluder modok

sing model: oy fakes tuo pasible valuos
00y Tl = 240)(,53 i1 ocelt!]

Rifts model: 0, takos q poside volwg,
Oyt qigxqjd d oeT e R
berie: Ty= 5100,2), ((3,-1), (~3,-1)]

o

icp Zy= S o 2460y Mde Jdo=

v

¢

= g ec!z‘g‘] Loz <0y TLT olo;
=\ (q()\)m q\‘(m , 06 = -C\‘(QJ:ﬂ —\\

WwCE

_ q-f\z Pw (l~p)~wq“®\, P 1-e~359

WCE

ho E denotes oll subaropht ond Kl
ohop ack dongley o sbaroghs ond

-

27



fod. Swee oiop+l €10,9] i C..0;€ I,

O H) = 4y 1), %= 5@-1)

ndeed,

G;=0, = both sides o %iq
614(?8 = both sides ).
5 ¢ 2o o) - E(U +0 (G- 0y H)
"% L (for
E;e claim follows from the doernodion thdt
(ony grph W on A

— Jwl+klwd)-IN
g-@w(@.qﬂ\ d@'—qw

—

¢{9,0f
In OHhai (IOO‘CL&) o eO\c)'\ comngeled 10 5

| _ Al Jwl= Vo))
G +) do=q

ijw

28



Detn For >0, the o‘romduwc\msld MR
) & pPU-p) W) | pos (et

Erercre.

(01 07),, = QD RI(Les)
and equ‘wo\em’rlg

< O—O(>\\p L®j>

Mere %emtq“g &anQ H/\Q EAmK&S’Sﬂ\Q‘ QOJP\ nﬁ
H&&qﬁs \gfduca an edeiral Feld h >0 in

m

<F>Jh SFQUO‘Uﬁ-hz_O‘eT‘»dO_
Lhare eeﬁ(;( S Qrb\\‘fora. Shcm Yot
;o) =Bpli< &)

\okueh )cg{ tg H:xg. ROM on AR (oift Qoupli/\%g

29



Fx ;é\g ® 2,3 ... Hech By
1‘OQ‘& ow gﬂﬁij\ tre +§DV&EQ, Fr; Bﬁ?@t@
EK= 5 Aoe) 2 IN (|+oq5))

The FRCM R s Bomoulli bord percolation:
Pd‘(‘*)\ « TT B~ T e _ U@J:;,\)

i =P jew €75

O-RCM PP %
I RO B s i\»\ogg«)\;\om foredt medel

Rl o Tl b5 A s o forest).
Indad recll thatf, for eoch connected W,
SIT (0"; o o) dee= Oilﬂwl—!\/(w)\

(W

-0, wal fo mnmze  Hlwl ~Me)| . Neto
Aﬂs\aﬁ Ilewo\h%m'\\{wm & Q e ’

30



Rep
Hies ) € Plaey)

Boof: Nele Hred
1) s Moy
Hoet( s decre:)z'wﬁ

Thas by Ho Homic—FGK ir\oormma)
P({iesy nord§) < Plies)) P'(foret)

= Mie))= Plics | fored) < P().

Gr For §< jResbhion o ZI)
RC((@Q écﬁ—cli'j\

Whot hogpens of low l@wpe ohwe <

31



6. Groemonn vanahes and forscle
Wond to find 's‘)\r&‘ S st fof w comneded :
g M (o) = 4w s o e

D = ;g
170

be ﬁmTQ fo teN It & Y ke Grosmom

\/cmO AN &1 & m

s ~—w \w =T RN

A le\Qﬂ\ 9_’\“’\ 8 a I\Oﬂcm\mu&a‘qu
r‘gﬂoma n the Y,V

F n NI Z l Z‘ le/ /ZnL}'Z‘ \—an
waith ze AR /\ u)km Nis a py o N and

.—

'LP(

Bunple. \4\% ¢ QA

e\f"{ |+’1+'q e Q)AUR

Defn F is exen if only ne2N cm\‘n\ouh
odd # only nerIN crimbie

32



bocis: Ben elomants commull with oll other

Defny. lef 9@ RN— R be smodn naor © andl
F\) )1\N XN Q""‘\Q\

30:\, FN3= \0\8\0" po\ﬂncmicx (E,,.)FM)
Defn. Defing g, : CL = (. linaxr by
K4 = F
whaneel T ic 0 monomial o, WE#0
Defn. Defire {8y 1 QL= lincor by
gg‘kF = %\&;F
od [hog F - Kama%w @%\9% FeR

H@W eat'r = 59\@% ( lm%u,)

= &a\h‘aﬁ(ﬂq\'\‘\ - Q
S&f&} (l'('l = 0

33



Bample . for T ewen o odd,
3yds &F)@ = 3,3 (2,6 (89 6)
- 0- (1'% {a3 FaG.
bowple [of Y LAuxW Then
89 % © YAy _ dQHlAYS

Beef. Lef X={I,...NY.

QYA = |+ ZA(,(N t3 DA A G e
0/\\% the log lermn of moxnm\ deSvQQ Ccv\\“n \cﬁt@

{as Q\WP favaq J‘\]t RZ ZA%\ Atuw
T -

Only krms it 4., 7= 4+, NG conbnbufe:
8o & AT = ﬁaw&z JX% Ay gy T 't
Only kawis ton 4. 4 =, N conbalone.

34



Thug Ha is G€Sy s . jo=olk) ond

@@q Q’EM - gaf%\? z_esfﬂlcm'" Answy TJ(l'th(“-m
Sin

TR = - Y
fih(l“g )

1305V - 2:("\6 Ao Pronn = 0t (A).

Beiciso. Poe the Widk formuloy
< Wikl{'jjg CJQ‘F(CMQ):’Q:,.

ko
it (05 e ¥MHF
e Bﬁ; et

A=C

39



£ The O-stote Rors meglel

\QLZ: AR = -6y

t )
e o ) g e d ok

SHASY =~ZZT\F¢ —\—\[-\[»
Note H«a’r

5, 0 ==7 + LR 2% 0T = -
This vesemtles, the sphor condrowt 0, ;=1

[of A =
Toady . oAk
T,T— )% O\I\Q\C)%\LQS of m(‘\nﬁeg\mQ\ oM

oo, T =z, T%=0, Tz-%
1%-0, TE‘—Z Ty
2 (n+w(q-o;>=('i+ )07 57)=0.

j
[
36



RJ,; T Wit HNGL MFHI\W S&J_(f_/\PlQCHC in,

nofole

{‘L?Q UPQ(”P(%SQ!(;\/ CEP(HI Qn%egm\c;é(_

The ON) Hooar Moot wobigfies
0P do =0

s
Whot is the HO2 onopyu of the Hoor maus.?
Defing

fas F-fanet F

HOIQ.



E*_CST. o ovxg FC—/\)
[dss1 =1

) do; 0p00; = fdex 0 = 0

Preef. (N Snce 9 =<0,
[ 93¢ £ TE- &85 £ 284F)- (433, F= 0
B [ ds 1 = [8,95 e, = o (HTY) =

Sdcr 5;°0s

§ Y ZZﬁrUr\Jr 1\.}2{‘,‘)

{3\%19._ -Z+ H\m} K\w( RTAY )\

AR g

,l_
2

= (3,36, (2] =0

38



P«_Op, tor ony connecied S’D\P\" W,
jTrde; TT(o0p) = dois ahee).

et Using Thodt
Sdffc (I+6:-0;) = |

repeotad'b) T followx Hal for 2veny e, (0 ,
| Ndo; EOUJFO‘; o) =

Thus 1| suffHes to shaw ot if w ik Q CSCIQ}
[T (H‘Q;‘G}\‘-‘O‘

N
By cgnpanHOn,
I+ 0. * O '-‘(\_h“\_@(\h-%s\[l “‘(F')U(j]
Indead,
+0.:0 = -3(6:-0;)+ (0; ;)
=(&-U) 0% %) +4 (z-z)

39



Sinco o,
Yei2) = 4 F4RY)
- C\(\’fiqj\l'j
==& - é-\qﬁi
fle chum folexs WLOG fho chQ s (- ,nY.

T (eoror, ) = TR~ ]
ord  suffiss fo dod

-’3 (\hlc—\{'itﬂ\ = D
The lad form is U((k"\klfo‘qk"“rgk_* "'J'ﬁ'i{wi)
(\k;ug%): 4

[+ (%) T:V‘ (ki)

=\
-7

n
k=(

40



Cor. [Tdg, @258 -7 0 1. 4 foesh),

W (\eu
e~
Sﬂd{f 20O (0034170

S (+J (e cﬂ)
_%;g“k\@ l\j U GfO‘) ZT\J ﬁwfonfx[')

N

Ge 0y = - Plies)) = -0 Plies)) if 9=0.
. Sugme €W conaded. Than
§6; -0y TT (60

“ Lo )l ol )
U {'PQSZ) =0 cc\de '
f cw, ond jew, than

03] 6CT£(‘+6K°O—€> =-=67{0p =0,

41



Exerci®: Denve formala combmetonall 3 usmﬁ
J( W) = Pl Ew]

bere. fdo, 602)(0:003) = G0
Compare ot On).
Cor. lef pl= 11t x. Then
§do, pi(oi-m2) = |

{ds, 5,0,°5.) P02 S5) = DG Gy)
and )C(i,@(\ = S ClO’( 'PJF(O('O‘Z K%\ go\hs‘ﬁes

%% = AHOQ f
dare Qo= 201+F4)9 95 204249

42



B._Fermionic. localizahen

Lot Y., %y be Grossmonn vorolles,
The ngebro« of forms ONRM) congiste of

* 1
F:' Z’ NI Z th,---,Zn L"Z(m L}‘zn

=" 2,z

where each Tz,,.,24 € CCR™ Wnte ¢ (FRMW),

Gompe As bofore. TQP,QCQ N by 2N ond wnlz

niators o
l\/hl(/l y °- )\”N )1}‘\‘.

Repace M oy MM ord use complex: coordinailes
0,0, ..., b, by
Thus Q-’f;_(u;rivs& with (w,v.)e R

Than o
F:q)ﬁbx'\'\(’:\{’(
F - q)\dpl \h\TI

are examples d fomg |

43



DD%?' b 9 RE=+R be Cond F,.. R ean.
n\Q

3(‘:.,.»,&\ "% o (3(“)(\:?,.,,)‘::)([:—[:())&
Q_d??-w'-j e”ia’(P )

g"q)‘c\)u -\, "\1‘;_'\%, — e‘¢]¢\>. (‘ _ \hq\_“’z% _ x\ﬂ Wz%)

it _
= (9,3, })
S = &b+ &, b: T Y, *‘WALTC.
Dok TNy

no s TV

_y2 LT T S
Q= %+ %5k -9 5 A5y
This s an inf. rorahon_in (oo RN

Qe =, Q%Y R

in&z "&;, QS\[}S—Q@J
et : Q=0

Q& -8)=0, & B-Qx

¢ )

44



Q5(&:8),)=0 Vel

T Suo w FeOAN (RZN S W\k%)fub\e of

| O 0. (3oba\ W)

SMQ%F &d@F £0).

R*
“w -Hutiv) > Frdh= Ldundy

5 ddnad _ dudy
AT 210

bemiw . Chec exP\i c‘ha when = e‘ZA-.- o é,
Thi |
N CC‘)QLO( v&ed lo exkend fo ?V%O\\ F

nl‘g PT IS MO W\

M (\N(HQV\), Sl to slr\Q)d
1. lopae pnr\cxple
S ~‘c5.§@ F —} o)

ok \.Gﬁcm piveiple i exad
O"S —E)_‘EEE E =0



The more in‘@reﬂ‘i/\a er i 2. Not
5 P=QN, A-@%+0T

= [ QetI®8\F) =0.
Betcise: Cedk §QF =0 o exeny i =
for Skep | GW%D vanabes ’

m %—tlﬁ?f@; R®) = § LER F(F)
N

W\QN:E) 1€fW\ %w?%
N N —
> [ = (2 S R(ED)

N=o

46



The R feim 3&\/@&

3 e o R(EE) —O

) %E:& () (9

\qa\(
© Hare ic o leadt ene foctor % .

Cor.
oI
Ple ) =4 GQ‘H )
A YL
whare 10 HHH - _‘{_
o; - O '=—-ZZ‘+\\*“?+ 44 +& B

2= {12, +23,8,

47



a Huper belic spaco.
M- (zon): 220 l\<l>\ ""?

O 'O)‘ = ¢g¢)4¢3 d?( ~Z(ZS'

0 ~ Sé\kd\/ Ez‘a/'\'/)

&Qm i‘mc‘ H/\sz (t\‘:\Y\HQS\MO b‘Y\W\Q\‘Y\?g d‘ “‘\2
Tkakd 3QVQ10\ 0(2,1Y.

Haos kmcg\ Qm;cl\mjlﬁg hnte (U,v z)e H ot

(

0= 51\\/\{ s %
1v=¢s
| Z+= QOSM*{SIQ{:

o Jacobian o e dan (QO o wricbe 5Ny

e )= C\e}(cmk;r sot t) e*g(“ K
t3¢ 0

3 (P = fdudy 5 o Foy,2uv) -{dsdt e F-)

48



Moreaver
T4 (000 41) = T (cos\wl’t )1+ $8%(s-5))
ilh:l'z&= 3 b (cosh(k)+5 et )

z=G-¢, (00

Thus
S [Avi; ez“fs(ﬁi Ot -h2z
G .
<[ TTdt:ds & 624 foshftib)-1) - 2555
Gausian:
"9.(S Aj(t)g)
A\S(&)f l\& ; ,\‘\)
= SU&L Q{'L Q_ES‘S\CQS\'\“\"&\ ‘\ ( C\Q{ ( A\‘(f)+ Ht)) /l

for W vao\og ( q,
0k =2 afodli ) (4 G
Sr& e 3 ( (AA(ﬂJrH{))

49



Fercise. 9\0@ fhe (Yud \C\QV\JF\}\j Yo HM:
(@ = | L(O‘ T

Bsp, Tor the arborai oS, N=2-t =)
7 hzﬂ_\‘ﬂ o™ o~ 1Y; cobit4)A) (7/\ ‘rhlﬂ\ 2

egp (\‘\amFNMCQ coordinales for H21Y),
u= Soht {4 s*+ 09 +6°F)

v = Sef

r= cxht+{i+ 09+ 00
¥ 0
&P - @t et

Thaw
[do Flo)= JASs® ™ Futys,.), ds,..

Reo (o
forwlo V';ou SUpRIAN \«Qi]%m\& Here g\lr\smgmfg o

50



CO\@CJ‘)OV)S [W & Q ]emQ
e\ovww\’xs \n, A MSS g
S e RS g; L

F°($, )+ F‘(Eh &Y, +

EZQmpﬁ W\Q COO\‘A;V\O\‘Q [\r\QPS
$:4) -9, &-=¥,

bwa t & RN—RY
owm QN (%\erg@ r% d %Md‘a\qm
= B(4,. P

cmc\ (c|r\cw\ o vomg\de ﬁgm\\@
[dd 9 FON) = [d§dg (del DB) HEY)

[-mmP\Q LQ (t'uf 7‘"?. \? OJQVS ?@ 2
brad Y, , u.)%\zq R T
o ol %vacﬁ@rg oro

[dd 3y 0y, F& %)

= 4,3, Fdra e, ¥, %) (g g )

51



Becio In He Of) mode | chap
{05+ 0750 = <UJ'€>JCTO

where {-Y° refers to moature Loith vp&nn'\@ 6,=0:
P STV do; @250 Tit1).

ObSQNQ Hof Hf\(& i i \VO\\QV\\' lo madd on

ANIOS  worth exlo (nal >~<=J0L and O
nferpre fod Q&i 8 ed vef
becise T h=0

\ 13/2
Z- (T dk ok o~ ZheshEL)) [ £,
O\V\d ¥O ) Wit 12 or 2"+
%(Q“*ﬁ ‘:"<Wo’0_j>\3,oﬁ/ or ¥l
= J?O
= (Zﬁxi N
)&STd{ ‘5*
t

it A
it4°

)

52



(“mm'm-WQSr\,Q_( Theoreny fex HO'*

S |

L L
T > W TN

> ggp Vg @pO
£, 0e8)

gt In horosphancal coordinaltes,
(z:) =4e'D) = (e2%)
(‘T;L\Q = <S;S§ otitti
lel T; = %i oard ddhng
?(p\= z?_e"(f"i T
g(p\= )T,e'm S;
HOCQQCSM% o< n wsuad MW pmﬁ , %Q‘f

e (Zo)
ZQ‘PS <\(’Oq:> 2 _A\(P)'H’\

3 (4 2 20 | 7l B
e




	Contents
	1 Spin models and mean-field theory
	2 Correlation inequalities
	3 Ward identities and the Mermin–Wagner theorem
	4 Reflection positivity and symmetry breaking
	5 Potts models and the random cluster representation
	6 Grassmann variables
	7 The 0-state Potts model and random forests
	8 Fermionic localization
	9 No forest percolation in two dimensions

