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Directed Random Graphs

Consider a random graph on vertex set Z with edges
between any pair of vertices (i, j), i, € Z, present with
probability p independently of the other edges.
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Directed Random Graphs

Consider a random graph on vertex set Z with edges
between any pair of vertices (i, j), i, € Z, present with
probability p independently of the other edges.
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Directed Random Graphs

Consider a random graph on vertex set Z with edges
between any pair of vertices (i, j), i, € Z, present with
probability p independently of the other edges.

Direct each edge (i, ) from min(i, j) to max(i, j).
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A path « is an increasing subsequence of vertices

7 = (o, i1,...,i¢) successively connected by edges. The
number of edges, ¢ = |n|, is the length of the path.

Define

L(i)) =

the maximum length of all paths with
vertices between i and j.
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Skeleton points

Definition: A vertex i of the directed random graph G is
called skeleton point if for any i’ < i < i”’, there is a path
from i’ to i and a path from i to /.

Let S be the set of all skeleton points. Denote its
elements as

o<y <Tlgg0<li<lo<---.

{I'r+1 =T, r €2} are independent random variables,
whereas {[',;1 — I, r # O} are i.i.d.

The sequence forms a stationary renewal process with

rate
1

Ut oyl | R

k=1
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For all integers m < n,

L(rm, rn) — L(rm, I_m—H )+L(rm+1 s rm+2)+‘ : ‘+L(rn—1 s rn)-

Let ®(n) = max{k € Z : T« < n}. Then we can write

®(n)

L(0,n) = L(0,T¢) + Z L(Ti—1,Ti) + L(To(ny, N).
i=2
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Theorem: (Denisov et al., 2012)

Let
C= nll_rllo @ a.s.
and
o® = Var[L([y,T2) = C(F2 = )]
Then

(L(O, Lnt]) — Cnt
oVna

where (B;, t > 0) is standard Brownian motion.

,tZO)i(Bt,tZO) as n — oo,
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Random Directed Slab Graph

For a fixed integer m, let G, be a random graph with
vertices Z x {1, 2, ..., m} and with edge probability p.

Direct the edges according to the product order of the
labels: (i1, i2) < (j1, Jo) if the two pairs are distinct and
it <lg, j1 < Jo.
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Random Directed Slab Graph

For a fixed integer m, let G, be a random graph with
vertices Z x {1, 2, ..., m} and with edge probability p.

Direct the edges according to the product order of the
labels: (i1, i2) < (j1, Jo) if the two pairs are distinct and
it <2, 1 < Jo.
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Random Directed Slab Graph

For a fixed integer m, let G, be a random graph with
vertices Z x {1, 2, ..., m} and with edge probability p.

Direct the edges according to the product order of the
labels: (i1, i2) < (j1, Jo) if the two pairs are distinct and
it <2, 1 < Jo.
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Skeleton points

The restriction of Gy, onto Z X {j} is a directed random
graph.

Definition: Point i is a skeleton “point” if (i, ) is a
skeleton point of the restriction of G, onto Z X {j} for all
jef{1,2,...,myandifforallje{1,2,...,m— 1} thereis
an edge between (i,j) and (i,j + 1).

————— —0——0——9 00—
0006006000600 0o
——e———0 @ <@ 0 0 ——o—
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Skeleton points

The restriction of Gy, onto Z X {j} is a directed random
graph.

Definition: Point i is a skeleton “point” if (i, ) is a
skeleton point of the restriction of G, onto Z X {j} for all
jef{1,2,...,myandifforallje{1,2,...,m— 1} thereis
an edge between (i,j) and (i,j + 1).
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Skeleton points

The restriction of Gy, onto Z X {j} is a directed random
graph.

Definition: Point i is a skeleton “point” if (i, ) is a
skeleton point of the restriction of G, onto Z X {j} for all
jef{1,2,...,myandifforallje{1,2,...,m— 1} thereis
an edge between (i,j) and (i,j + 1).

Denote the points of the skeleton by

o<l <0<y <log<---.
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Theorem: (Denisov et al., 2012)

Let
C = lim LLn‘ a.s.
and
2 = Var[L(D(Iy,T2) — C(T2 - ).
Then

Lom—=Cn 4
—-Zim as n-— oo,
o Vn/l
where Z, , is a random variable defined in terms of m

independent standard Brownian motions, B("), ..., B(M),
via the formula

Zim = Z[B(’) B/, t=o.

O=to<ty- <tm 1 <tm—1
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Brownian Directed Percolation

Let (B("), r > 1) be a sequence of independent standard
Brownian motions and for any t > 0 and m > 1 define
Zt’m =

g
Z[Bl‘l f; 1]
O=tg<ty- <Tm 1<tm—f

WWWN o WM

. AW ey

WWW/’WW v W

WWVW’\' Wm /I\/'\W i

0 t tz 3 t

By Brownian scaling, Z; m/ vt has the same law as Zi.m-
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Brownian Directed Percolation

Let (B("), r > 1) be a sequence of independent standard
Brownian motions and for any t > 0 and m > 1 define

Zim = sup

O=to<ty-

m

1

I
<tm-1<tm=t i= !

A MM»/MN

(l) ]

0 1

MWWN

W'Wﬁw

By Brownian scaling, Z; m/ vt has the same law as Zi.m-
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Theorem: (Konstantopoulos and T., 2013)

Consider the directed random graph on Z x Z and let L,
be the maximum length of all paths between two vertices
in{0,1,...,n}x{1,2,...,m}. Then, forall 0 < a < 3/14,

na/e(Ln,LnaJ -Cn

d
> -2Vné| - Frw as n — oo.
Ao<en
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Last-Passage Directed Percolation

Let M (n, k) be the set of all up-right paths 7 in Z3 from

(1,1) to (n, k) and let {wfr), i>1,r > 1} bei.id. random
variables.
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Last-Passage Directed Percolation

(11.6)

(€359

Let M (n, k) be the set of all up-right paths 7 in Z3 from
(1,1) to (n,k) and let {w(”, i > 1,r > 1} be i.i.d. random
variables.

The last passage time to the point (n, k) is defined by

T(n,k) = ma
( ) nel‘l(nxk ;e"w
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Examples

> |f {wfr), i>1,r> 1} are exponentially or
geometrically distributed random variables. Then for
any y > 1, T(n,|yn]) appropriately
rescaled/centered converges to the Tracy-Widom
distribution. (Johansson, 2000)

i {wf'), i>1,r>1}arei.i.d. random variables such
that Elwgnl” < oo for some p > 2. Then for all a such
that0 < a < $ (1/2-1/p), T (n,Ln?]) appropriately
rescaled/centered converges to the Tracy-Widom
distribution. (Bodineau and Martin, 2005)
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Skeleton points

Let G be the random graph on Z x Z and GU) its
restriction on Z x {j}.

Definition: A vertex (i, j) of the directed random graph
G is called skeleton point if it is a skeleton point for GU)
(for any i < i < i, there is a path from (i, ) to (i,j) and a
path from (i, j) to (i, j)) and if there is an edge from (i, )
to (i,j + 1).

Denote the skeleton points on line j as

---<I‘(_’3 <rg)30<r§f)<rg)<---.
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Upper bound

NN, )(t) = rd)
Let XU)(t) := rq)(j)(t) and YU(1) := r¢<f>(t)+1'

It holds
where

Lom:= sup Z L(j)[X(j)(tj—1)’ Y(j)(t/)] +m.

O=ty<ty-<tm_1<tm=n =1
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Upper bound

gy — ) 0y — )
Let XU)(t) :=T ), (o and YO(t):=T

o0 (H)+1"

0=tg<ty-<tm_1<tm=n

R (© o )

B ‘xa@) & 5 (2]

- % CED s ele) -

0 . '\ i) -
It holds _

Lom < Lnm
where
m

Zn,m = sup L(j)[X(j)(tj—1)’ Y(j)(t/)] +m.

=
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Lower bound

9

(8)

(@2

47 by

(6)

(5)

4)

(3)

(2)

(1)

4

It holds

where

L

—=n,m *

sup
O=fy<ti<tm_1<tm=n

=

L(f)[YU)(t,-_1), XU)(t,-)]
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where

Lymi= sup LOYO (t), XO(1)]
0=to <ty ~<tm-1 <tm=n 1=
u 0 _r0
_ max (I, —T7
0sisd>(l?)((n)( =)

Katja Trinajstic i—
28 May 2014 J =1
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Centering

We introduce the quantity

Sn’m = SUp

0=ty<ty--<tm_1<tm=n

m

2:{Umew4LXm@ﬂ

=

-Ctx(s) - X031}
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Centering

We introduce the quantity

Sn,m = SUp
0=ty<ty--<tm_1<tm=n

which can be rewritten as

m

zg{uwxwwqxxm@ﬂ

=

-otxi(s) - X011

1 m 0 (1) 0
§ J
_Snvm == SUp Xk N
o O=to<ty~<tm-1<tm=n i=7 | _ SO (1) +1
where

X;(!)3 0.{ j)[rk T

r1-cr¥ -r¥ )l

The term %Sn,m resembles a last passage percolation
path weight, except that random indices are involved.
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Coupling with Brownian motion

The difference between o1 Sn.m and Zy, m can be
bounded by

|0'_1Snm Z/lnm|<2z Ul)-i-ZZ V(j)
j=1

where

= max | ZX
0<i<n

Using Komlds-Major-Tusnady strong approximation result
we construct jointly the RW’s and BM’s such that

e 2 UY 0.

To show —tr ZL” VY _, 0 we used a version of the
Baum- Katz theorem for the counting process.

U) ._ () ()
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Thank you for your attention!
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