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Univariate limits

for sums of i.i.d. random variables tXnu8n�1
(with finite second moments)°n

k�1Xk � nµ
σ
?

n
D
GA N p0, 1q as n Ñ8

for maxima of i.i.d. random variables tXnu8n�1
(if the limit exists and is non-degenerate)

maxn
k�1Xk � bn

an

D
GA Gγpxq � expp�p1� γxq�1{γ

� q

γ   0 Weibull γ � 0 Gumbel γ ¡ 0 Fréchet
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Multivariate limits

for sums of i.i.d. random vectors tX pnqu8n�1 in Rm

(with finite second moments)°n
k�1 X pkq � nµ

σ
?

n
D
GA N

�
0, pρijqmi ,j�1

�
as n Ñ8

for maxima of i.i.d. random vectors tX pnqu8n�1 in Rm

(if the limit exists and has std. Fréchet margins)

maxn
k�1 Xk � bn

an

D
GA GHpxq � exp

�
�
»

S�
max

i�1,...,m

�
ai
xi



Hpdaq

�

for some positive Radon measure H on S� � ta P Rm
� : ‖a‖ � 1u

(= the spectral measure)
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Example: Spectral measures for m � 3

X � pX1,X2,X3q � GHpxq � exp
�
�
»

S�
max

i�1,...,m

�
ai
xi



Hpdaq

�

X1 � X2 � X3 X1,X2,X3 independent X1 � X2,
but X3 independent

H � 3δM H � δA � δB � δC H � 2δN � δC

x1

x2

x3

M

x1

x2

x3

A

B

C

x1

x2

x3
C

N
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Processes

Centered Gaussian processes tXtutPT

@ t1, . . . , tm P T pXt1 , . . . ,Xtmq � N p0, pCpti , tjqqmi ,j�1q

can arise as distributional limits of normalized sums of stochastic
processes

Simple max-stable processes tXtutPT

@ t1, . . . , tm P T pXt1 , . . . ,Xtmq � GHpt1 ,...,tmq

arise as distributional limits of normalized maxima of stochastic
processes
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Extremal coefficients
and

Tawn-Molchanov processes
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Summary statistics in extreme value analysis

Problem: Correlation function and higher moments

do not always exist.
are not appropriate for an extreme value context.

Appropriate summary statististics:

extreme value index
extremal index (time series)

extremogram
tail correlation function
Pickands dependence function
mean excess function
. . .
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Extremal coefficient function (ECF)

The extremal coefficient function (ECF) θ :FpT q Ñ R
of a simple max-stable process tXtutPT is given by

P
�
max
tPM

Xt ¤ x


� PpXt ¤ xqθpMq

arguments M = finite subsets of T
FpT q = set of finite subsets of T

Interpretation

θpMq = effective number of independent variables among tXtutPM
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Motivation/Analogy:

Zero mean,
square integrable
processes Z on T

Gaussian processes Z�

Positive definite
functions

C on T � T

Covariance CpZ q

Z�pCqZ�pCq
1:1
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Situation for ECFs

Simple max-stable
processes X on T

Tawn-Molchanov
processes X�

Negative definite
functions

θ on FpT q with θp∅q � 0
and θpttuq � 1 for t P T

ECF θpX q

X�pθqX�pθq
1:1

Definition
A function ψ : FpT q Ñ R is negative definite, if for all n ¥ 1,
tK1, . . . ,Knu � FpT q and ta1, . . . , anu � R with

°n
j�1 aj � 0

ņ

j�1

ņ

k�1
ajakψpKj Y Kkq ¤ 0.
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Tawn-Molchanov processes

Theorem (S. and Schlather ’13)

a) Let θ : FpT q Ñ R. Then

θ is an ECF ðñ
"
θ is negative definite,
θp∅q � 0 and θpttuq � 1 for t P T .

b) If θ is an ECF, then there exists a simple max-stable process
X� � tX�

t utPT on T with ECF θ. X� has f.d.d.

� logPpX�
t ¤ xt , t P Mq �

¸
∅�L�M

τM
L pθqmax

tPL

1
xt
,

where τM
L pθq �

¸
I�L
p�1q|I|�1θppMzLq Y Iq.

X� � tX�
t utPT = Tawn-Molchanov process associated to the ECF θ

[Coles and Tawn ’96, Schlather and Tawn ’02, Molchanov ’08]
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Continuity

The Tawn-Molchanov process X� � tX�
t utPT with ECF θ satisfies

Pp|X�
s � X�

t | ¡ εq ¤ 2
�
1� exp

�
�θpts, tuq � 1

ε


�
¤ 2
ε
rθpts, tuq � 1s .

Theorem (S. and Schlather ’13)

Let X� � tX�
t utPT be a Tawn-Molchanov process on a metric space T .

Then the following statements are equivalent:
(i) X� is stochastically continuous.
(ii) θ is continuous.
(iii) The bivariate map ps, tq ÞÑ θpts, tuq is continuous.
(iv) The bivariate map ps, tq ÞÑ θpts, tuq is continuous on the diagonal.
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Spectral measure of the f.d.d.

Reference sphere
S� � ta P Rm

� : ‖a‖1 � 1u

H �
¸

∅�L�M
|L|τM

L pθq δeL{|L|

x1

x2

x3

τ123
1

τ123
2

τ123
3

2 τ123
12

2 τ123
13

2 τ123
23

3 τ123
123

Reference sphere
S� � ta P Rm

� : ‖a‖8 � 1u

H �
¸

∅�L�M
τM

L pθq δeL

x1

x2

x3

τ123
1

τ123
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τ123
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τ123
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Spectral representation
of the Tawn-Molchanov process

Theorem (S. and Schlather ’13)

Any Tawn-Molchanov process X� � tX�
t utPT has a

spectral representation pΩ,A, ν,V q, where
pΩ,A, νq is a Radon measure on the Cantor cube

Ω � t0, 1uT zt1∅u

and its Borel-σ-algebra A.
Vtpωq � ωptq.
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A sharp lower bound
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A sharp inequality

Simple max-stable
processes X on T

Tawn-Molchanov
processes X�

Negative definite
functions

θ on FpT q with θp∅q � 0
and θpttuq � 1 for t P T

ECF θpX q

X�pθq
1:1

Theorem (S. and Schlather ’13)

Among all simple max-stable processes X with fixed ECF θ the
Tawn-Molchanov processe X� gives a sharp lower bound for the f.d.d.

PpXt1 ¤ x1, . . . ,Xtm ¤ xmq ¥ PpX�
t1 ¤ x1, . . . ,X�

tm
¤ xmqlooooooooooooooomooooooooooooooon

depending only on x P Rm
� and θ
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A sharp inequality

Example:

The following inequality holds trivially for pXs ,Xtq simple max-stable:

PpXs ¤ x , Xt ¤ yq ¥ PpmaxpXs ,Xtq ¤ minpx , yqq

� exp
�
� θpts, tuq
minpx , yq



.

The sharp inequality gives an additional factor:

PpXs ¤ x , Xt ¤ yq ¥ exp
�
� θpts, tuq
minpx , yq



exp

�
pθpts, tuq � 1q

���� 1x � 1
y

����


.
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A sharp inequality: Geometric idea of proof

[Molchanov ’08]:

For each simple max-stable distribution function GH , the function

`pxq � � logGHp1{xq �
»

S�
max

i�1,...,m
xi Hpdaq, x P r0,8qm

is sublinear and homogeneous.

Therefore, the function ` may be expressed as support function of a
compact convex set K � r0,8qm

`pxq � suptxx , yy : y P Ku x P r0,8qm.

K is called dependency set K of GH .
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A sharp inequality: Geometric idea of proof

The dependency set K� of the Tawn-Molchanov process X�

is maximal w.r.t. inclusion when the ECF is fixed.

K� �
¤

K dependency set
with the same ECF as K�

K.

x1

x2

x3

K�

x1

x2

x3

x1

x2

x3
K
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Summary

Max-stable processes

arise as distributional limits of suitably normalized maxima of
stochastic processes

Subclass: Tawn-Molchanov processes

are in a 1:1 correspondence with extremal coefficient functions
yield a sharp lower bound for the f.d.d. of max-stable processes
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