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Abstract noise model

Y = u + δξ + σϵ, u = F (a†)

Mathé & Pereverzev, 2003
Bissantz & Hohage & Munk & Ruymgaart, 2007

• ξ ∈ Y, ∥ξ∥Y = 1 deterministic error
• ϵ is a Hilbert-space process with E ⟨ϵ, ϕ⟩Y = 0, ∥covϵ∥ ≤ 1.

Remark

• White noise models occur as limits of discrete noise
models as the sample size n tends to infinity.

• We have σ ∼ 1√
n .



Definitions

Definition
A continuous linear operator ϵ : Y → L2(Ω,K,P) is called a
Hilbert-space process.
The covariance covϵ : Y → Y of ϵ is the bounded operator
defined by ⟨covϵϕ1, ϕ2⟩ = Cov(⟨ϵ, ϕ1⟩ , ⟨ϵ, ϕ2⟩), ϕ1, ϕ2 ∈ Y.

Definition
ϵ is a white noise process if covϵ = I.
A Gaussian white noise process in an infinite-dimensional
Hilbert space can not be identified with a Hilbert-space valued
random variable with finite second moment.



Aims in statistical inverse problems

..1 Approximate the discontinuous operator F−1 by a family of
continuous operators {Rα : α > 0}.

..2 Choose a parameter choice rule α = α(Y , σ) to obtain an
estimate â = Rα(Y ,σ)(Y ).

..3 Prove consistency for â i.e.

E∥â − a†∥2
X

σ→0−→ 0

..4 Compute rates of convergence under further a-priori
information on the solution, e.g. that a† belongs to a
smoothness class Xq.



2-step method for nonlinear inverse
problems

• F : X → Y is a nonlinear, injective operator.

• An estimator û of u ∈ Y is chosen, Y a Hilbert space, such
that

√
E∥û − u∥2

Y ≤ τ with known τ .

• â ∈ D(F ) is the Tikhonov estimator of a:

â := argmina∈D(F ){∥F (a)− û∥2
Y + α∥a − a0∥2

X }

• Tikhonov regularization corresponds to ridge regression for
linear models in statistics.

• Bissantz & Hohage & Munk 2004



Convergence rates for nonlinear
statistical inverse problems

• O’Sullivan 1990: first convergence rate result (suboptimal
rates with restrictive assumptions)

• Bissantz & Hohage & Munk 2004: consistency and
optimal rates for one smoothness class

• Hohage & Pricop 2008: optimal rates in a range of
smoothness classes



Hilbert scales
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L : D(L) → X unbounded,
selfadjoint, strictly positive

D(L) ⊂ X dense

Xs := D(Ls), s ≥ 0

⟨x , y⟩s := ⟨Lsx ,Lsy⟩X , x , y ∈ Xs

Natterer 1984: Rates of convergence for deterministic linear
inverse problems



Tikhonov regularization in Hilbert
scales

Nonlinear Inverse Problems
â is the solution of

∥F (a)− û∥2
Y + α∥a − a0∥2

s → min,a ∈ D(F ) ∩ (a0 + Xs)

with û = F (a†) + δξ, δ deterministic noise level und τ ∈ Y.

Assumptions

1. D(F ) is convex, F is continuous, injective,
Fréchet-differentiable on X and weakly closed on Xs for
some s ≥ 0.

2. ∥F ′(a†)h∥Y ∼ ∥h∥−p, ∀h ∈ X , for some known p > 0.
3. There exists L > 0 such that a ∈ D(F ) ∩ (a0 + Xs)

∥F ′(a†)− F ′(a)∥Y←X−p ≤ L∥a† − a0∥0 ≤ λ

2Λ
.



Lepskiı̆ choice of the regularization
parameter
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• Lepskiı̆ 1990: adaptive choice of the regularization
parameter for regression problems

• Mathé, Pereverzev 2003,2006: the Lepskiı̆ principle for
linear inverse problems



Convergence for exact data

We use the error splitting ∥a†− â∥ ≤ ∥a†−aα∥+∥aα− â∥ where

aα := argmin a∈D(F )∩(a0+Xs)

(
∥F (a)− F (a†)∥2

Y + α∥a − a0∥2
s

)
.

Theorem
Let Assumptions 1 − 3, a† − a0 ∈ Xq, q ∈ [s,p + 2s], s ≥ p and
a deterministic noise model hold. Then it holds

∥aα − a†∥X ≤ Cα
q

2(p+s)

∥â − aα∥X ≤ c(δα
−p

2(p+s) + α
q

2(p+s) )

with the constants C and c depending on a†,p,q, s.



Balancing principle for deterministic
nonlinear inverse problems
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We choose αj = δ2(q2)j−1,q > 1, j = 1, . . . ,m, denote ai = aαi

and determine α+ = αi+ such that

i+ = max
{

i : ∥ai − aj∥ ≤ 4C∗δα
−p

2(s+p)
j , j = 1,2, . . . , i

}
.



Balancing principle for deterministic
nonlinear inverse problems

Theorem
Under the Assumptions 1 − 3, for deterministic noise model
and for the choice of the regularization parameter α = α+, the
order-optimal error bound

∥a+ − a†∥X ≤ 6C∗δ
q

p+q

holds true, where a+ = aα+ .
Shuai, Pereverzev, Ramlau 2007: the balancing principle for
nonlinear inverse problems



Balancing principle for statistical
nonlinear inverse problems

Let us assume a stochastic setting and choose

i+ = max
{

i : ∥ai − aj∥X ≤ 4C∗τ ln
1
τ
α

−p
2(s+p)
j , j = 1,2, . . . , i

}
.

Theorem
If, besides the Assumptions 1 − 3 for stochastic setting, the
probability distribution for the estimator û fulfills the exponential
inequality

P
{
∥û − Eû∥2 ≥ (t − 1)E

(
∥û − Eû∥2

)}
≤ c1 exp(−c2t)

for any t > 1 and for a constant k > 0, then it holds

E(∥a+ − a†∥2
X ) ≤

2qK
p+q τ

2q
p+q ln 1

τ .



Parameter estimation as inverse
problem

Direct problem
find u given a and f{

−u′′(x) + a(x)u(x) = f (x)
u(0) = g0,u(1) = g1

• x ∈ (0,1)
• u is the population density of a

biological species
• Malthus model the rate of

change f linearly dependent
on a population density u

Inverse Problem
estimate a from u given f and g

F : D(F ) → L2 (0,1) ,F (a†) := u†

D(F ) = {a ∈ L2(0,1) : 0 ≤ a ≤ γ}

• The inverse problem is the not
so well understood model.

• For any u† ∈ L2 (Ω) there
exists an unique a† ∈ D(F ).

• F−1 is a discontinuous
operator → ill-posed problem



Hilbert scale

X−1 =:=

{
v ∈ L2 :

∫ 1

0
v dx = 0

}
,

X0 = H1 ∩

{
v ∈ L2 :

∫ 1

0
v dx = 0

}
,

X1 =

{
u ∈ H2 : u′ (0) = u′ (1) = 0,

∫ 1

0
u dx = 0

}
,

X2 = H3 ∩ X1,

X3 = {ϕ ∈ H4 ∩ X1 : ϕ′′′(0) = ϕ′′′(1) = 0}.

For fast rates of convergence the mean values of a† and its odd
derivatives at boundaries must be known a-priori. This a-priori
knowledge must be incorporated in the initial guess a0.
Verification of assumptions for F : Hohage & Pricop 2008



Noise model
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exact data
Data: (X1,Y1) · · · (Xn,Yn)
{X1, . . . ,Xn} fixed design in
[0,1]
Regression model
Yi = u(Xi) + εi , i = 1, .., n
with errors εi i.i.d. with
E(εi) = 0 and
var(εi) = 0.012, n = 398



Parameter reconstruction
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u ∈
C3(0,1), grid m = 100

Gauss. kernel, bandwith by CV
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