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© Applications to path dependent r.v.: a Clark-Ocone
representation result via an infinite dimensional PDE.

@ Stability results.
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Motivations
Robustness of Black-Scholes formula
A generalized Clark-Ocone type formula

Robustness of Black-Scholes formula

Let W be the real Brownian motion equipped with its canonical
filtration (F:), (W), = t.
Let S be the price of a financial asset

2

St = exp(oW; — %t),a >0.

Let £, :R — R and

h:=f(St)=f(Wr)

where f(y) = f (exp(ay - "72T))
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Motivations
Robustness of Black-Scholes formula

A generalized Clark-Ocone type formula

Let &: [0, T] x R — R solving

Oel(t, x) + 30xxii(t,x) = 0
{ u(T,x)=f(x) xeR

Applying classical 1td6 formula we obtain

.
b= a(o,50)+/ Byii(s, Ss)dS,
0

or even

-
h = u(0, W) +/ O u(s, We)dWs
0

for a suitable v : [0, T] x R — R.
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Motivations
Robustness of Black-Scholes formula
A generalized Clark-Ocone type formula

A toy model for X real valued

Does one have a similar formula if W is replaced by a finite
quadratic variation X such that [X]; = t but not necessarily a
semimartingale? The answer is YES.

Let X such that [X]; =t
Al f:R — R continuous and polynomial growth
A2 v e CH2([0, T] x R) such that
Orv(t, x) + %axxv(t,x) =0
v(T,x) =f(x)

Then the r.v. h:= f(X7) admits following representation
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A generalized Clark-Ocone formula

@ We suppose that the law of X = W is not anymore a Wiener
measure but X is still a finite quadratic variation process (not
necessarily a semimartingale) such that

t
[X]tz/ 0%(s,Xs)ds, o :[0,T] xR —=RT
0
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A generalized Clark-Ocone formula

@ We suppose that the law of X = W is not anymore a Wiener
measure but X is still a finite quadratic variation process (not
necessarily a semimartingale) such that

t
[X]tz/ 0%(s,Xs)ds, o :[0,T] xR —=RT
0

@ Are there reasonable classes of random variable which can be
represented in the form

.
h:H0+”/ £dX."?
0

@ We would like to have a useful tool like 1td formula to treat a
real r.v. which is path dependent.
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Motivations

Robustness of Black-Scholes formula
A generalized Clark-Ocone type formula

Natural question

Is it possible to express generalization of it where the option is path
dependent?

Definition

Let T >0 and X = (X)¢e[o,7] be a real continuous process
prolongated by continuity.
Process X(-) defined by

X() = {Xe(u) = Xequru € [T, 0]}

will be called window process.

e X(-)isa C([—T,0])-valued stochastic process.

e C([-T,0]) is a typical non-reflexive Banach space.
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Motivations
Robustness of Black-Scholes formula
A generalized Clark-Ocone type formula

The toy model revisited

As first step we revisit the toy model.

Proposition
We set n € C([—T,0]) and we define
o H: C([=T,0]) — R, by H(n) = F(n(0))
e u:[0,T] x C([-T,0]) — R, by u(t,n) := v(t,n(0))
Then
ue CH2 ([0, T] x C([-T,0]))

and solves an infinite dimensional PDE

et 1) + 3(Du(t,m) , 1p) =0
u(T,n) = H(n)
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Motivations
Robustness of Black-Scholes formula
A generalized Clark-Ocone type formula

o u(T,n) = v(T,n(0)) = f(n(0)) = H(n)

@ O:u(t,n) = 0:v (t,n(0))

@ Du(t,n) = 0xv (t,n(0)) do

o D2u(t,n) = 92,v(t,n(0)) do ® o D?u(t,n) € Do
o O:u(t,n) + 3D%u(t,n)({0,0}) =0

And, let X such that [X]: = t, we have

h = H(X7(-)) = u(0, Xo(-)) + [, D%u(s, Xs(-))d~ Xs |
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Motivations

Robustness of Black-Scholes formula
A generalized Clark-Ocone type formula

A representation problem

We suppose Xo = 0 and [X]¢ = [ 0%(s, Xs)ds.
The main task will consist in looking for classes of functionals

H:C([-T,0) —R
such that the r.v.
h:= H(X7(-))

admits representation

T
h = Ho +/ gsd_Xs
0

@ Moreover we look for an explicit expression for
o HpeR

o ¢ adapted process with respect to the canonical filtration of X

Cristina Di Girolami
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Motivations

Robustness of Black-Scholes formula
A generalized Clark-Ocone type formula

We will obtain the representation formula by expressing
h= H(X7(-)) as

h=H(Xr(:)) = l'TfT; u(t, Xe(+))
where u € C12 ([0, T[xC([~T,0])) solves an infinite dimensional
PDE, if previous limit exists.

Representation of h = H(X7(-))
Then

-

h= u(ojxo(.))+/ DY u(s, Xo())d~Xe (1)
0

where D% u(s,n) = D u(s,1)({0}) is the projection of the Fréchet

derivative Du (t,n) on the linear space generated by Dirac measure

0o, we recall that

Du:[0, T] x C(]-T,0]) — C*(]—T,0]) = M(]-T,0

Cristina Di Girolami Infinite dimensional Stochastic calculus and a PDE




Forward integral for real valued processes

Let X (resp. Y) be a continuous (resp. locally integrable) process.
Suppose that the random variables

t t _
/ Yod~X, = lim / y, Xete =% 4o
0 0 €

e—0

exists ucp, then the limiting process denoted by [; Yd~X is called
the (proper) forward integral of Y with respect to X.

Russo-Vallois 1993

If S semimartingale and Y cadlag and predictable

/0' Yd~S = /0 Yds (ito)




Motivations
Robustness of Black-Scholes formula
A generalized Clark-Ocone type formula

Covariation for real valued processes

The covariation of X and Y is defined by

.1t

[X, Y], = lim / (Xste — Xs)(Ysqe — Ys)ds
e—0t € Jo

if the limit exists in the ucp sense with respect to t.

If X =Y, X is said to be finite quadratic variation process and

[X] = [X, X].

Let St, S? be (F;)-semimartingales with decomposition
S =M4+V i=172

o [S] classical bracket and [S'] = (M').
Sl g2

Remark

classical bracket and [S*. S5%] =
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[t6 formula for finite quadratic variation processes

Let F: [0, T] x R — R such that F € C*? ([0, T[xR) and X be
a finite quadratic variation process. Then

t
/ OxF (s, Xs)d™ Xs
0

exists in the ucp sense and equals

t t
F(t,X:) — F(0,Xo) — / 0sF (s, Xs)ds — ;/ Oy xF (s, Xs)d[X]s
0 0
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A stochastic integral
Definition of x-quadratic variation
1td's formula

An infinite dimensional stochastic calculus

An infinite dimensional framework

We fix now in a general (infinite dimensional) framework. Let
@ B general Banach space
@ X a B-valued process

o u:[0,T] x B— R be of class C1? in Fréchet sense.

An lto formula for B-valued processes

We obtain an It6 type expansion of u(t,X;), available also for

B = C([—T,0])-valued processes, as window processes, i.e. when
X = X(-).
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A stochastic integral

An infinite dimensional stochastic calculus Beliiafitsn 6 seeredlenie verer

1td's formula

u: [0, T] x B— R be of class C1? in Fréchet sense, then
@ Du:[0,T] x B— L(B;R) := B*;
e D?u:[0,T] x B— L(B;B*) = B(B x B) = (B&,B)*
where

e B(B x B) Banach space of real valued bounded bilinear forms
on Bx B

e (B&;B)* dual of the tensor projective tensor product of B
with B.

@ B&;,B fails to be Hilbert even if B is a Hilbert space (is not
even a reflexive space).
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A stochastic integral
Definition of x-quadratic variation
1td's formula

An infinite dimensional stochastic calculus

A first attempt to an Itd type expansion of u(-, X)

t
u(t, X¢) = u(0,Xo) +/ Osu(s, Xs)ds+
0
t
4 /O o (Du(s, X4), dXo) "+

1// t
+5 [ (80,0 (O%u(s %) A%} 5o, 5"

The literature does not apply: several problems appear even in the
simple case W(-)!
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A stochastic integral
Definition of x-quadratic variation
1td's formula

An infinite dimensional stochastic calculus

Stochastic calculus via regularization for Banach valued
processes

Let B be a Banach space and X a B-valued stochastic process.

We will define

@ a stochastic integral for B*-valued integrand with respect to
B-valued integrators, which are not necessarily semimartingale.

@ a new concept of quadratic variation which involves a Banach
subspace x continuously injected into (B&,B)*. It will be
called y-quadratic variation of X.
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Forward integral for Banach valued processes

Definition

Let X and Y be respectively a B-valued and a B*-valued
continuous stochastic processes.
If the process defined for every fixed t € [0, T] by

/t oo (Y, d"Xo)g = lim /t S (¥(s), 2 F 62 = X)) s
0 0

e—0

in probability admits a continuous version, then process

t
(/ B* <Y5, d_X5>B>
0 te[0,T]

will be called forward stochastic integral of Y with respect to
X.




A stochastic integral
Definition of x-quadratic variation
1td's formula

An infinite dimensional stochastic calculus

Definition of Chi-subspace

Definition

A Banach subspace x continuously injected into (B&,B)* will be
called a Chi-subspace of (B&,B)*.
In particular it holds

-l =1+ lgg, ).

If x C (B&,B)* then B&,B C (B&,B)** C x*
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Definition of Chi-quadratic variation

X admits a y-quadratic variation if

H1 For all (e,) | O it exists a subsequence (ep, ) such that

(2057
swp |

€n

.
X ds <oo as.
k

H2 where [X]¢: x — %([0, T]) defined by
t _ 2
oo [ o 22, o)

There exists [X] : x — €([0, T]) such that

te[0,T]

[X](¢) == [X](¢) V¢ € x

e—0




A stochastic integral
Definition of x-quadratic variation
1td's formula

An infinite dimensional stochastic calculus

X-quadratic variation and global quadratic variation concept

Definition

The x*-valued bounded variation process [,SZ] defined by

[X],(¢) = [X](¢) a.s. for all ¢ € x is called x-quadratic
variation of X.

Definition
We say that X admits a global quadratic variation (g.q.v.) if it
admits a x-quadratic variation with x = (B&,B)*.
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A stochastic integral

An infinite dimensional stochastic calculus Beliiafitsn 6 seeredlenie verer

1td's formula

Infinite dimensional 1td's formula

Let B a separable Banach space

Theorem (1t6's formula)

Let X a B-valued continuous process admitting a x-quadratic
variation.
Let u: [0, T] x B — R be C'? Fréchet such that

D?u: [0, T] x B— x C (B&;B)* continuously
Then for every t € [0, T] the forward integral

t
/ o (Du(s,Xs), dXs)
0

exists and following formula holds.
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A stochastic integral
Definition of x-quadratic variation
1té’s formula

An infinite dimensional stochastic calculus

Ito’s formula

t
u(t, X¢) = u(0,Xo) +/ Osu(s, Xs)ds+
0

t
+ / B*<Du(57XS)7 diXs>B+
0

I X]
+2/0 X(DZU(S,Xs)ad[X]s>X*
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

Window processes

e We fix attention now on B = C([— T, 0])-valued window
processes.

e X continuous real valued process and X(-) its window process.
o X =X()
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

Evaluations of y-quadratic variation for window processes

@ If X has Holder continuous paths of parameter v > 1/2, then
X(+) has a zero g.q.v.
For instance:

o X = B" fractional Brownian motion with parameter H > 1/2.
e X = BM:K bifractional Brownian motion with parameters
H €]0,1], K €]0,1] s.t. HK > 1/2.

e W(-) does not admit a g.q.v.
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

Examples of Chi-subspaces and evaluations of y-quadratic

variation for window processes

@ x Chi-subspace of (B&,B)*. For instance:
o M([—T,0]?) equipped with the total variation norm.
o L2([-T,00?).
® Do,o = {u(dx, dy) = Ado(dx) @ do(dy)}-
o (Do L?) & =
Doo ® L*([=T,0])&nDo & Do&nL?([-T,0]) ® L*([-T,0]?).
o Diag := {p(dx, dy) = g(x)3,(dx)dy; g € L>([-T,0])}.
o W(-) does not admit a M([— T, 0]?)-quadratic variation.

e If X is a real finite quadratic variation process, then X(-)
admits a y-quadratic variation for all previous y explicitly
given in term of the quadratic variation [X].
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

Evaluations of y-quadratic variation for window processes

e X(:) has zero L?([— T, 0]?)-quadratic variation.

@ X(-) has Dy o-quadratic variation
[X()]: Doo — €10, T],  [X()]e(r) = n({0,01)[X]:
o X(-) has (Do @ L?) ®i—quadratic variation
[X(): (Do L2) &5 — €10, T],  [X()elw) = ({0, 0})[X]e
@ X(-) has Diag-quadratic variation
X(): Diag — €0.T]. XOL(0) = [ e(=0X]ed

where p(dx, dy) = g(x)d, (dx)dy.
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

\We come back to a representation problem

Let B= C([-T,0]), n € B. The main task will consist in looking
for classes of functionals

H:B—R

such that the r.v.
hi= H(Xr ()

admits representation

T
h = Ho +/ gsd_Xs
0

@ Moreover we look for an explicit expression for
o HpeR
o ¢ adapted process with respect to the canonical filtration of X
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An infinite dimensional PDE

Let H: B — R. We show the existence of v : [0, T] x B — R of
class C12 ([0, T[xB) N C°([0, T] x B) solving the following
infinite dimensional PDE

o)+ [ Dt d n() +5 [ Dyu(tmod(ta) 0

J]—t,0] D,
u(T,n) = H(n)

where D, := {(x, x),x € [-t,0]} and

()

o Dgu(t,n) := Du(t,n) — Du(t,n)({0}).

o If Dy u(t,n) admits a density which is absolutely continuous
we denote its density by x — D2u (t,n).

o If x — D2°u(t,n) has bounded variation, previous integral
coincides with the one defined by an integration by parts.



Evaluations of x-quadratic variation
Window processes Stability results for window processes

Representation of h = H(X7(-)) with [X]; = fot 0?(s, Xs)ds

Then =
h= Hy+ /0 Esd™ X (3)
with
o Ho = U(O,Xo('))
® & = D%u(s, Xs(-)) = Du(s, Xs(-))({0})

If X =W and h € D}2

@ Forward integral equals It6 integral

@ The representation coincides with Clark-Ocone formula
o HO = E[h]
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

Methodology: two steps

@ We will choose a functional v : [0, T] x B — R which solves
the infinite dimensional PDE (2) with final condition H.

@ Using Itd formula we establish the representation form (3).

@ H(n) = f(n(0)) where f : R — R continuous and polynomial
growth = u such that D?u(t,n) € Do o and D*u(t,n) = 0.

. 2
Q@ H(n) = (f Tn(s)ds) = u such that
D?u(t,n) € (Do @ L2)®h and D?¢ with bounded variation.

@ H(n) = J° +n(s)?ds = u such that D?u(t,n) € Diag & Do
and D3¢ not of bounded variation, we use D!
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

A first example

We have

0 ) e
u(t,n) = (/_TU(S)C/S+77(O)(T — t)) + (T3t) |

solves (2) and h has representation (3).
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Evaluations of x-quadratic variation

Window processes Stability results for window processes

0
awnm:~amm(/Tma$+wwxr—n>—(T—w2

0
Ducs(ten) =2 [ ()5 +O)(T 1))
. (1[_T70](X)dX + (T — t)<50(dx))
Dgx dygb(t? 77) = 211[77',0]2()(’ y)dX dy+
+ 2(T — t)]l[,T,O](X)dX 50(C/y)+

+2(T — t)do(dx) L7 0)(y)dy+
+ 2(T — t)%6p(dx) do(dy)

D2u(t,n) € (Do & L2)®% and [X]; =t
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

An interesting case

0 2
u(t,n) = /_TnQ(s)ds + 17(0)2(T —t)+ (th) J

solves (2) and h has representation (3).
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Evaluations of x-quadratic variation

Window processes Stability results for window processes

Oru(t,n) = —n?(0) — (T — 1) ;
Daxu(t,n) = 2n(x)dx 4+ 2n(0)(T — t) do(dx)
D, 4y d(t,1) = 26, (dx) dy + 2(T — t)do(dx)do(dy) = 26,(dy) dx + 2(T

o D2u(t,n) € (Diag ® Do) and [X] =t
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

A general representation theorem 1/2

i H:B—R
i ue CL2([0, T[xB)N CO([0, T] x B)
iii Some technical conditions on the existence of the integral.
iv (t,n) — D?u(t,n) € (Do @ L2)®i @ Diag continuously
v u solves the infinite dimensional PDE (2)

Btu(t,n)-i-/

]-t,0]
u(T,n) = H(n)

o

Dasu(en)d () + 5 | Digyu(t.n)o?(tn(x) =

Sufficient conditions for iii: D u(t,n) admits a density
x + D3¢ u(t,n) with bounded variation.
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

A general representation theorem 2/2

Theorem

Then
h=H(Xr()) = u(T, Xr()

has representation

]
h= Ho+ / eed X,
0

with
° HO = U(O>X0())
o & = D%u(s, Xs(+)).

The proof follows immediately applying the Itd's formula.
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Sufficient conditions on H

Sufficient conditions on H to obtain u which fulfills ii, iii, iv and v.

When X is general process such that [X]; = Ot 02(s, Xs)ds.
© H has a smooth Fréchet dependence on L?([—T,0]).

@ hi= HXr()) = f (Jy #1(s)d X, Jy wnls)d=Xs).
If (p;) € C([0, T];R) for i =1,...,n and some non
degeneracy condition

o If o = const #0 and f : R” — R continuous and with linear
growth.
o If o =0and f € C3(R").

Weaker sufficient conditions on H when X = W (o = 1) if
Clark-Ocone formula does not apply.
For instance when h ¢ D2, or h ¢ L2(Q) (even not in L1(Q)).




Evaluations of x-quadratic variation
Window processes Stability results for window processes

Stability results involving window Dirichlet processes

Let D a real continuous (F¢)—Dirichlet process,

D =M+ A,

@ D a real continuous (F;)—Dirichlet process, D = M + A,
e M an (F;)—local martingale

@ A a zero quadratic variation process with Ag = 0.

Cristina Di Girolami
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

Time-homogeneous Stability Theorem

Theorem
Let
@ F: B — R be C! Fréchet
e DF : B— Dy & L? continuously

Then F(D(+)) is an (F¢)-Dirichlet process with local martingale
component equal to

1.~ F(Do() + [ DRF(D()dm,

where D% F(n) := DF(1)({0}).
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

Stability results involving window weak Dirichlet processes

e D a finite quadratic variation (F;)—weak Dirichlet process
D=M+A

@ M is the local martingale
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Evaluations of x-quadratic variation
Window processes Stability results for window processes

Stability Theorem

Theorem

Let
o F:[0, T] x B—> R be C%! Fréchet such that
@ DF : [0, T] x B— Do ® L% continuously

Then F(-,D.(+)) is an (F¢)-weak Dirichlet process with martingale
part

MF = F(0, Do(-)) + /Ot D% F (s, Dy(-))dMs .
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A first regular sufficient condition

A second general result requiring less regularity on H

Representation if a Ll(Q) r.v. in the Brownian case
Appendix Stability results

A stochastic flow

For 0 <s <t < T and n € B the stochastic flow is defined

smr v [ mx+t—s) x€[-T,s—t
YP(x) = { Z(o) + Wi(x) — Ws x € [s—t,0]

where W standard Brownian motion.

o (Y. Mo<s<t<T,neB is a B-valued random field
o

s,m
Ysn=vys" for 0<s<t<r<T
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A second general result requiring less regularity on H
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Theorem

Let H: L?([-T,0])) — R

o H e C3(L%[-T,0]) with D?H € L?([-T,0]?) and D3H
polynomial growth

e DH(n) € HY([-T,0]) and other technical assumptions

u(t,n) .= E [H(YE")] J

Then
o uc CY2([0,T] x B)
@ u solves (77)
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Theorem

Let

H(n) :=f (/[—T,O] e1(u+ T)dn(u),... 7/[—T,0] on(u+ T)dn(u))

o f:R" — R continuous and with linear growth and
o (i) € C([o, T]‘R)
e Matrix ¥; := ( (ft vi(s ds) telo, T]

det():t) >0 Vtelo, T[

Y ; is the Covariance matrix of Gaussian vector
T T
= (ft C,D]_(S)dWs,7ft C,Dn(S)dW
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Representation if a LY(Q) r.v. in the Brownian case
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Theorem

u(t,n) = v (r, /[_t,O] o1(s + £)dn(s), ..., /[—tm ol t)dn(s))

with
V(t,y1,...,¥n) = f(zi,...,zn) p(t,Z1—Y1, - -, Zn—Yn)dz1 - - - dz,
Rn
and p € C3°°([0, T] x R") density of Gaussian vector G
Then
o uc CY2([0, T[xB)N CO([0, T] x C([-T,0]))
@ u solves (77)
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If X = W an analougous result is true with a weaker condition on f

Let

e f polynomial growth
Then

o ue CH2([0, T[xB)

;
h = u(0, Wo(-))+/o D% u(s, Ws(-))d™ W,

improper forward integral
o u(0, Wo()) = E[A]
o f Lipschitz then D%u(s, Ws(+)) = E[DIh|F,] since h € D2
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A second general result requiring less regularity on H

Representation if a L*(Q) r.v. in the Brownian case
Appendix Stability results

Theorem

H:B—R

Hon =7 ([ oTn<s>ds)

e f: R — R Borel subexponential (not necessarily continuous)
o h=f (fOT Wsds) e [1(Q)

u(t, ) :/Rf (/_OTn(r)dr+77(0)(T— t)—l—x) po (£, x)dx

with op = 1/ U522

Cristina Di Girolami Infinite dimensional Stochastic calculus and a PDE



A first regular sufficient condition

A second general result requiring less regularity on H

Representation if a L*(Q) r.v. in the Brownian case
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Theorem

Then
e ue CY([0, T[xB)

-
h = u(0, Wo()) + /0 D% u(s, Ws(-))d~ W,

improper forward integral

o u(0, Wo()) = E[A]

Since h ¢ L?(R), a priori neither Clark-Ocone formula nor its
extensions to Wiener distributions apply
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A toy model for X real valued

Let X such that [X]; =t
Al f:R — R continuous and polynomial growth
A2 v e CH2([0, T[xR) N CO([0, T] x R) such that

{ Oev(t, x) + 20V (t,x) =0
v(T,x)="f(x)

Then

improper forward mtegral

Schoenmakers-Kloeden (1999), Coviello-Russo (2006),
Bender-Sottinen-Valkeila (2008)
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Considerations about previous representation in toy model

o If X, = W, + t G, G non-negative r.v. ¢ L}(Q) and f(x) =
then h = F(X7) ¢ L1(Q).
o lf X =W,
O Al = h=1f(Wr) € LP(Q), with p > 1. not new...but...

o f subexponential
f(Wr) e L1(Q)

h:=f(Wy) = v(0, W) + /8tht W

improper forward integral

f not necessarily continuous, v ¢ C°([0, T] x R)
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A first motivating example

u(t,n) = (/_OT n(s)ds +n(0)(T — t)> + ——

solves (2) and h has representation (3).
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0
awnm:~amm(/Tma$+wwxr—n>—(T—w2

0
Ducs(ten) =2 [ ()5 +O)(T 1))
. (1[_T70](X)dX + (T — t)<50(dx))
Dgx dygb(t? 77) = 211[77',0]2()(’ y)dX dy+
+ 2(T — t)]l[,T,O](X)dX 50(C/y)+

+2(T — t)do(dx) L7 0)(y)dy+
+ 2(T — t)%6p(dx) do(dy)

D2u(t,n) € (Do & L2)®% and [X]; =t
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A second general result requiring less regularity on H
Representation if a L*(Q) r.v. in the Brownian case
Stability results

If X =W

o Forward integral equals 1t6 integral

@ The representation coincides with Clark-Ocone formula

o Ho = E[h].
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An interesting case

g _ £)2
u(t,n) = /_Tnz(s)ds +n(0)X(T —t) + (th)

solves (2) and h has representation (3).
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eu(t,n) = —17(0) — (T —t) ;
Daxu(t,n) = 2n(x)dx + 2n(0)(T — t) do(dx)
D3 4,6(t,n) = 26, (dx) dy + 2(T — t)do(dx)do(dy) = 20x(dy) dx +2(T

o D2u(t,n) € (Diag ® Doo) and [X]; =t
@ D3¢ is not of bounded variation
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Stability result for R” valued processes

In the finite dimensional case it holds.

Theorem

Let X be a R"-valued process having all its mutual covariations
([X*, X]e)1<ij<n = [X', X]¢ and F, G € C}(R™). Then the
covariation [F(X), G(X)] exists and is given by

[F(X),G(X)]. = /8F )9;G(X)d[X", X7]
ij=1

Setting n = 2, F(x,y) = f(x), G(x,y) = g(y), f,g € C}(R) we
have:

FX).e(v)) = [ FOO (X, Y]
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Stability result for B-valued processes

Previous results admit some generalizations in the infinite
dimensional framework.
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Theorem

Let X be a B-valued continuous stochastic process admitting a
x-quadratic variation.
Let F/, F/ : B— R be C! Fréchet such that for i,j = 1,2

DF(:)® DFI(:): Bx B — x C (B&,B)*
(x,y) — DF(x) ® DF/(y) continuous

Then [F/(X), F/(X)] exists and it is given by

[F'(X), F(X)]. = /0‘<DF"(Xs) ® DF(X,), d[X],)
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Stability results involving window Dirichlet processes

Let D a real continuous (F¢)—Dirichlet process,

D =M+ A,

@ D a real continuous (F;)—Dirichlet process, D = M + A,
e M an (F;)—local martingale

@ A a zero quadratic variation process with Ag = 0.
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Appendix Stability results

Time-homogeneous Stability Theorem

Theorem
Let
@ F: B — R be C! Fréchet
e DF : B— Dy & L? continuously

Then F(D(+)) is an (F¢)-Dirichlet process with local martingale
component equal to

1.~ F(Do() + [ DRF(D()dm,

where D% F(n) := DF(1)({0}).
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Stability results involving window weak Dirichlet processes

e D a finite quadratic variation (F;)—weak Dirichlet process
D=M+A

@ M is the local martingale
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Stability Theorem

Theorem

Let
o F:[0, T] x B—> R be C%! Fréchet such that
@ DF : [0, T] x B— Do ® L% continuously

Then F(-,D.(+)) is an (F¢)-weak Dirichlet process with martingale
part

MF = F(0, Do(-)) + /Ot D% F (s, Dy(-))dMs .
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