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Introduction and Motivation

• Let X1, . . . ,Xn ∈ RN be i.i.d centered random vectors with
covariance matrix Σ = E(X1XT

1 ) = . . . = E(XnXT
n ).

• The sample covariance matrix Bn is defined by

Bn =
1

n

n∑
k=1

XkX
T
k =

1

n
XnXT

n , Xn = (X1 . . .Xn) ∈MN×n(R)

• E(Bn) = Σ

• For fixed N, the strong law of large numbers implies

lim
n→+∞

Bn = lim
n→+∞

1

n

n∑
k=1

XkX
T
k = Σ a.s.

• What happens once N := Nn →∞ as n→∞ ?
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Marc̆enko-Pastur Theorem

• Let (Xij)i ,j>1 be a family of i.i.d. random variables such that
E(X11) = 0 and Var(X11) = σ2.

• Let Bn = 1
n

∑n
k=1 XkX

T
k = 1

nXnXT
n where

Xn = (X1 . . .Xn) =

 X11 X12 . . . X1n
...

...
...

XN1 XN2 . . . XNn

 .

• The empirical spectral measure of Bn is defined by

µBn =
1

N

N∑
k=1

δλk

where λ1, . . . , λN are the eigenvalues of Bn.

• We suppose that cn := N
n −−−−→n→+∞

c ∈ (0,∞).
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Marc̆enko-Pastur Theorem

Theorem
For any continuous and bounded function f : R→ R,∫

f dµBn −−−−→n→+∞

∫
f dµc a.s.

where µc is the Marc̆enko-Pastur law(
1− 1

c

)
+

δ0 +
1

2πcσ2x

√
(b − x)(x − a)1[a,b](x)dx

with .+ := max(0, .), a = σ2(1−
√

c)2 and b = σ2(1 +
√

c)2.
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The Stieltjes Transform

The Stieltjes transform SG : C+ → C of a measure ν on R is
defined by

Sν(z) :=

∫
1

x − z
dν(x)

• |Sν(z)| 6 1/Im(z) and Im(Sν(z)) > 0

• The function Sν is analytic over C+ and characterizes ν

ν([a, b]) = lim
y↓0

1

π

∫ b

a
ImSν(x + iy) dx

• For a sequence of measures (νn)n on R, we have(
νn

L−−−→
n→∞

ν
)
⇔
(
∀z ∈ C+, Sνn(z) −−−→

n→∞
Sν(z)

)
.
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Non linear Stationary Process
• X = (Xk)k∈Z is said to be stationary if ∀k ∈ Z and ∀` ∈ N,

(Xk , . . . ,Xk+`)
D∼ (X0, . . . ,X`)

• Let g : RZ → R be a measurable function such that for any
k ∈ Z,

Xk = g(ξk) with ξk = (. . . , εk−1, εk)

is well-defined, E(Xk) = 0 and ‖Xk‖2 <∞.
• For i = 1, . . . , n, let (X i

k)k∈Z be n independent copies of
(Xk)k∈Z

 X 1
1 X 2

1 . . . X n
1

Xn =
...

...
...

X 1
N X 2

N . . . X n
N

X1 X2 Xn

• Bn = 1
nXnXT

n = 1
n

∑n
k=1 XkX

T
k
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Theorem: Banna and Merlevède (2013)

Suppose that limn→∞ N/n = c ∈ (0,∞) and∑
k≥0

‖P0(Xk)‖2 <∞ where P0(Xk) = E(Xk |ξ0)− E(Xk |ξ−1)

Then with probability one µBnconverges weakly to a non-random
probability measure whose Stieltjes transform S = S(z) satisfies the
equation

z = − 1

S
+

c

2π

∫ 2π

0

1

S +
(
2πf (λ)

)−1 dλ ,

where S(z) := −(1− c)/z + cS(z) and f (·) is the spectral density of
(Xk)k∈Z.

f (x) =
1

2π

∑
k

Cov (X0,Xk)e ixk , x ∈ R

7/ 11



Theorem: Banna and Merlevède (2013)
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Applications

• Xk =
∑

i≥0 aiεk−i where (εi )i∈Z is a sequence of i.i.d.
centered random variables then

E(Xk |ξ0) =
∑
i≥k

aiεk−i and E(Xk |ξ−1) =
∑

i≥k+1

aiεk−i

Thus P0(Xk) = akε0.

The condition
∑

k≥0 ‖P0(Xk)‖2 <∞ is
satisfied once ∑

k≥0

|ak | <∞ and ‖ε0‖2 <∞.

• Functions of linear processes (ex: Riesz-Raikov sums)

• ARCH models
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Strategy of Proof
Our aim: limn→∞ SµBn (z) = S(z), ∀z ∈ C+.

1. SµBn (z)− E
(
SµBn (z)

)
→ 0 a.s.

Concentration inequality

2. E
(
SµBn (z)

)
−E
(
SµGn (z)

)
→0 where Gn = 1

n

∑n
k=1 ZkZ

T
k Z 1

1 Z 2
1 . . . Zn

1

Zn =
...

...
...

Z 1
N Z 2

N . . . Zn
N

Z1 Z2 Zn

((Z i
k)k∈Z)1≤i≤n are n independent copies of (Zk)k∈Z such

that for any i , j ∈ Z,

Cov(Zi ,Zj) = Cov(Xi ,Xj)

3. E
(
SµGn (z)

)
− S(z)→ 0
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Thank you for your attention!
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