SELECTED TOPICS LECTURE: INTRODUCTION TO NONLOCAL PDES

MARVIN WEIDNER

The classical theory of second-order elliptic partial differential equations deals with differential opera-
tors like the Laplacian and models phenomena governed by purely local, continuous interactions, such
as the diffusion of heat. However, many systems in nature or finance, such as gas dynamics or option
pricing, demand models that account for long-range dependencies. Here, the dynamics at any given
point are directly influenced by distant events. These phenomena are captured by nonlocal PDEs.
This lecture provides an introduction to this topic, starting with the fundamental properties of the
simplest nonlocal operator (the fractional Laplacian).
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1. THE FRACTIONAL LAPLACIAN

Let us start by introducing the fractional Laplacian.

Definition 1.1. Let 0 < s < 1 and u € CZ°(R™). We define the fractional Laplacian as follows
u(x) —u(z + 2)

(—A)’u(z) =cps PV dz, (1.1)

R |Z|n+2s
where )
2°s1(5 +5)

Cnsg = —m——— >0, 1.2

E an/2T(1 — s) (12)
and the principal value means

PV <o-dz:=lim - dz.
R el0 R\ B,

The constant (1.2)) is chosen so that the Fourier multiplier is exactly |£]?* (we will see this later).

Sometimes it is convenient to write the integrand of the fractional Laplacian in terms of a second-order
incremental quotient. The following lemma says that these defintions are equivalent.

Lemma 1.2. For u € C?(R"), the principal value in (1.1)) exists and

(~A)u(x) = / 2u(z) = “(wﬁj_ uw=2),, (1.3)
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The integral on the rTight converges absolutely.

Proof. Fix x € R". For é > 0 put

u(r) —ulr + 2z
Is(z) := /|Z|>6 ( )|z’nJE25 )dz.

Note that I5(x) is finite, since u is bounded and the kernel is integrable away from the origin. Changing

variables z — —z gives
) = [ M=
|2[>6 2|

Summing up these two identities, we obtain

1 2u(z) —u(lz 4+ 2) —u(z — 2
Ls(av)—z/lz>(S (z) (]z]”+2)5 ( )dz.

Once we show that the limit as § — 0 exists, the proof is complete. To do so, note that Taylor’s
formula yields, for |z] < 1,

1
’u(x +z2)tu(zr—z)— 2u(:c)‘ = ‘/ (1 — [t]) 2T D*u(z + tz)zdt| < HD2U||LOO(R71)‘Z|2.
—1

since f_ll(l — |¢|) dt = 1. Thus, writing w,_1 = |[S?~!| and using polar coordinates, as well as s < 1,

/ 12u(x) —u(r + 2) — u(xz — 2)| &
|z]<1

‘Z|n+2s

1
< D2l oy [ 1B dr = S DR <
0

2(1—s)
On the other hand, for |z| > 1,
2u(z) — u(x + 2) —u(z — 2)| < 4||lu|| g,

and hence
/ 2u(z) —u(z + 2) — u(z — 2)| d
z
l2|>1 | 2|28
[e.e]
20—
Sy [ ar = il < o0
1
Hence, I5(x) converges absolutely as 6 — 0. This concludes the proof. O

Remark 1.3. Taylor’s formula shows that, for |z] < 1,
u(@) — u(z + 2)| < [[VullLe|z].

Thus, when 0 < s < %, the following integral is absolutely convergent near z = 0,

|u(x) — u(z + 2)| Lo Wi
/B1 |2[n+2s dz < [[Vul|zoe w1 ; rodr = 1— 25

1V oo < 0.

Consequently, for s < % the symbol PV may be omitted in ([1.1)).
Definition 1.4. For 0 < s < 1, define
|u(2)|

LR = {u € @) lullay oy = [ (1550

We will sometimes call the integral in this definition the tail integral.

dz<oo}.
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Note that |z|* € L (R") if and only if o < 2s.

The following proposition establishes fine necessary conditions on u so that (—A)*u is well-defined,
meaning that (1.1) and (1.3)) both converge. Moreover, we will show that (—A)%u has 2s derivatives
less than w. In this sence, (—A)?® is a differential operator of order 2s € (0,2).

Proposition 1.5. Let 0 < s <1 and e > 0. If
u € C*4(By) N Ly, (R™),
then (—A)*u is well-defined at every point of By by (1.3)), and

|(=2)ullze(5y0) < C (lullgasseoy + Il en))
Moreover, if € ¢ N, then (—=A)*u € C*(By2) and

|(=8)*ullee(5,) < C (ullgasseay) + Nl oy o)) - (L4)

The constant C' depends only on n, s, €.

Proof. We first prove the estimate for 0 < e < 1 and put g =2s+¢ € (0, 3).
Step 1. Fix n € C°(By/g) with 0 <n <1 and n =1 in By, and write

u=v+w, v = nu, w = (1 —n)u.
The idea is to estimate (—A)%v and (—A)%w separately. Note that by construction,

[ollcs@ny < Cllullosmyy,  Nlwllpy, @ey < llull Ly @n-
Moreover, because w = 0 in Bg/y, for every z € By we have
w(z)
(—A)’w(x) = —cy, / ———dz.
n,s R"\B3/4 |(L‘ _ Z‘n—I—ZS

Whenever z € By, and w(z) # 0, we have |r — 2| > 1/4. Consequently, for every multi-index -,

C
- _2 n’s”y
\Dllx—Z\ " S} < 1+ ‘Z’n—‘rQs'
We may differentiate under the integral to obtain
(=) wlgmi(p, ) < Cllwlry @y < Cllullzy @y (m=0,1,2,...).
Step 2. It remains to prove
[(=A)*vllce®n) < Cllv]lcsmn)- (1.5)
We define

62v(x) = 2v(x) —v(x + 2) —v(z — 2).
The L*° bound follows by observing that
[8Z0(2)] < Cllvfleslzl™™ P2 (2] < 1), [62v(@)] < 4fofles (|21 2 1)
in the same way as in the proof of [Lemma 1.2| using that min{53,2} > 2s when 0 < e < 1 and 8 > 2s.

To estimate the Holder seminorm, take z,2’ € R™. We set h = z — 2’ and assume that |h| € (0,1).
Then, we have

52v(z) — 6%v(z")| c 162v(z) — 62v(2")]
—A SU$ _ —A S’U l’, Scn’s/ |Z z dZ—|— n,s/ z z dZ
(aye) -~ (-ayu < G [ S =
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Cn,s

=: 5 (Inear + Ifar)-
It remains to show
Lncar + Itar < Cllvllcs|hl". (1.6)
We distinguish between two cases, depending on .
Case A: 0 < 5 < 1. Holder continuity of v gives

B

|5E’U(Jj‘) o 5§U(x')| < CHUHCB‘Z‘Bv ‘Z‘ < ‘h‘7

Clloligelhl”, |z = [h].
Indeed if |z| < |h|, we use that

[820(z)] = | (v(@) — v(z +2)) + (v(z) —v(z - 2))| < Cllollesl2l,
and if |z| > |h|, we estimate
820(z) - 020(a)] = [2(0(w) — (@) — (o + 2) — v(a’ + 2)) — (& — 2) — v(a’ — 2))
< Clollgs h)°

Polar coordinates then yield

2] B—2s—1 c €
Inear < CHUHCﬁ P dp = ;HUHCB‘}” )
0

o0

o C .
T < Cllllosltl® [ o7 dp = 5 oo b

|h|

Case B: 1 < g < 3. We claim that by the fundamental theorem of calculus, for any z € R"
1
20(e) - 820a) = | [ @290) &+ ) ] < Clololillo* (17)
0
For 1 < B < 2, the proof of (I.7)) uses that by Vv € C#~1, we have

|Vo(w £ 2) — Vo(w)| < [Vo]gs-1|2[P 71,

and hence we conclude

|62V (w)| = |Vo(w + z) + Vo(w — z) — 2Vo(w)|
< |Vo(w + z) — Vo(w)| + |Vo(w — 2) — Vo(w)]
< 2[Vo]osa|2|7 Y,

which implies .
For 2 < B < 3, we prove using Vo € C1#=2 and D?v € C#~2. Indeed, by Taylor’s formula,
Vo(w + z) = Vo(w) + D*0(w)z + Re(w, z), where |Ri(w,z)| < C[D*v]calz|?~L.
Adding these two estimates and subtracting 2Vv(w), we obtain
‘63V0(w)‘ = [2Vo(w) — Vo(w + 2) — Vo(w — 2)| < |Ry(w, 2)| + |R-(w, 2)| < C[D?v]pp-2]2P L.
This proves also in this case and thus, we conclude

52v(x) — 62v(a ey
foe = [ O e < Cllesthl [P b < Clols b
|2|>R| < B
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To estimate Iyear, note that for 1 < 5 <2, we can use (|1.7) to conclude since |h| < |z|,
|7
Tocar < Cllellen [ 171772 dJz| < Clfoleo o
0

For 2 < B < 3, we use the integral representation of the second difference:

62v(x) = — /1 (1 — [t|) 2T D*v(x + t2)z dt.

-1

which implies that
|620(x) — 6%v(z’)| < |22 /11(1 — |t)|D?v(x + tz) — D%v(z' + tz)| dt < C[D*v]gs—2|h|P 2|22
Hence, it follows that
Incar < C||vl|gs|h|* /OW 227772 dz < Clfollca B2 (R[>~ = Cllvl s |AI7.

Hence, we have shown ([1.6) also in this case.

When |z — 2’| > 1, the same estimate follows from the L bound. This proves ([1.5)) and the proof is
complete in case € € (0,1).

Step 3. Now we consider the case € > 1 with ¢ ¢ N. We only give a sketch of the argument. Write
€ = m+ «, with m > 1 an integer and 0 < o < 1. As above, split v« = v + w with v = nu and
= (1 — n)u. Translation invariance of (—A)® implies that

D ((=A)*v) = (=A)* (D7), |yl <m.
Since DYy € C?s*te~hI(R?) ¢ C?+*(R™), the estimate just proved with o € (0,1) applies to each
D7v. From here, one can conclude the proof. O

Lemma 1.6. For u € C°(R"™), the following identities hold:

(=A)[ul- + 20)](z) = (=A)%u)(z + o),
(=A)*[w(@)](z) = (=A)*u)(Qz) for Q € O(n),
(=8) [u(M)](@) = A ((—A) u) (Ax) for A > 0.

Proof. In (|1.1), use translation invariance, the change of variables z +— @z, and the substitution
w = Az, respectively. Il

Next, we show that the fractional Laplacian arises as a Fourier multiplier operator.

Our Fourier-transform convention is
(E) = Fu(€) = / w(w)e € da.

Recall that F(—Au) (&) = [£]?U(€).
Lemma 1.7. For u € S(R") and 0 < s < 1, it holds

(CA)u(E) = |E>ae).
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Proof. Taking the Fourier transform of ((1.3) and using that
Flu(z + 2)](€) = %), e’ +e % =2cost

we obtain
— Cn,s 2 — b7 iz . 1 —cos(¢-z) .
(=A)su(§) = 9 </n \z|”+25 dz> u(§) = Cn,s (/n ’z‘n+25dz> u(f).

Here 1 — cos(€ - z) = O(|z|?) near zero and is bounded at infinity, so the integral is finite. By rotation
invariance and w = €|z,

1 —cos(§-z) / 1—coswy | _ 9 / 1 — cosw;
R PP (R R 1 e A Ay N 1)
fo e e Qi o 0= T

For completeness we evaluate the constant. The Gamma-function identity and the Gaussian integral

1 X n n/2
7 = iy e [ coswne o = ()" e
b S 0 n

substituted into the definition of J, s gives

1 ®
oo =g 0 et

n/2

7 < o1 __—1/(4t)
== t 1—e¢ dt
L(5+s) /0 ( )

4—57.rn/2 0o )
- —S— 1 _ 5,7 U d
F(% ) / v ( e V)dv

4 r2T(1 - )
s +s)

Formula (1.2]) says precisely that ¢, s.Jn s = 1. This proves the desired result. O
Corollary 1.8. If u,v € C°(R"), then

/ u(—A)’vdx =
In particular,

n,s 2 1 n
[ wearaae=e [ BEZMEE g0 o Lo ] e e = e 20

Proof. By the singular integral definition,
/ u(— A)de—cnshm / ):;)( 2) dz dz
n |z— Z|>€ $ - Z‘n ®

ey [ () (v() ~vE)
|z—z|>e

2 5—>0 |z — z|nt2s

T

nxR"

where we interchanged the roles of z and z in order to get the last equality.

Since u,v € C°(R™), the integrand is absolutely integrable. Thus we may let ¢ — 0, obtaining the
desired identity. The remaining claims follow immediately from [Lemma 1.7] O

The following semigroup property follows immediately.
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Corollary 1.9. For s,t >0 with s+t <1, and u € S(R"),
(=A)((=A)'u) = (=A) " u.

Proof. By it holds v(¢) = |¢*u(¢). Hence, by applying the inverse Fourier transform,

v(x) = ! TPt
(@) = Gy L e la(e) ae.

Inserting this into the definition of the fractional Laplacian and using Fubini, we obtain
1 . . 1 —cos(§-2)
_ _ €1¢)2t
(—A)v(z) = R /R et E[Tu(€) (cn,s / e dz) d¢

/ e[ PCHT(E) d
Rn

Our normalization makes (—A)® interpolate between the identity and —A.

Lemma 1.10. Let u € C°(R™). Then, it holds for every x € R™,

lim(—A)%u(x) = u(z), lm(—A)’u(z) = —Au(x).

s40 sT1
Proof. Let w,_1 = |S""!| = 21"/ /T'(n/2). Then

2 dn(1 —

- (8 \ 0)7 Cn,s ™~ n(is) (S T 1)
Wn—1 Wn—1
To see it, in (T.2) use I'(1 —s) — 1 as s | 0 and T'(1 —s) ~ (1 —s)"! as s T 1, together with
L1+ %) =35I(5).
Step 1: s ] 0. Fix x and choose R > 1 so large that u(x 4+ z) = 0 for |z| > R. We compute

(—A)*u(z) = cns PV /B U(x)mffff &

CTL,S ~

dz + ¢ su(x) / |z|7”*25 dz =:I1 g + I2 R
R™\Br

For 0 < s < %, the first integral is uniformly bounded since
|u(z) — u(z + z)| < Cmin{|z|,1}.
Since ¢, s — 0, this implies Iy g — 0 as s — 0. For Is r, we get
Wn—1

I rp = cpsu(x) / |z|_”_25 dz = ¢ R_qu(a:) — u(x),
R"\BR 28

by the asymptotics of ¢ s.
Step 2: s T 1. Let us fix 6 € (0,1). Note that by Taylor’s formula

2u(z) — u(z + 2) —u(z — 2) = =27 D*u(z)z + po(2)|2)?, p2(2)] < Clz|* for |z2] <6.
We use and split the integral at radius §, namely

s Cn,s 2u(x) —u(r +2) —u(r — 2
R e

T 12
Cn,s 2! D*u(x)z Cn,s Cn42-2 )
- /B 2| +2s dz + 5 /Ba pa(2)]2] 7" dz = Iy + I + I3.




8 MARVIN WEIDNER

Since ¢, s — 0, we have that I; — 0 as s — 1. Moreover, by symmetry on the sphere, we have

Wn—1
/Sn—l 9,‘9]' do = 751]

Therefore, as s — 1,
Cn.s ZiZg
IL=—— E uij(x) dz
9 J »|n+2s
i Bs ’ ‘

é
__ CnsWn-1 1-2s 3, _ _ “nsWn—1 225 _
=, Au(m)/o r dr n(l—s) 3)5 Au(z) = —Au(z).

For I3, we note that

|13| § Cn,sc/ |Z‘—n+4—25 dz = C"»Scwnfl 54—25 N 07
2 Bs 2(4 — 2s)
since ¢, s — 0 as s — 1. This concludes the proof. O

1.1. The Caffarelli-Silvestre extension. In this subsection, we prove that the nonlocal fractional
Laplacian can be recast as a local differential operator in one dimension higher. This constitutes one
of the most important properties of the fractional Laplacian and goes back to a famous paper by
Caffarelli and Silvestre [CS07]. It is one of the most cited papers in partial differential equations of

all times and it has many applications, as we will see below.
We first treat the case s = %

Theorem 1.11. Let u € C°(R™), and let U be its bounded harmonic extension:

A, U=0 in R
{U(;, 0) =u(x) on RJ’FL. (1.8)
Then
(—A)Y2u(z) = —9,U(x,0). (1.9)

Proof. We apply Fourier transform in x to (1.8]):

U (& y) ~ 1EPUEY) =0, T(€0) =a().
The bounded solution is U (&, y) = e €Wa(¢). Thus —8y(7(§, 0) = [¢|u(), which is exactly the Fourier
transform of (—A)'/2u by Theorem Taking inverse Fourier transforms yields (|1.9). O

Remark 1.12. The above theorem gives another justification for the notation (—A)'/2. Indeed,
denote Lu = —0,U(x,0) and compute L(Lu). Indeed, if U is the harmonic extension of u, then —0,U
is the harmonic extension of Lu (since it coincides with Lu on {y = 0} and it is harmonic). Thus,

L(Lu)(x) = — 0y\y:0 (—oyU) = yy|y:0 U(z,y).

Now, since
ApyU =AU+ 0y,U = 0,
we have that
L(Lu)(x) = =AzU(z,0) = —Au(x).

That is, L?u(x) = —Au(z), which justifies the notation L = v/—A.
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We will now generalize this result to general s € (0,1). This was achieved in the famous paper [CS07].
To do so, we set a =1 — 2s € (—1,1). The a-harmonic extension of a function u is a solution U of

divey (¥?VeyU) =0 in RTT (1.10)
U(z,0) =u(x) on R". '

For y > 0, the equation is equivalently
LoU = AU + 8, U + gayU ~0.

Notice that a = 0 when s = % For other values of s, y* vanishes or becomes singular at y = 0; this is

a degenerate or singular elliptic equation, rather than a uniformly elliptic one up to the boundary.

Lemma 1.13 (Poisson kernel for the weighted equation). Let

y* _T(E+s)
(’2‘2 + y2)(n+23)/2’ Pn,s = 7rn/QF(S)'

Ps(zay) = Pn,s
Then, for every y > 0,
PS('ay)ZO’ / PS(Zay)dZZ]-u
and Py solves divy y(y*VyyPs) =0 for y > 0.
Moreover, for u € C251¢(By) with |u(z)| < C(1 + |x[)?*~¢ for some € > 0, the convolution

loc

Ulz,y) = . Py(x — z,y)u(z)dz (1.11)

solves (1.10) with U(-,y) — u locally uniformly in By and a.e. in R™\ By as y — 0.
Moreover, (L.11)) is the unique solution to (1.10)) satisfying |U(x,y)| < C(1 + |(z,y)|)*~=.

Proof. The change of variables z = yw gives

Py(z,y)dz = ns/ 1+ |w?) 292 4y =, o7 =
(z,v) p,Rn( [w|) p,r(%Jrs)

In particular Py(z,y) = y "Ps(z/y,1), i.e. Ps is an approximate identity. To verify the PDE, set
r= (|22 + y?)/2, so that

R

Py(z,y) = pn,sy>r~ 29,

By [Lemma 1.14] (see below), we have
<Az,y + aay) (y2sr—(n+25))
Yy
_ 28(25 — 14+ a)y2572,’ﬂ7(n+28) + (n + 28)(1 _9g— a)yZSTf(n+23+2)
=0,

since a = 1 — 2s. Thus,
div(y*VPs) =0 for y > 0.

To prove that (1.11)) satisfies the PDE, it suffices to observe that differentiation under the convolution
is justified for y > 0. To prove that U(-,y) — u locally uniformly in B; as y — 0, we write

U(x,y) —u(z) = o Py(z,y) (u(z — 2) — u(x)) d=.
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Moreover, given K € By, and 6 > 0 such that {x € R" : dist(z, K) < §} € By, we define the modulus
of continuity
wy(8) = sup [u(z — z) — u(z)].
reK
|2]<é
Then

sup U (2,y) — u(@)] < wu(8) + C (1 + 2])* > u(@)|| Lo rn) / - Py(z,y)(1 + |2))* 7 d2.
HAS z|>

Using the explicit expression for Ps,

(14 |z[)*

e 42 S 0O,

Pu(zy)(1+ )% dz < Oy /

2126 12126

Letting y — 0 gives
1im¢80up 1U (- y) — ull oo () < wu(0).
Yy

Since w is uniformly continuous in B, we have w,(6) — 0 as § | 0. Hence
lim ||U(-,y) — ul|peo(xy = 0,
i U 9) — wll 1

as desired.

The convergence U(-,y) — u a.e. in R™\ B follows from the Lebesgue differentiation theorem and

since Py is an approximate identity and u € L}, (R™).

Finally, uniqueness of U can be proved by an argument based on the maximum principle applied to
the operator div, , (y“Vx,y). Indeed, one can prove that the only solution W to

divey (y*Vay,W) =0 in RPH,
W (z,0) =0 onR",
_ . 1
(W (z,y)| <O+ |(z,y))*° mRYF
is given by W = 0.
To see it, we consider v € (2s — ¢,2s) and consider

O(z,y) = [(z, y)[" +

Since a = 1 — 2s, by [Lemma 1.14] (see below), we get

Lo(|(,9)") =70y +n=28)|(z, 972 Laly?) =y —28)y" %
Consequently, using y < |(z,y)| and v < 2,

Lo® =7(y+n—2s)|(x,y)["7? = nyy? 7 < y(y — 2s) (2, )7 < 0.

Let us now fix R > 1 sufficiently large and § > 0. Set B}, = BgN{y > 0} C R:"!. Then the previous
observation implies

n
2!
23—'yy '

Lo(W —6®@) = —0L,2 >0 in Bf.
Moreover, since v > 2s — ¢, for every sufficiently large R,
SRY > C(1+ RP).
and therefore,
W -0 <C(1+R*€)—6R"<0 ondB}\{y=0}
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W —6®=—6lz|" <0 ondBjiN{y=0}
The maximum principle for £, applied in BE therefore yields
W <62 inBf.
Indeed, a positive interior maximum at (zg,yo) € Riﬂ would satisfy
V(W — 6®)(x0,y0) = 0, AW — 6®)(z0,90) <0,

and hence

Lo(W —6®)(20,y0) < 0,
a contradiction.

Letting R — oo yields W < §® in ]RZ‘F'H. Letting then § | 0 gives W < 0 in R’}fl. Applying the same
argument to —W yields W > 0, hence W = 0. g

In the proof we used the following elementary lemma.
Lemma 1.14. Leta =1 — 2s and
Lo=Dgy+ gay.
For z e R", set R = |(x,y) — (2,0)|, where (x,y) € RT‘I. Then, for every \, u € R,
Lo"RN) = p(p+a—Dy* 2R+ AN +n+a—142u)y*R 2

Proof. Since
Ay yRY = XA +n—1)R*2 Oy R = \yR 2

we obtain
Lo(RY) =XA+n+a—1)R2
Moreover,
La(y") = plp +a—1)yr2,
and

2V (y") - Vm,y(RA) = QM/\?JMR/\_Q-
The claim follows from the product rule
£a(fg) = fLag + gLaof + 2vm,yf ) Va:,yg-
a

Theorem 1.15 (Caffarelli-Silvestre extension). Let 0 < s < 1, a = 1 — 2s, u € C5(By) with
lu(z)| < C(1 + |z])%~¢ for some e > 0, and let U be unique the solution to

dive,y (y2Vaey,U) =0 in R
U(x,0) = u(x) on R™
with |U(x,y)] < C(1+ |(z,y)])**7¢ given by the weighted Poisson extension (1.11). Then

['(s)

B s _ . a —92s—1_~\°)

(1.12)

In particular, note that for s = %, it holds @ = 0 and dgs = 1, so we recover [Theorem 1.11
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Proof. Use [5. Ps(z,y)dz =1 and evenness of Py(z,y) in z to write

y?* (u(x —z) — u(w)) Dn.s y?* (u(a: +z2)tulzr—2z) — 2u(x))
Ulo0) = uto) = [ LS e e [ SR

dz.

Differentiate with respect to y and multiply by y* = y' =2 to get

) B u(z + z) + u(z — z) — 2u(x)
) ayU(:L‘a y) = SPn,s /R" (‘Z|2 + yQ)(”+28)/2

~ (n+28)pps o u(z + z) + u(z — z) — 2u(x)
2 el

=1+ I>.

dz

" (1.13)

Fix z € By and choose § > 0 such that Bos(x) C By. Since u € C2*¢(By), we may choose

loc

2s < a < min{2s + ¢, 2}

such that
lu(z + 2) + u(z — 2z) — 2u(x)| < Cylz|?, |z| < 0.
On the other hand, the growth assumption yields

lu(z 4 2) + u(z — 2) — 2u(z)| < Cp(1 + |2))* ¢, |z| > 4.
Consequently,
lu(z + z) + u(x — z) — 2u(x)| |z|@n=2s, |z| <9,
<c,
(2|2 + y?)(n+2s)/2 - (1+[2])?7¢[2| 7725, |z > 0.

The right-hand side belongs to L(R™).

Hence, by dominated convergence, we get

/ u(z — z) +u(x + z) — 2u(x) dz = —2sp, PV u(x) —u(x — 2) &

lim I (y) = SPn,s |2|n+2s R™ |z | +2s

yd0

Similarly, for I3, we observe that Mg%yz < 1, and therefore, dominated convergence implies that

lim [I- =0.
irn 2(y) =0

We therefore obtain from (|1.13]),

. u(z) —u(x — z) 25Pn.s
—1 aa U = 2 PV — ) _A S .
lim "0y (z,y) = 28pn,s /n B S (—A)%u(x)
The constants satisfy
Cn)s — 228—1 F<S> —_ ds,
25pn, s I'(1-s)

which is precisely (1.12]). O



SELECTED TOPICS LECTURE: INTRODUCTION TO NONLOCAL PDES 13

1.2. The nonlocal Poisson kernel representation. A major application of the Caffarelli-Silvestre
extension is the following Poisson kernel representation of the fractional Laplacian.

Theorem 1.16 (Poisson kernel for the ball). Let 0 < s < 1 and r > 0. The unique solution
u € C27(By) N L, (R") N C(By) of

loc
(=A)*u =0 in By,
u =g mR"\B,

for g € LI (R") N C(0B,), is given by

ww)= [ Pulesg) d aeB, (1.14)
R™\B,
where
(r2 — |2|2)* I'(%)sin(ms)
PT‘,S(‘T) Z) = [{n’s (|Z|2 — r2)3|;p _ Z|n’ K/TL,S - W
Moreover,

Prs(x,z) >0, / Prs(x,z) dz = 1.
R\ B,

Here, g € C(0B,) is understood in the following sense:
ZIL%O 9(z) = g(x0) for every xo € 0B,.
2€R™\B,

Before we can prove this result, we need to give several auxilary lemmas. The first one is to find an
explicit s-harmonic function in the half-space, which is a direct application of the Caffarelli-Silvestre
extension.

Proposition 1.17. Let e € S"~! and define
u(x) = (z-e), t4 = max{t,0}.
Then

u =0 in{zr-e<0}.

{(_A)Su =0 in{z-e> 0},

Proof. We use the Caffarelli-Silvestre extension. Write t = x - e and consider

First, we claim that

. 1-2
LoU = 0uU + 0,,U + TSGyU —0. (1.15)

Indeed, set
R = /1% + 42, v=R+t, U =2"%°
Since v = R+t, and 6;R = tR~! we have
y y? 2t 2(R+t) 2v

t o 1P
atv:§+17 8y’l):§, ’vlf,y'l)| :ﬁ‘i‘ﬁ‘i‘l“‘E:T:E



14 MARVIN WEIDNER

Moreover, by [Lemma 1.14] (applied with n = 1), and using that Lot = 0 since t is linear and indepen-
dent of y,

Lov=LyR=(1+a)R™.
Hence, by the chain rule
~ - 2 =S gps—1
LU =2sp""" <£av +(s—1) Vel ) == % (I4+a+25s—2)=0.
v

R
This proves (|1.15]).
Since U depends on z only through ¢ = x - e and |e| = 1, this is equivalent to
1-2s

LU =y <A$U + 0y, U + Z(%U) =y <(9ttU + 0y, U + 8yU> =0 fory>0,

where we used that
8%U = €i8tU, 6%331(] = 6?8&[], AmU = Z 6?6&[] = |€|28ttU = 8ttU.
=1

Moreover, taking y | 0,
|t| + ¢

S
U(z,0) = ( 5 ) =t =u(x).
Thus U is the weighted Poisson extension of u in the natural class of solutions with growth of order s.
We now compute the conormal derivative. First, we recall

sy (R+t sl
ayU_2R< 2 ) '

Therefore,

2r 2

If t > 0, the factor (%)S_l /R remains bounded as y | 0. Since s < 1,

2—2s t s—1
yl—QsayU _ sy <R+ ) .

lim y' =249, U(z,y) = 0.
yJ0

By the Caffarelli-Silvestre extension formula,
(=A)u(x) = ~dslimy'™*9,U(z,y) = 0

whenever x - e > 0. O

A key motivation to guess the right function in the proof comes from complex analysis, where it is a
well-known fact that
. V2t YR+t
U(t,y) = Re/t+iy = +
is harmonic and has exactly the desired properties for s = %
To be continued in the next lecture on Nov 10.
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