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Problem 1. (compactness)

(i) Let (X1,7T1), (X2, 7T2) be topological spaces. Assume that f : (X1,71) — (X2, 72) is continuous
and K C X7 is compact. Then f(K) C X9 is compact.

(ii) Let (X, T) be a topological space. Let f : (X,7T) — R be continuous and K C X be compact.
Then f attains its maximum and minimum on K, i.e. there exist a,b € K such that

fla) < f(z) < f(b) Voe K.

Problem 2. (injectivity and surjectivity of linear maps in infinite dimensional spaces)

Consider the space l(R) = {f : N = R : sup,cy | fi| < oo} of bounded sequences.
(i) Find a linear map L : [oo(R) — I (R) that is injective but not surjective.

(ii) Find a linear map L : [ (R) — I (R) that is surjective but not injective.

Problem 3. (Holder and Minkowski inequality on [, spaces)
For a sequence f: N — R and 1 < p < oo we define

I1f1l, = (Z\fz’\p> :
ieN

We define the space [,(R) = {f N R:f]l, < oo}.

(i) Let 1 < p < 0o and g € R such that % + % =1. Let f € [,(R) and g € [4(R). Then

Z figi

1€N

< 1711, llgll, -

Hint: It suffices to prove this for Hpr = ||qu = 1. Why? Also remember Young‘s inequality:
ab < Saf + b,

(ii) Let f,g € [,(R). Then

1 +gll, < W1, + Mlgll, -

Hint: It is useful to write |fi + g;|” = | f; + gil | fi + 9P



Problem 4. (Generating new metrics)

Consider a concave nondecreasing function v € C?(]0, 00)) with 1(0) = 0 and ¥ (x) > 0 for x > 0.
Show that for any metric d the function v o d is a metric, too. What happens if we replace the
condition 1 € C?([0,00)) by ¢ € C°([0,00))?



