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Problem 1. (1+2+2 points)

State whether or not there is a solution to the minimization problem
min sup |g(56)*f($)|f€Ml ’ 2217273
z€[0,1]

for an arbitrary g € C([0,1]), and prove your statement. The sets M; are given by
() My = {f € C(10,1]) | sup,eoy |F(@)] <1}

(ii) Mg':{fEC’Ol yfo 2d;n—0}
Hint: Set d := fo )x?dx. Note that d = fo g — f)(@)z?dz for f € Ms, and use this to
derive first a lower bound for inf pensy [[f = 9l Loo(g0,17)-

(iii) M. {fec 0,10) | f£( %)dx:O}.

Hmt. similar idea as for (m).

Problem 2. (24241 points)

Let f: R™ — R be convex and continuous.

(i) Show that f =sup{g(z)|g: R™ — R affine, g < f}.
Hint: Show first that the epigraph {(x,y) € R® xR |y > f(x)} is closed and convex.

(ii) Show that the subdifferential 0~ f(z) = {a € R" | f(y) > f(x) +a- (y — ) for all y € RN}
is nonempty for all x € R".
Hint: You can assume x = 0 (why?). Consider a sequence of affine functions gy such that
gk(x) = f(x) from (i) and show compactness of the coefficients.

(iii) Let (€,.A, u) be a probability space, i.e. a measure space with u(2) =1, X : Q@ — R" a Borel
measurable map with [, |X| du < oo. Show that

f(/QXdu)S/Qf(X d

This is Jensen’s inequality.



Problem 3. (243 points)
(i) Let T': C(]0,1]) — C(]0, 1]) be given by
Tf(x)= /Oxf(y)dy-

Show that T'(B(0,1)) is precompact.

(ii) Let X,Y C R™ be compact. Let K € C(X x Y;R). Define T': C(Y) — C(X) by
T(f)(x) = / K(z,y)f(y)dy for fe C(Y) and z € X.
Y
Consider the closed unit ball B(0,1) € C(Y). Prove that T'(B(0,1)) C C(X) is precompact
in C(X).
Hint: Arzela-Ascoli. Note that K is uniformly continuous on X x Y.

Problem 4. (3+2 points)

(i) For ¢ > 0 define

o= {recoay s [ @pars [ 17w <)

Prove that M, is compact in C([0,1]).
Hint: Arzela-Ascoli.

(i) Suppose E is a closed linear subspace of C1([0,1]) such that there is C' > 0 with
1 1
/ () Pda < o/ f(2)2dz for all f € B.
0 0

Prove that F is finite dimensional.
Hint: Use (i) to show that the closure of the unit ball in the C°-norm is compact.



