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Problem 1. (243 points)
Let © C R™ be bounded, open and connected, and let «, 8 € (0, 1].

(i) Determine the maximal v such that f € C%® (Q) and g € C%? (Q) implies
fg € C%7(Q). Prove your statement.

(ii) Determine the maximal § such that f € C%(R) and g € C%7 (Q) implies
foge % (Q). Prove your statement.

Problem 2. (342+5x% points)
Let A C R™ and « € (0,1].

(i) Show that (C%%(A),||l,) is a Banach space.
(ii) Find u € C°(]0,1]) with [u], = oo for all & > 0.

(iii*x) Show that C%“([0,1]) is not separable.
Hint: It suffices to construct an uncountable subset A C C%*([0,1]) such that for f,g € A
with f # g: [f — gla > 1. Consider the function

Construct ¢r(z) = 47" ¢(4%x) and consider the set A = {3, .y ardila: N — {0,1}}.

Problem 3. (243 points)
Suppose E C R” is Lebesgue measurable with £"(E) < oo. Define d : L'(E) x L'(E) — R,

@) @)
0= [ 7 @) — g™

(i) Prove that d is a metric on L!(E).

(i) We say that a sequence of measurable functions fx : E — R converges in measure to a
measurable function f (and write fi — f in measure) if for all ¢ > 0

Jfm £ ({z € E = |fi(z) = f(2)] > €}) = 0.

Prove that limy_, o d(fx, f) = 0 if and only if fr — f in measure.



Problem 4. (243 points)

Suppose © C R" is such that 0 < | = [,1dz < co. Let u : & — R be measurable. Define
®, : [1,00) — [0, 0] by

o 1\#
u(p) = @ ”uHLp(Q) :
(i) Prove that ®, is nondecreasing (in particular for p < ¢ if u € L(2) then u € LP(Q)).

(ii) Prove that u € L*°(€2) if and only if the limit lim, . ®,(p) is finite and that in this case
limy, 00 @u(p) = [[ufl oo )



