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Problem 1. (3+2 points)

(i) Let 1 < p < 0o, U C R™ open, and let W be the set of all cubes that are contained in U.
Prove that

fi— fin Lp(U) < sup kaHLp(U) < oo and / fedl™ — / facrt YW e w.
k w w

(ii) Let 1 < p < oo and let h € L} (R") be Z"-periodic, i.e. h(x + z) = h(z) for all z € R" and
all z € Z". Define fi : (0,1)" — R by fi(x) := h(kz). Prove that fr — C in LP((0,1)") where
the constant C is given by C = f(o pyn hdL".

Problem 2. (1+2+2 points)
Suppose 1 < p < oo, U C R™ open and bounded, and let f : R™ x U — [0, 00) be continuous.

(i) Prove that
up — u in WP(U) = / f(Vu(z),z)dx < limkinf/ f(Vug(x), z)dz.
U U

Hint: Fatou.

(ii) Suppose additionally that F' — f(F,x) is convex for all z € U. Prove that
up — u (weakly) in WP(U) = / f(Vu(x),z)dz < limkinf/ f(Vug(z), z)dx.
U U

Hint: Mazur’s lemma and corollary. You may assume without loss of generality that £ :=
limy, [;; f(Vug(z),z)dz exists. (Otherwise first choose a subsequence.)

(iii) Under the assumptions of (ii) suppose additionally that f(F,z) > C|F'|P for some C > 0. Let
g € LP(U). Show that there exists u € Wol’p(U) such that

/U(f(VU(fE),w) — 9(@)u(z))dr < / (f(Vo(2),z) = g(z)v(z))dz Yo € WyP(U).

U



Problem 3. (143+1+2%+3% points)

Let X be a separable real Banach space, and let b : N — X be such that ||bgx||x =1 for all £k € N,
and span(b(N)) dense in X. Define || - || : X’ — R by

o0

1
la'llo := > ol (i)l

k=0
(i) Prove that || - ||p defines a norm on X".

(ii) Let fo € X’ and let f : N — X' be a bounded sequence, i.e. sup; || fj||x < M < oco. Prove
that f; = f. if and only if ||f; — filp — O.

(iii) Show that the closed unit ball B := {2/ € X’ : ||2/||x» < 1} is compact in (X', || - [|5).

Consider the special case X := [;. Note that we may choose by := ex, where e, denotes the k-th
unit vector.

(iv¥) Let z : N — I; be a sequence with z(*) — 0in I;. For ¢ > 0 and K > 1 set
Ag :={a' €l : ||2'|i. <1 and |2/'(z®)| < e VE > K}.
Prove that Ag is weakly-* closed in [.

(vx) Prove that a sequence in l; converges weakly if and only if it converges strongly.

Hint: Apply Baire to (B, ||-||,) in order to see that one of the Ax has nonempty interior. For
Bs(xy) C Ak find the right direction o' — x, to estimate 3 72 ‘xgk)‘

Note, however, that the weak topology and the strong topology are different. Indeed, by the remark
after Proposition 8.6. every non-empty, weakly open set contains a line. Thus the ball B := {z €
l1: |Jz|| < 1} is strongly open, but not weakly open.

Problem 4. (3+2+5x% points)
Let E C L?*(—m,7) be the set of all functions

fm,n (t) =" + memt’

where m,n are integers and 0 < m < n. Let E; be the set of all g € L?(—, ) such that some
sequence in F converges weakly to g. (E is called the weak sequential closure of E.)

(i) Find explicit representations for all g € Ej.

Hint: Prove first, that (e, ™) = 276,m. Then consider || fm.n|l and note that weakly con-
vergent sequences are bounded. What is the weak limit of f.(t) = €™ for n — oco? (see
problem 1)

(ii) Show that E; U {0} is weakly sequentially closed (i.e. it is its own weak sequential closure)
but E; is not.

(iii*) Show that E; U {0} is weakly closed.



