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Problem 1. (3+2 points)

(i)

(i)

Let X be a real vector space, and let p : X — R be sublinear. Suppose S C X is a subspace,
and let f : S — R be linear, and such that f(s) < p(s) for all s € S. Let G be an Abelian
semigroup of linear operators on X with identity element, i.e., G C L(X), A, B € G =
AB = BA € G, and id € G. Suppose that for all A € G we have p(Az) < p(x) for all z € X,
and s € S = As € S and f(As) = f(s).

Prove that there exists ' : X — R linear such that

(1) F(s) = f(s) forallse S,
(2) F(z) < p(z) for all z € X, and
(3) F(Az) = F(z) for all x € X and all A € G.

F
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Hint: Set q(z) := inf{2(p(A1z+ -+ Anz)) : n €N, A; € G}. Show that q is sublinear, and
that ¢ < p. Use Hahn-Banach to obtain a suitable extension F. To see that F(Ax) = F(x),
observe that F(z) — F(Az) < q(z — Az) < Lp(z — A"z) - 0 as n — .

Show that there exists a finitely additive translation-invariant measure p defined on all boun-
ded subsets of R such that p(E) agrees with the Lebesgue measure for every bounded Lebesgue
measurable subset E.

Hint: Let X be the space of compactly supported bounded functions on R, and letY be the sub-
set of Lebesgue measurable, compactly supported, bounded functions. Define T(f) := fR fdcC
on'Y, and use (i).

Problem 2. (5 points)

Let M,, denote the Lebesgue measurable subsets of R™. For £ € M,, let
Mu(E)={AeM,:ACFE}and

ba(E, L") = {A: My(F)— R: A\ finitely additive, [|Aljvar(E) < o0,
LM'(N) =0 = A\(N) =0}.

Then for f € L®(E) define the integral [ g [ d\ as usual by first considering finite linear combi-
nations of characteristic functions. The condition L"(N) = 0 = A(/NV) = 0 guarantees that this
integral depends only on the equivalence class of of f where f ~ g if f = g L™ a.e. Show that the
map J : ba (FE, L") — (L*°(F))" given by

T (f) = [E fdx

is a linear isometry.



Problem 3. (5 points)

Let X be a Banach space, and suppose T' € £(X) is such that for every x € X there exists n € N
with 7"z = 0. Prove that there exists N € N with 7%V = 0.

Hint: Note that X = J,,cy N(T"), and use Baire’s theorem to find a candidate for N.

Problem 4. (3+1+1 points)
(i) For n € N set
1
M, :={feC(0,1]) : 30<a*<1—— st.|f(z"+h)— f(z")|<nhforall0<h<1-—2z"}
n

Prove that M, is closed and nowhere dense in C([0,1])

Hint: (Closed) If fi, — f, extract a subsequence with Ty, ot € [0,1— %], and observe that
0<h<l—2zx* impliesO<h<1-— a:;;e for large €. (Nowhere dense) For f € M, and € > 0
construct a continuous function g with || f — gl < € and |g/.| > n.

(ii) Consider
M :={f € C([0,1]) : there exists z* € [0,1) such that the right derivative f’ (z*) exists}.

Prove that M is meagre in C0, 1].
Hint: Show first that M C |J,,cny Mn.

(iii) Prove that there exists a function f € C([0,1]) that is nowhere differentiable.



