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Exercise 1. (The classic secretary problem) [Pts 1+1+1+1+1+2+2+1] Our aim to to choose the best among
N objects. We inspect each of them in turn and we have the possibility to take it or to pass to the next. In this
second eventuality we loose the right to go back to the discarded object. If we arrive to the last one without
choosing any of the previous then we take it. We assume that the are able to strictly order the objects according
to some preference criterion. However this absolute ordering is not know at the start and after having seen n
objects we are only able to establish their relative order. We want to determine a strategy which will allow us
to maximize the probability of choosing the best among the N objects.
To model probabilistically this situation we choose as probability space the set Ω of all permutations of N
objects. Therefore 𝜔 ∈ Ω can be identiﬁed with a vector of N diﬀerent integers in {1, …, N} and 𝜔(i) is the
absolute rank of the i-th object. On Ω we consider the uniform distribution ℙ. At each step we observe the
relative rank Xn(𝜔) of the n-th object among the ﬁrst n objects. Therefore Xn(𝜔) ∈ {1, …, n} and XN (𝜔) =
𝜔(N). Let Ξ = {(x 1, …, xN ) ∈ {1, …, N}N : 1 ⩽ x k ⩽ k, k = 1, …, N} and ℱn = 𝜎(X1, …, Xn). The goal is to ﬁnd a
stopping time T: Ω → {1, …, N} for the ﬁltration (ℱn)1⩽n⩽N which maximizes the probability ℙ(𝜔(T) = 1).
a) Show that X = (X1, …, Xn): Ω → Ξ is a bijection and that
ℙ(X1 = x 1, …, XN = x N ) =

1
,
N!

x ∈ Ξ.

b) Show that for all 0 ⩽ n ⩽ N we have ℙ(Xn = j) = 1 / n for j = 1, …, n and that the r.v. X1, …, XN are
independent.
c) Show that for all stopping times T as above we have ℙ(𝜔(T) = 1) = 𝔼[YT ] where Yk = ℙ(𝜔(k) = 1|ℱk).
d) Show that Yk = 1Xk =1(k /N).
e) Show that an optimal stopping time S is given by
S = inf {1 ⩽ k ⩽ N: 𝔼(Z k+1) ⩽ k /N, Xk = 1},
where (Z k)k∈{1,…,N} is the Snell envelope of (Yk)k∈{1,…,N}.
f) Show that 𝔼[Z k] is decreasing in k and therefore that there exists r such that
S = Tr ≔ inf {t ∈ {r, …, N}: Xt = 1} ∪ {N}.
g) Show that for all r ∈ {1, …, N}:
GN (r) = 𝔼[YTr ] = ℙ(𝜔(Tr ) = 1) =

r−1
N

N
k=r

1
.
k −1

h) Show that limN →∞GN (xN) = −x logx for x ∈ (0, 1) and conclude that asymptotically it is optimal to stop
to the ﬁrst relatively best object after having inspected ≈N /e objects.
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Exercise 2. (The game Googol) [Pts 1+2+1+1+1+1+2+1] The Pareto law 𝒫a(𝛼, x) is the probability distribution on ℝ with density
f (z) = 𝛼x 𝛼z −𝛼−11z⩾x
with respect to the Lebesgue measure. Let Θ be a r.v. with law 𝒫a(𝛼, 1) for some 𝛼 > 0. Moreover let
(X1, …, Xn) a vector such that, conditionally on Θ, are independent and with uniform law on [0, Θ]. Let
M0 = X0 = 1 and for all j ⩽n let Mj = max(X1, …,Xj)= max(Mj−1, Xj). Let ℱn = 𝜎(X1, …,Xn). We play a stopping
game where we observe in sequence the values of the X's and we win if let last observed value is bigger than
all the previous values. We want to compute an optimal strategy for this game.
a) Are the r.v. X1, …, Xn independent? Why?
b) Show that the conditional law of Θ given X1, …, Xk is 𝒫a(k + 𝛼, Mk) for all k ∈ {1, …, n}.
k+𝛼

c) Show that Yk ≔ ℙ(Xk = Mn|ℱk) = n + 𝛼 1Xk =Mk .
d) Show that the event {Xk = Mk} is independent of ℱk−1.
e) Show that we can write the probability of winning by using the stopping time T:Ω →{1,…,n} as 𝔼[YT ].
f) Show that 𝔼[Z k|ℱk−1] is a constant r.v. which is a decreasing function of k ∈ {1, …, n}.
g) Show that the optimal strategy is to wait until some time r and then to stop at the ﬁrst j ⩾ r such that
Xj = Mj where here r ∈ {1, …, n − 1}. Let us call Tr such a rule.
h) Show that
r −1+𝛼
ℙ(XTr = Mn) =
n+𝛼

n
j=r

1
j −1+𝛼

and therefore that an optimal stopping strategy is given by the number r which maximizes this expression.
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