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Exercise 1. [Pts 8] Let (Xn)n⩾0 be a martigale such that Xn ∈ L2 for all n ⩾ 0. Recall that (⟨X⟩n)n⩾0 is
the increasing previsible process in Doob's decomposition of the sub-martingale (Xn

2)n⩾0, and is called com-
pensator. Prove that (Xn)n converges almost surely on the event {⟨X⟩∞ < +∞}. Hint: consider the process
(Xn∧TN)n⩾0 where TN =inf {n⩾0:⟨X⟩n ⩾N} for some N <∞.

Exercise 2. [Pts 2+2+2+2] Let X, (𝜉n)n⩾1 random variables such that X ∼ 𝒩(0, 1) and 𝜉n ∼ 𝒩(0, 𝜀n
2) with

𝜀n >0 for all n⩾1. Let Yn =X +𝜉n and

Xn =𝔼[X|ℱn]

where ℱn = 𝜎(Y1, …, Yn). We can interpret X as a quantity of interest and Xn as our best prediction (in the L2

sense) given a sequence of n noisy observations Y1, …, Yn of X affected by additive independent noise terms
(𝜉n)n. The question is to see if Xn →X as n→∞.

a) Show that (Xn)n is a martingale bounded in L2, i.e. supn𝔼[Xn
2]<∞;

b) Show that the sequence (Xn)n converge almost surely towards X∞ ∈L2.

c) Show that for all n⩾1 and all 1⩽ i⩽n we have 𝔼[ZnYi]=0 where Zn is defined by

Zn =X − 1
1+∑k=1

n 𝜀k
−2�

k=1

n

𝜀k
−2Yk

and that Xn =X −Zn.

d) Compute 𝔼[(X −Xn)2] and deduce that Xn →X in L2 iff ∑k=1
∞ 𝜀k

−2 =+∞.

As a consequence, if ∑k=1
∞ 𝜀k

−2 <+∞ we cannot “filter” X even observing an infinite number of (Yn)n.

Exercise 3. [Pts 2+2+4] Take (Xk)k⩾1 i.i.d random variables such that 𝔼[euXi] < ∞ for all u ∈ ℝ. We want
to show that for any �̄� > 0 there exists a constant C(�̄�) > 0 such that, for all n and all functions f : ℝn → ℝ
differentiable and such that

sup
x∈ℝn,k=1,…,n

� ∂ f
∂xk

(x1,…,xn)�⩽1,

we have

ℙ(|F −𝔼(F)|>𝜌n)⩽2e−n𝜌2/2C(�̄�), 0⩽𝜌⩽�̄�, (1)

where F = f (X1,…,Xn).

a) Introduce the martingale Fk=𝔼[F|ℱk] where ℱk=𝜎(X1,…,Xk) for k =1,…,n and ℱ0={∅,Ω} and write
F −𝔼[F]=Fn −F0. Use ideas from the proof of the martingale CLT to prove that there exists a positive
increasing function 𝜆↦Q(𝜆) such that if ΔFk =Fk −Fk−1 then

𝔼[e𝜆ΔFk|ℱk−1]⩽1+𝜆2Q(𝜆), k =1,…,n.

b) Deduce from this a bound on 𝔼[et(F−𝔼(F))] for all t ∈ℝ;

c) Conclude that the bound (1) holds.

1


