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Exercise 1. [1+2+1+2+2 pts] The Wright-Fisher model describes the evolution of a population of individuals
with phenotype A or B. The total population size at each generation is kept constant and is equal to N . The
Wright-Fisher model is a stochastic process (Xn)n∈ℕ with state space S ={0,…,N}, where

Xn =number of individuals of type A in the nth generation.

Thus the number of individuals of type B is just N −Xn. In this model, the evolution is Markovian and is given
as follows: given a population at time n, each of the descendants (population at time n+1) takes the type from
a randomly chosen parent of the nth generation. Show that

1. (Xn) is a Markov chain and compute the transition probability.

2. (Xn) is a martingale.

3. the states 0 and N are absorbing, where a state x is absorbing if ℙx(X1 =x)=1.

4. ℙx [T{0,N} <∞]=1 and 𝔼x[T{0,N}]<∞ for all x∈{0,…,N}.

5. Compute (using e.g. Doob's Optional Stopping Theorem) the probability that the process is absorbed
in N (resp. in 0).

Exercise 2. [3+3+4+2+2 pts] The (one-dimensional) Brownian motion (Bt)t≥0 is a Gaussian process with state
space ℝ in continuous time, with covariance Cov(Bs,Bt)=min {s, t}.
Prove the following properties

a) For any choice 0⩽ t1< t2<⋯< tn the family of r.v. (Bt1,Bt1−Bt2,…,Btn−1−Btn) is independent and Bt −Bs
has the same law as Bt−s.

b) For any t > s we have

𝔼[ f (Bt)|Bs]=(Pt−s f )(Bs),

where the transition kernel Pt is given by

Pt (x, dy)= 1
2𝜋 t�

e−(x−y)2/2t dy.

c) The process (Bt)t is a Markov process wrt. the filtration (ℱt)t given by ℱt = 𝜎(Bs: s ∈ [0, t]). Here the
relevant Markov property is

𝔼[ f (Bt)|ℱs]=𝔼[ f (Bt)|Bs]=(Pt−s f )(Xs).

d) The process (−Bt)t≥0 is also a Brownian motion (symmetry property).

e) For any c>0, the process defined by

Xt ≔
1
c√ Bc⋅t, t ⩾0,

is also a Brownian motion (scaling invariance property).
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