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SDE techniques

We develop some techniques to study solutions of SDEs, in particular changing the drift via
absolutely continuous changes of measures, how solutions of SDEs change upon conditioning
and the concept of local time with its relation to stochastic calculus.
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1 Girsanov's theorem

Equivalence of measures in a filtered probability space, Girsanov transformation, applications of
Girsanov formula: Doob's transform, change of measure, weak solution to SDE via Girsanov.

Let (Q, %, (%) 0) be a filtered probability space with a right-continuous filtration and let P, Q two
probability measures on this space. Assume that Q « P and define the positive martingale

Zt::E[Hl%]a t>o’
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where H = j%g is the Randon-Nikodym derivative of Q to wrt. to PP, i.e. the unique random variable
HeL'(P) such that Q(A)=Ep(H1,).

Note that (Z,),s( is uniformly integrable and Z., =lim,_,..Z, = E[H|%.,] in L'(P) and a.s.

Bayes formula: if X € L'(Q) nL!(P) and X € &%, then for any > s

Boixi7) =LA g (1)

this is well defined when Z; > 0 and note that Q(Z;=0) = Ep[Z,1,0] =0.

Define T =inf {s>0:Z,=0} and recall that on T'< co we have that Z,=0 forall s > T, then Q(7 <o) =
Ep[Z717,-0] =0 and if P « Q we have also that P(7 <o0)=0so0 Z,>0 for all >0 P-a.s.

Remark 1. There is no reason in general that the martingale (Z;),>¢ is continuous. Think for example
to the filtration (%;),5( generated by a Poisson process (V;);>o.

We are going to assume all along that (Z;),»¢ is continuous and that P ~ Q.

Lemma 2. (X,);»o is a Q-martingale iff (Z;X,);s0 is a P-martingale. The same is true also for local
martingales.

Proof. We will prove only one of the directions. Assume tha ZX is a P-martingale, then by Bayes
formula (1) we have Eq[X/|¥,]=Z; 'Ep[ZX,|F,] =X, s0 (X,);>0is a martingale (check that indeed X,
is in L!'(Q) for any #>0). Assume now that the stopped process (ZX)” is a P-martingale for some
stopping time 7, moreover observe that for any A € ¥; we have for s <1,

EolX{ 141 =Ep[ZIX] 141 = Ep[Z;\ X! 14] = Eq[X/" 14]

(the first and last equality can be obtained by considering the partition 1 = 17+ 175, and the same
for t) so

EQ[XITLO};] :XST'

By localization if (XZ) is a P-local martingale this shows that X is a Q-local martingale. In this part
of the proof we just used that Q « PP but in order to prove the converse one has to use that P <« Q to
have Z,>0 always. m]



Assume that (X;),>0 is a continuous spositive local martingale which is almost surely X, >0 then we
can define the continuous local martingale

L =log(Xo) + fot X-ldx,

and note that (X;),>¢ is the solution to the SDE dX;=X,dL, and a solution Y to this equation is given by
1
Vi=exp(Li- 5111 | = £(L),

and by using Ito formula one can check that the process (¥,"'X;),s¢ is constant, therefore X, = X,Y,.
The process & (L) is called the stochastic exponential of the continuous local martingale L. Via the
stochastic exponential we can associate a continuous local martingale L to any continuous stricly
positive local martingale X.

So we can write Z,= & (L), (which defines L given Z).

Take (M;) >0 to be a P-local martingale and let M:=M- [L,M] then by Ito formula

d(ZM),=Z,dM,-MdZ, +d[Z,M],=ZdM,-MdZ,+d[Z,M],- Zd[L,M],=Z,dM,- M,dZ,

=0

where we used that [Z,M];= [Z,A7I ]; and that dZ,=Z,dL;. Therefore 7ZM is a P-local martingale and
by the previous lemma we have that M is a Q-local martingale. Therefore we proved that

Theorem 3. (Girsanov) Assume Q ~ P and define Z =€ (L) as above. Then if M is a P-local mar-

tingale, the process M:=M - [L,M] is a Q-local martingale. In particular since [M]=[M] we have
that if M is a Brownian motion then M is also a Brownian motion.

Remark 4. Note that L =L—[L] so we have
Z7' =exp(-Li+[L],/2) =exp(-L,~[L],/2) = (-L,)
and is easy to check that

E[@‘%] =7, 1>0.

So the relation between Q and P is simmetric, indeed M =M —[L,M]=M—-[L,M]and M =M - [ (-L),
M].



Remark 5. By Girsanov's theorem we see that equivalent measures agree on classifying a process as
a semimartingale. Indeed if X =X,+M +V is a P semimartingale then X is also a Q-semimartingale
with decomposition X =Xo+M +V where M =M - [L,M] and V=V + [L,M].

In many applications we have a measure P and a positive continuous martingale (Z,),»o with which
we can define a new measure QQ such that

dTPy: s I‘ZO

This is enough to define the measure Q on ¥, = V50 %,. If this is not the full ¥ then we can simply
let dQ =Z..dP where Z., =1lim,_,..Z, provided the martingale is uniformly integrable.
Note that Z is uniformly integrable iff Q < P.

However in many aplications we only have that (Z,),5( is a martingale but not uniformly integrable.
In that case we can apply Girsanov's theorem on any bounded interval [0, 7] so we can also deduce
that it extends to this situation.

Example 6. (Brownian motion with drift) Let y € R" and B to be a n-dimensional Brownian motion,
define the process L,= vy - B;

1 1
Z,:exp(L,—j[L]t):exp(y-Bt—§|Y|2t), t=>0,

is a strictly positive continuous local martingale and it defines a new measure Q on %, under which
the process

B*=Bf-[L,B*,,=B*—vy%, a=1,...,n,t>0,

is a Q-Brownian motion. So under Q the process B is Brownian motion with a drift y. The measure
Q is not absolutely continuous wrt. P. Indeed consider the event

eF

A:{lim

t—>oo

B+ vt
t}/:y}

for which we have (by the law of iterated log) Q(A) =1 while P(A) =0 unless y =0. And similarly
one shows that P, Q are singular. This is linked to the fact that (Z,), is not uniformly integrable.

2 Doob's transform

Let (X}, B;):>0 be the solution of an SDE with Markovian drift b: R, x R” - R” and diffusion coeffi-
cient 0: R, xR" - Z(R™ R") where B is the Brownian motion driving the SDE.



Let he C'2(R, xR™ R.) be a stricly positive function such that
(al+ $)h(t’x) = O’

for all € [0,1.] and x € R" where £ is the generator of the SDE, i.e. £=b-V + %Tr[aaTVZ]).

By Ito formula the process Z,:= h(t,X,) is a positive local martingale. Let us assume that (Z;)c(o,,] iS
a (true) martingale and that Zy=h(0, X,) =1 (this can be always arranged by normalizing /). Then we
can use the process (Z;); to define a new measure

dQ = Z[*d]P).

(If needed we can extend Z,=Z,_if t>t¢.). Note that by construction the process Z is continuous and
Zo=1.

By using Girsanov's theorem we know that the process
B=B-[B,L]

is a Q-Brownian motion where L is the only local martingale such that Z =% (L). Since dZ,=Z,dL,
we have that

ol (t, X)) Vh(t,X:)

4Z,=0 (1. X)TVh(t,X) -dB,  dL=Z;'dZ, ==~

-dB,=o"(t,X,)Vlogh(t,X,) -dB,
for t<t, and dZ,=0 if ¢t > t,. Therefore

dB,=dB,- o7 (1,X,)Vlogh(1,X,)dr,  t€]0,t.],
and dB,=dB, if r>1,. As consequence the process X solves now a new SDE (under Q)

dX,=[b(t,X;) + o (t,X;) 0T (t,X;)V1ogh(t,X,)]dt + o (1,X,)dB, te[0,t.]

N -
~"

b(t,X;)dt

with the same diffusion coeffient o but a new drift
b(t,x) =b(t,x) + Licior (00 Viogh) (t,x),  t>0,xeR".

This construction is called Doob's h-transform.

Exercise 1. Try to perform the same construction for a martingale problem, i.e. not relying on the process B but only
on X. I.e. starting from a measure P on the canonical path space C(R,; R") solving the martingale problem for £
construct a new measure Q which solves a new martingale problem with a modified drift as above.

Example 7. Take h(¢,x) = exp(}/ -x—%lylz) where y € R” and t > 0. Then the Doob's A-transformed
process of a Brownian motion with this funciton gives a Brownian motion with drift.



If (Z,), is only a martingale in an open interval I = [0, z,) with possibly 7, =+co. Then we can still
define Q on %, to be given by dQ|g := Z,dP|# and check that this gives a well-defined probability
measure on ¥, = V,»0%,. In this case is natural to restict all the measures to ¥, i.e. to require ¥, =
F.

Remark 8. We do not need to require that £ is positive everywhere (actually this will not be the
case in the applications). What we need is that the process Z, = h(t, X;) is a local martingale, i.e.
(0,+ £)h(t,X,) =0 a.s. and for almost every >0 and that Z, >0 almost surely. If & is not stricly
positive we can always define the stopping time 7 =inf {¢>0:Z, =0}, then the stopped process (Z;),»o
is a positive local martingale and some condition is needed to ensure that it is a martingale. Remember
that we require that Zy=1 and by construction (Z;),s( is continuous. In this setting one can perform
the Doob's transform up to the random stopping time 7. Note that under the measure Q we always
have T = +oo almost surely.

3 Diffusion bridges

We use now Doob's transform to describe the regular conditional law of a Markovian diffusion (X;),s0
conditioned on the event that X7 =y with 7 >0 and deterministic, and y € R"”. I will assume also that
Xo=x0. We need to assume that the process (X;),>o is a Markov process with transition density given
by

P(X,edx’|X,=x) =p(s,x;t,x")dx’, s<te[0,T],x,x" eR",
for some measurable and positive function p. Note that we cannot take s =¢ here. Recall that P (X, e
dy|X;=x) means the regular conditional probability kernel for the conditional law of X, given Xj.

Define now the function

y _pls,xT,y) n
h(s,x) '_p—(O,xo; T.y) se€[0,T),xe R".

Let Z):= h’(t, X,), this is non-negative process, and it is also a martingale, indeed by the Markov
property of X

E[Z)17,] = EIP (1 X)1%,] = EIR X)) = [ 1 (0x))pls. X 1,3 )dx”

1

— 7Y
_p<0’x0; T’y) R ZS

X T,y)
X tx ) ple, s T,y)de’ =28 )
TRy 35

by Chapman—Kolmogorov equations (the consistency condition for the transition density of a Markov
process).



We want to define a probability kernel (Q”),cr» on (£, %) such that they are the regular conditional
probabiliy of P given X7, that is they have to satisfy

P(A)=E[P(AXN]=E[Q¥(A)]= [ Q(AP(Xredy = [ Q(A)p0.x:T,ydy

forall Ae ¥ . Take A € ¥, for some s < T, by Markov property we have for any bounded measurable g,
E[Lig(Xp)]=E[L E[g(Xn)|%]1= E[L E[g(Xn X1 =E[ 1 [ g0)p(s. X T.y)dy ]

:fRng(y)E[lAp(s,Xs; T,)’)]dy

since

E[g(XpIX]= [ 80)p(s.X:T.y)dy.

This means that we have P (A|X7) =¢(X7) and we can take

p(s,Xs;T,y) ]
=B| 1t |
q90) [ A00,x0;T,y)

since we have proven that

Elq(Xr)g(Xr)]=E[1ag(Xr)] = fRn 8q(y) p(0,x0;T,y)dy.

As a consequence we can take

) o ( XS’Ty)
e Y el M

and have that y — Q” indentify a well-defined probability kernel on %_ since for any A € Fr_ the
function y+~ Q?(A) is measurable in y and for any y, Q” is a probability in A.

Remark 9. Is it possible with some care to extend Q- to the full %, but we refrain to do so here.
We have now the formula
P(AIX7) =Q¥(4), Ae%Fr..

I want now to describe better the measure Q” (at least up to time 7'), we observe that Q” is obtained
as the Doob's A-transform of P in the interval [0, T) with 2= h” function

v v PEXT,Y) n
h(s,x): 20,50 7.7) s€[0,T),xeR".



As a consequence we can show that the process X under Q” satisfies an SDE provided I can apply Ito
formula to 4”, that is I have to require that (s,x) = p(s,x;T,y) is C"2([0,T) xR"). Given that Doob's
transform give that X under Q” solves the new SDE (or an equivalent martingale problem)

dX,=b(t,X,)dt + oo Vlogh’(t,X,)dt + o (t,X,)dB;,  t€[0,T).

Is easy to see from specific examples that the function oo’ Vlog h¥(t,x) is singular when t # T

Exercise 2. Compute the SDE satisfied by a n-dimensional Brownian motion when we condition it to reach the point
yattime T > 0.

Observe that under QY we have that
YT - -
Q (ltlTl}]Xt—Z) =1,,.
for any y,z€ R". Observe also that

P(ltlTl}lX,:y) =P(Xr=y)=0
since X7 has density p(0,x0; T,-). So the measures Q” are all singular wrt. P.

4 Doob's transform/Conditioning

Last lecture: we described the law of a diffusion (X;),>¢ conditioned to reach a point y at a time 7.

More precisely, take P to be the law of a diffusion (X;),>0,. The goal was to identify the probability
kernel ye R"+— PYeII(€") such that we can disintegrate P as

IP(A):LR” PY(A)P(X;edy) = E[PX(4)], Ae&, )

where P (X7 € dy) represent the law of X7 under P. We define the law of X conditioned to reach a
point y at a time T as the law of X under P~. Being the event {X; =y} of zero probability for P in
general, this is a reasonable way to define this event. We see indeed that PX7(A) = E[1,X7].

We had to assume that the process (X;),>o is Markov wrt. the given filtration (%;),5¢ and that it has a
transition probability given by the density p(s,x;s’,x") so that
P(Xyedx'|X;=x) =p(s,x;s",x)dx’,  s<s’,x,x’ eR"

We can the introduce the martingale Z} = h*(t,X,) t € [0,T), given by

pt,x;T,y)

h}' t, = s
(2,%) p(0,x0;T,y)

te[0,7),



where we assume that X,=x,€ R" and that p(t,x;T,y) >0 for all x and € [0, T). (this can be obtained
by first conditioning on X, and then performing the construction). Usually p(t,x;T,y) is not well
defined when r— 7. E.g. in the case of Brownian motion one has

_vl2
p(tx;T,y) = <2”(T‘”)_d/zeXp(_zp(CTZ'r) )

Then one use this to construct the Doob's transformed measure P on %7_ by letting
dPg=2dP|g, t<[0,T).
And one can check that this definition satisfy (2) for A€ ¥;_. Now if A€o (X;:t>T) we have
P(A;) = E[E[14) %711 = E[E[1aX7]] = E[9"(X7)]
with ¢ (x) = E[14/X7=x]. So now consider also an event A; € ¢(X,:1< T). In this case we have
P(A1nAy) = E[14 E[14,|F7]] = E[1a,0"(Xr)] = | P(A)g™(y)P (X7 €dy).
Let assume that we have proven that

]P’y(ltiTanx,:x) =1,., xeR”,

then we can write

P(A1NAy) = | B[14,¢"(X7) P (X7 €dy).
R” _/

PY(A]NA
1NA2)

So this shows us that we can define
PY(A1NAy) =B [14,02(Xr) ] = B[ 14, ]0™2(y).

This defines PYin o (X,;:t<T)vo(X:t=2T)=0(X;:t>0). So P? can be used to define the conditional
law of X.

One can then show that if the process X satisfies the SDE
dX,=b(t,X,)dt+ o (t,X,)dB,, >0
then under P the process X satisfies the SDE (provided /”(t,x) is C'* for any < T)
dX,=[b(t,X;) + (co"Vlogh’) (t,X,)]dt + o (X;)dB,, t<T
and

dX,=b(t,X,)dt + o (X,)dB,,  t>T.



Recall that under P? we have X7_=Xr=y.

Remark 10. This approach can be exteded to condition a diffusion to reach a sequence of states yy,...,
ypat given times 71 < --- <T,.

5 Condition a diffusion to not leave a domain

Consider the following situation: we want to condition a one dimensional Brownian motion (B;);>( to
stay positive for all times 7 > 0. This event has probability zero (since eventually BM will visit zero
and by strong Markov property will have 1/2 probability to go negative + Borel-Cantelli). So the idea
is to use less singular conditioning to arrive to describe this event.

Assume By=x(>0. In this case the convenient thing to do is to fix R > x( and ask consider the stopping
time

Tr:=inf{r>0:B;&¢[0,R]}

and the event Eg:= {B7, = R}. Now we know that P(Eg) =xo/R € (0,1). We can then define the
conditional probability

P (AN Eg)

R —
P A =Py

and now we would like to send R — co and study the limit.
Let T, =inf{t > 0: B,=x}. We want to say that
{To=+00} = Ng>o{Br, = R}

note that (Eg)g is a descreasing sequence of events.

I want to describe PR, Let A € &,, observe that

PR(A) = P(ANER) _ E[1AE[1£l %] _ E[LAE[ 1751l Fsl] + B[ 1AE [ L1p<s Lad Fs]
P (Eg) P (Eg) P(ER)

_ E[1alze>sPx,(Er) ] + E[1aL1i<s Lpy=r]
P (Eg)

where P, (ER) is the probability of Er for a BM starting at x at time 0. Note that Py(ER) =0 and
Pr(Eg) =1 therefore setting

h(x) =P (ER) / Py (Eg) =x/xo

10



we have that
P*(A) = E[1417,552(By) ] + B[ 1a Lzt (Br) 1 = E[1ah(Byaz) .
Remember that we did this for any s >0 and A € ¥;. So
dP ¥z, = h(Bsz,)dPg..

If we take Zf=h(B;,7,) then (Zf),>0 is a non-negative martingale (indeed 0 < ZF < R).

We have to pay attention to the fact that Z* could touch zero and this happens at the stopping time T;.
After time Ty the process Z[ will stay in zero.

(Next lecture we continue)

Note that

t
ZR=8(L), L= L (logh) (B)dB,.

By Girsanov's theorem we have that under the measure P* the process B satisfy the SDE

ILISTR
B,

dB;= dr+dWw, >0,

where W is a PR-Brownian motion.

6 Conditioning Brownian motion to stay positive

(By)i>0 BM. R>0 T, :=inf{t>0:B,=x} and Sg:=Tr A Ty. By=x0€ (0,R). Note that P (7, < oo) =1 for
all xe R. We introduced the measure

Qf(A) =E(Lah(Bspsp)),  A€F,

with h(x) = x/xo. By Girsanov's theorem we have that under Q¥ (B,),s( solves the SDE

Li<seg, | dw,, >0

dB[ = Bt

11



where W is a Q® Brownian motion. Important observation
Q¥ (Ty< Tr) = E (1< (Bs,)) = E(Lyy<rih (Br,)) =0

so under Q® we will never touch 0 before R and therefore under Q% we have S = T almost surely
and that B, >0 for all t€ [0, T].

Now we want to take the limit R — co. Observe that if A € Fr, then Q®(A) = QX' (A) for any R’ >R
since Tz > T and

Eqw[1a] = Ep[1ah(Brpasg)] = Bp[LaE[h(Brpase ) | Frp]] = Ep[ 1ah(Briase) 1 = Eqr[1al.

Thefore for any R >0 and A € %7, we can define a measure Q by letting Q(A) := limeﬁooQR’(A).
Therefore the measure is well defined on Vg %7,. Observe that limg_,..Q (T <) =0 by continuity of
B. For any A € ¥, we can define Q(A) :=limg_,Q (A, T >s) and check that it is the unique extension
of Q which is consistent with it on Vg %r,.

Under Q the process B satisfies the SDE
1
dB,=—4-dt+dW,, t=0.
B,

Therefore we discovered that under Q the process B satisfies the SDE defining the Bessel process R
of dimension d = 3:

th:%R%deWt, t>0.

Recall that the Bessel process R, =|X/| is defined as the modulus of a d-dimensiona Brownian motion
(Xt)t>0-

Theorem 11. The law of a one dimensional Brownian motion conditioned never to hit zero is the same
as the law of the modulus of a 3d Brownian motion.

From this identification we can derive the corollary that the BM conditioned not to hit zero is transient
and go to infinity with probability 1.

7 Condition a diffusion not to leave a domain

In the previous argument we relien on many properties of the problem (i.e. Brownian motion, one
dimension). We would like now to sketch how to solve the conditioning problem for more general
processes and more general domains. We will not give all the details or all the necessary assumptions.

Assume (X;),>o is a Markov diffusion process in R (think to the solution of an SDE with nice coef-
ficients) and let DC R?be a open, connected domain and bounded and let Tp=inf{r>0: X, ¢ D}. Let
PP, be the law of the Markov process starting from x € R? and let % the generator of the process.

12



Let us assume that P (tp < oo) =1. If we want to force the process to stay in D forever we are asking
something which has probability 0 under P. So we start by approximating the event we want and
just ask that the process stay in D up to time 7 >0 and define Q7 as the corresponding conditional
probability:

+ o Eu[lalepr]
QA="gm, ]

By reasoning as in the previous example we obtain the formula: for any A€ ¥, and s<T

_ Exo[ 14 gT_S<XS/\TD) ]
g7 (xo)

Q"(A) =E[1aZ/]

where
8" (x):=Ei[Lopsr].

The formula follows by a simple application of the Markov property. It also holds that Z[ :=
2775 (Xynzp) / g7 (x0) is a martingale up to time T and ZJ = 1. Note that we have Q7 (tp<T) =0
so the process X will never hit the boundary before 7 under Q7. We will assume that (T, x) -
g7 (x) is C'?, under this condition we can perform Doob's transformation and deduce that if under
PP the process X satisfies the SDE

dX,=b(t,X,)dt+ o (t,X;)dW,
then under Q7 it will satisfy the SDE (we denote here o (2, X,)* the transpose of o (¢,X;))

Vg'(Xy)

dX,=b(t,X,)dt + o (1, X, t,X)*
t (¢, X:) o(t,X;)o(t,X;) o7 (X))

dr+o(t,X,)dW,”,  1€[0,T]
provided g’(x) >0 for all >0 and x € D. Note that g7 (x) =0 if x€ 0D. To take T — o in this SDE is
now a bit more difficult that in the BM case because the drift depends on 7" (and therefore the Brow-
nian motion W7 depends on T). So assumptions have to be made and essentially the most important
is to require that the existence of the limit
Vg’ (x)
T gT(x)

13



and moreover that it is given by

. Vg'(x)  Vegolx)
TILHC}O gl (x)  @olx)

where ¢ is the eigenfunction of (-%) with Dirichlet boundary conditions on D and with lowest
eigenvalue Ao>0. The idea is that the function g (x) for T — co has the asymptotic expansion

g7 (x) =e T go(x) +o(e™T)
uniformly in x € D and the same for the derivative Vg’ (x). Moreover note that the function g if it is
C'"*(R, xD)n C(D) then it is a solution to the parabolic PDE

08" (x)=%g"(x), xeD,
g'(x)=0, xeoD.

In order to be sure that these conditions are met one has to make more precise assumptions on b, ¢ and
on D.

-Epo= Lopo

and ¢(x) =0 for xe dD and ¢((x) >0 for xe D.

In this setting one can prove that the family (Q7)7., weakly convergence to a measure Q such that
the process X is a weak solution to the SDE
dX;=b(t,X,)dt+ o (t,X;) a(t,Xt)*%dH o (t,X;)dW, te[0,T].
0\Ar
So in general one can expect that a diffusion conditioned to stay inside a given domain satisfy this
SDE as soon as we can solve the Dirichlet problem and the solution is suitably regular.

For details see the work of Pisky on Annals of Probability ('80).

Remark 12. This approach cannot be directly used for conditioning BM to stay positive because in
this case the function g (x) does not decay exponentially in T as T — co. The Brownian motion can
stay away from zero by going very far out, and this happens with algebraically decaying probability.

Example 13. Take (X;),>( to be Brownian motion in d =1 and D= (0, L). In this case we can make
even precise the above discussion. However the conclusion is that if we condition the BM to stay in
D forever it will statisfy the SDE

Vpo(Xr)
dX,=————=dr+dW,, t=0
T po(X) !

where ¢ is the lowest eigenfunction of —A with zero b.c. on [0, L], namely ¢ =sin(sx/L). The
eigenvalue Ay= (o1 / L)? describe the exponential decay of the probability P,(tp>T) = e *Tp((x).
Therefore we have

_arcos(rX:/L)

L
=T sin(xX, Dy tdwin 120
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Now if we take (formally) the limit L — oo we have
dX,:ideW,, t=0.
X

as we expect from our previous computations for the BM conditioned to stay positive.

Example 14. (Brownian motion in the Weyl chamber) Let X = (X',...,X") be a family of 7 indepen-
dent one dimensional BMs and let S = {x€ R% x! <x?< --- <x"} (Weyl chamber) and take x, € S and
Xo=xp0. I want to condition X to stay inside S. Consider the function

h(x) = —
Hi<j (x{)_xlO)

xes

which is strictly positive in S and 0 on the boundary of S. One can check that this function is harmonic
inS,i.e. (~Agrn)h(x)=0 where Agnis the Laplacian in R” which is the generator of X. Assuming that
this is the relevant eigenfunction for describing the conditioning, we get that X conditioned to stay in
S solves the SDE

) 1 4
Xm:Z ——dr+dW/,  1>0.

TR

Some comments about Exercise 2 in Sheet 5. Brownian bridge: BM conditioned to reach a point at a
given time. E.g. ye R attime 7= 1. Two ways to construct it. Let (X;), be a Brownian motionind =1

a) Gaussian approach: define the process
X=X +1(Xi-y),

and show that X, X” are independent (via computation of the covariance). So the law p” of X
is the law of the BM conditioned to arrive in y at time 1.

wWdw)=PXedw|X,=1)

(we use the fact that BM is a Gaussian process). This method can be used for other Gaussian
processes.

b) SDE/Markovian approach (following the method in the lecture) (we use that BM is a Markov
process with known transition density, the method works for a large class of Markov processes).
The canonical process Y under the conditional law g satisfies the SDE

Yi—y
t<1 l—t

d¥,=-1 dr+dB,

The two descriptions have to agree. Indeed note that Y is a Gaussian process (since the SDE is linear):

think how to prove it and then check that covariance and mean agree. But of course the construction
itself shows that the law of Y and the law of X” agree.

15



Note that (X;');c[0.17 is not adapted to the filtratrion ¥ X of (X,);s0 but it is adapted to the “enlarged
filtration” %6,:= F*v o (X,).

If we consider the process (X;");c[0.1; With respect to its own filtration (%,),5o (which is smaller than
(96,),) then by considering the associated martingale problem and using point b) we deduce that there
should exists a Brownian motion B on the same probability space (since o (x) >0 and we are in one
dimension, so our simplified argument given at the beginning of the course works) such that

y_ ~
X} = —IL,<1—X1’ —dr+dB,

This means that (X}'),; is a semimartingale and if we can determine the drift of X;” (by some statistical
procedure) we can infer the point y (if we know that it is a BM conditioned to arrive somewhere at
time 1). At the same time the BM (B) contains the “new information” which cannot be predicted by
observing the process (and so it is martingale).

So enlarging the filtration by adding the observation o (X;) to all the o-fields transforms the BM into
the Brownian Bridge above, however it still remains a semimartingale.

There is a whole subfield of stochastic analysis which try to understand how stochastic processes
change when enlarging the filtrations (problem of enlargement of filtrations).

8 General change of drift

We want now use Girsanov transform to create new processes starting from known ones in more
general ways than Doob's transform allows.

For any continuous local martingale (L,),>o and a probability measure P on a filtered space (Q, ¥,
(%#)>0) we can consider the new measure

dQL=%(L)..dP

provided E[%(L)] =1. In this case one can show that (€ (L),);>o is a martingale and the Girsanov
theorem tells us that

M,=M,-[L,M],, >0

is a continuous local Q-martingale for any local P-martingale M.

So a key point here is how we check that
1
E[%(L).]=E|exp( Lu-5lL1. ) |- 1.
in practice indeed is not obvious how to estimate the local martingale L., appearing there.
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Example 15. To keep in mind a useful example one could think that (X;),»¢is a P-BM in R” and that
we are given a vector field b: R, x R” - R” measurable and let

tINT
L= fo b(s.X,)dX

for some T which can be finite or not and maybe a stopping time. In this case we have
E[(L).]=E "b(s, X)X, [ (s, X,)Pd
(5L =E|exp( [ bsXodX,-5 [ b5 X0Pds ) |

In order to estimate this kind of quantities and establish that (€ (L),),>o is a martingale it is useful to
consider Novikov's condition.

Observe that (€ (L),) >0 is always a positive local-martingale and is supermartingale (by a Fatou argu-
ment) so the point is to show that E[%(L).]> 1 since we know that E[&(L)..] < 1.

If you recall the example of the BM with drift in that case one would indeed have & (L).. =0 a.s.

Novikov condition (in the form given to it by Krylov) is a sufficient criterion to ensure that E[& (L) ] =
1.

Theorem 16. (Novikov-Krylov's condition) Let L be a local martingale starting at 0 and assume that
lim ¢lo ]E[ex (1_—8[L] )] =0
1m elog P\ w ||=

then E[&(L)~]=1. In particular this holds if (this is usually called Novikov's condition)
1
E [exp(z[L]oo) ] < oo,

Remark 17. This is not a necessary conditions, it does not care of the sign of L but there are examples
where E[€ (L) ]=1but E[&(-L).]<1. A finer condition is Kazamaki condition, which reads
Elexp(Le/2)] <00

but this is not easy to check usually since there are not many ways to estimate the exponential of a
stochastic integral. To see that Kazamaki is finer than Novikov, observe that

E[exp(Le/2)]=Elexp(Le/2-[L]w/4) exp([L]w/4)]
=B[E(L) exp([L]/4)]
<E[E(L)~]"?Elexp([L]«/2)]'"
<E[exp([L]~/2)]"?

where we used Holder and the fact that E[£(L) ] < 1. In particular, if E[exp([L]./2)] is finite, then
so must be E[exp(L«/2)], while the converse is not necessarily true.

17



Example 18. Continuing Example 15. Novikov's condition reads

E[exp(% [ |b<s,Xs>|2ds)] <.

It is not difficult to show by using the Markov property of the Brownian motion and the assumption
that b is of linear growth, i.e. that there exists a constant C < oo such that

b(t,x)P<CA+1P), xeR™%1>0,

that Novikov's condition is in this case satisfied. Take T >0 to be a deterministic time. Then we can
defined the measure Q7 as above and under Q7 the process

~ tNT
x,:xt-fo b(X,)ds, 120

is a Q7 Brownian motion. (pay attention that this equation is for R”-valued processes). Now the
family of measures (Q7, #7),s¢ is a consistent family and therefore it admits a unique extension Q
to ¥ = Vvr¥7. This happens because the process (€ (L),),>o with

t
L= | b(s.X,)dX,

is a martingale for ¢ > 0 excluding ¢ = co (is not uniformly integrable in general). Under Q* we have
that X satisfy the SDE

dX,=b(X,)dt +dB, t=0.

for some Q *-Brownian motion B.

Remark 19. (Another Novikov-type condition) In some situations (including Example 18 above),
it is useful to apply the following criterion (see Exercise 1.40 from Revuz-Yor), instead of trying to
verify Novikov directly.

Let B be a Brownian motion, H a predictable process and T > 0 fixed; assume that there exist constants
a,c >0 such that E[exp(a|H,*)]<c for all t€ [0,T]. Then for L,:= fOtHs -dB, it holds

E[E(L)r]=1.

Examples of such H include H,=b(B;) for b of linear growth as above, but also any Gaussian process
(e.g. H=B BM independent of B).

Theorem 20. If b is of linear growth uniformly in time then there exists a weak solution to the SDE
in R"

18



We can apply the same method to more general equations. Starting from the solution of an SDE of
the form

dX,=b(X)dt+ o (X;)dB, =0

and performing the change of drift to a new measure Q given by the density (€ (L),);>o wrt. P with
t
L= | e(X,)dB,

(assuming (& (L),);>o is a martingale) we obtain that under Q the process X is the solution of the SDE
(B=B,- [, c(X,)ds)

dX, = (b(X,) + o (X,)c(X,))dt + o (X,)dB,  t>0.

So we can change the drift only in directions belonging to the image of o (x).

This observation has application in coupling of diffusions.

Exercise 3. Think about how to perform this change of drift in a martingale problem formulation. (the difficulty
is that the is no B in view in the martingale problem). Here is meant without going thru the SDE formulation of
martingale problem.

Proof. (of Novikov's condition, via Krylov's proof) The goal is to prove that E[&(L).] =1 and by
Fatou and a stopping time argument it is enough to check that E[& (L)] > 1.

We start by observing that by Holder's inequality

E[€((1-¢)L)] = E(exp[(l—g)(Loo—%[L]oo)]exp[g<12_8) [L]OOD

<{E(exp[p(l _8)(L°°_%[L]°°)])}l/p{E(exp[qg(lz_g) [L]m])}”"
(ol efen{ 520

BB (exp| S52HLL )
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Now we are in good shape because we just need to control L multiplied with a coeflicient less than 1.
Therefore is enough to show that E[&((1-¢)L).] =1 given that we know by assumption that

i {o{en] 5201 1.

Now we use again the Holder trick and try to prove that € ((1-¢)L). € L? for some p > 1 because in
this case I can prove (by localization) that (€ ((1—-¢&)L);),>0 is a uniformly integrable martingale and
therefore that E[&((1-¢)L).]=1. So take some p > 1 and observe that (to be done rigorously via a
localizing sequence L")

ELE((1-2)L1%] =E|exp( p(1 - 2) Lo - 3p(1- 20211 ) |

one can now apply Holder to split again this expectation into the form

<(E[6XP(P/P(1 —-£) (Loo—%[L]oo))Dl/p,(E[exp(q'@[L]m)Dl/q,

take p” so that p’p(1-¢) =1 and observe that (thinking about localization we have E[&(L).]=1)

<(]E[exp(q’c<p2’g) [L]m)])l/q/

and now one check that all the coefficients are such there exists an &’ € (0, 1) (for suitable choice of p
and sufficiently small & > 0) such that

,e(pe) _1-¢
1I—5 S

which implies

1-¢’ V'
]E[%((l—g)L)’;K(]E exp( 5 [L]OO”) .

1-¢
2

Using again our assumption we know that ]E[exp( [L]oo)] < oo for all ¢’ >0 so this allow to

conclude that
E[&((1-¢g)L)%] <0

and this finish the proof the theorem. ]
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Next lecture: uniqueness in law via Girsanov's theorem and maybe the Brownian martingale represen-
tation theorem.

9 Uniqueness in law via Girsanov's theorem

Consider the SDE in R” with initial condition Xo=xo€ R"
dX,=b(t,X,)dr+dB,, =20

where b: R, x R” - R" is a measurable time-dependent vector field. We are going to assume that
T
[, 1bs.X)Pds<+o0,  as. forall T>0. 3)

The goal is to show that under this condition all weak solutions of the SDE have the same law, in other
words we want to establish uniqueness in law.

We are going to use Girsanov's transformation to remove the drift by absorbing it into the Brownian
motion B.

Assume therefore to be given a weak solution (X, B). Define the increasing sequence of stopping
times

T,:= inf{t >0: fot |b(s,X,)|”ds > n}

By assumption we have that T, - oo a.s. when n — oo by (3). Then we can define a new measure Q"

CL%” :exp<—fornb(s,X )dB, ——f 2ds)

so that the process

B,=B,—[L.B],=B,+ fOT"“ b(s.X,)ds

is a Q" Brownian motion. In particular up to the random time t, we have X, = Bt So (X))se[0.z,11s a
Brownian motion (in the sense that the stopped process X ™ has the law of a Brownian motion stopped
at a stopping time).
Let now Ar€ B(€"x €") such that {(X,B) € Ay} € Fr then

E []l(XB eATILT<T,,] EQ"[IL(XB EAT]lT<T,,eXp(f b(s,X;)dB;+ 2f 1b(s,X )|2ds)]

Tn 1 rt
:EQ"[IL(X,B)EAT]ITST;;eXp(fo b(saxs)dXs_i 0 |b(S7Xs)|2dS):|
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Moreover note that B is an adapted function of X (by the SDE) so B=® (X) where ®: " - €" is some
measurable and adapted functional (recall that €"=C(R,; R")). We write also 7, =7,(X) to stress
that it is a given measurable function 7,: €" - R, U {+00} of X. Therefore

Fa(X) 1 %X )
IE]P’[]I(X,B)EATILTST,,] :EQ"[1(X,<I>(X))eAT]1T<f,,(X)eXP(fo b(S,Xs)dXs—§f0 1b(s,X;)l ds)]

Fa(X) 1 &0 )
~Eq| Lovsoen IreroBor|exp( ;7 bls. X0aX=5 [ bts. X Pas ) 7 |
Tn(X)AT 1 Tn(X)AT 2
Z]EQ"[ﬂ<x,d><X>>eArﬂrsfn<X>eXP(fo b(S7Xs)dXs_§fo b(s, X;)l dS)]

T 17T 5
[, Lwswnenrenwexs [ bsodo— [ b 00 Pds W (o),

where W is the law of a R” valued Brownian motion (i.e. the Wiener measure). So we proved that
the probability P ((X,B) € A7, T < t,) can be expressed independently of the given weak solution and
therefore if (X',B!,P!) and (X2, B?, P?) are two weak solutions of the SDE then

P'(X',B")€Ar, T<T,(X")=P*((X*B*) €Ar,T<T,(X?)) “4)
moreover if both these weak solutions satisfy the assumptions on the drift we have that
P'(lim#,(X") = o0 ) = P2(lim,(X?) =0 ) = 1
we can take the limit n — oo in (4) and conclude that for any 77> 0 and A7 given as above we have
P'(X'.B") € Ar) =P*((X*,B*) € Ar)
which implies uniqueness in law since we can also take T — oo to have that
P'(X',B")eA)=P*((X%,B* €A)

forany Aec B(€"x€").

So we proved that

Theorem 21. The SDE in R"
dXt:b(t,Xt)dt+dBt, t>0

where b: R, x R" - R" is a measurable time-dependent vector field has uniquess in law in the class
of weak solutions which satisfy

T
fo 1b(s,X,)’ds < +o0, a.s. forall T >0. &)

In particular, if b is bounded then we have (unconditional) uniqueness in law for the SDE.

Remark 22. The conclusion of Theorem 21 regarding unconditional uniquess also covers the case
of drifts with linear growth (which, combined with Theorem 20, provides a complete result on weak
existence and uniqueness in law for the SDE in this case).
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We can in fact prove much more: if X is a solution to the SDE, then
t
X, <ol + [, 1b(s,X,) ds + |B
t
<beol+ Cr+C [ 1X,/ds + 1B

t
gcf |Xs|ds+(|x0|+CT+ sup |B,|) Vte[0,T]
0 t€[0,T]

An application of Gronwall's lemma then allows to deduce the pathwise estimate (namely valid for
a.e. fixed w e Q)

sup IXl(w)lgeCT(le|+CT+ sup IB,(w)I) YT >0.
te[0,T] te[0,T]

Since for any p€[1, c0) it holds E[sup;e[o,7]|B/"] < oo (e.g. apply Doob's inequality, or the reflection
principle), we conclude that

]E[ sup |X,|"]<oo VT < oo, pe[l, o)
1€[0,7]

which in particular implies a.s. finiteness of f OT |b(s, X,)|>ds (and a lot more).

Exercise 4. Prove that, under the conditions of Theorem 21, the unique weak solution X is a Markov process.

Remark 23. The proof of Theorem 21 works also if b: R, x €" — R" such that (b(t,X;)) >0 is adapted
to the filtration generated by X. In this more general context the solution of the SDE it not a Markov
process anymore.

Remark that from the proof we have the representation formula

T 1 ¢T 5
EelLise ren] = [ Loswneadrenwexp( [ bls.o)do=5 [ b(s,0)fds | W (do)

Recalling that the exponential term is integrable (it holds E[£(L)r] <1, since £(L) is a supermartin-
gale), we can take by dominated convergence the limit n — co and obtain that

T 17T )
P(X.BI EAD = [ Lwswnenexn( [ bl wddo=5 [ bls. w0 Pds | W (do).

In particular one has the explicit representation formula (path integral formula)
T 1¢T s
Pxean=[, Loevess( [ (b 00.do)m—5 [ b5, 0)feds | W (do) ©)
forany Ar€o(w,;:t€[0,T]) CB(E").

It could be tempting to try to use the formula (6) to simulate a diffusion, indeed by Monte-Carlo
methods one could take independent samples (B*¥);cy of a Brownian motion and observe that by the
law of large numbers one has

N
1 T 17
P(X €Ay) = lim N,; ILBmeATeXp( fo <b(s,B§k>),dls;k))Rn—7 fo Ib(s,BS(k))I%{nds)

N—- oo
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the appeal of this method would be that it is very easy to simulate an (approximate) Brownian motion
(i.e. via the Levy construction). Unfortunately is not easy to have a robust approximation of the
stochastic integral in the exponent: i.e. if one try to replace it by Riemann sums then the resulting
object converge very slowly to its “real value” and moreover it show very wild oscillations due to
the fact that the exponential function “amplifies” very large positive fluctuations of its argument (all
these problems are “similar” or “of the same nature” of the subtleties related to the integrability of the
stochastic exponential € (L)).

A particular situation which is quite nice is when b(x) =-VV (x) with a sufficiently smooth function
V. Indeed in this case we have, by Ito formula on the canonical space " with the Wiener measure W :

T 1¢T
Viwg) = V(wo) +f0 VV(a)S)da)s+§J-0 AV (w,)ds

provided V € C*(R") so that by “integrating by parts” we have

xp( [ (b0, d0ze =3 [ bio)hds) =exp( = [ TViwdo,~ 3] 9V (s, 0P )

1T
—exp( Voo =Vior —5 [ (VV(0)F-AV(w))ds )| =@ (0)

and the stochastic integral disappear from the exponent. This make the numerical method more stable
since now the functional ®: €" — R, is easily seen to be continuous in the uniform topology on €.

The formula

P(XeAr) = f%n ]lweATeXp(V(wo) -V(wr) —% OT (IVV(Q)S)P—AV(a)s))ds)W(dw)

can be also used to understand other properties of the solutions X of the SDE. Take for example Xy=x
(call P, the law of the associated solution to the SDE) and f: R"” - R and observe that

EfXi) = [ flonexs(Vien =Viwn -5 [ TV - AV(e))ds | Wido)

where W, is the Wiener measure starting from x, i.e. with wy=x almost surely. So we can express
the transition kernel P of the time-homogeneous markov process (X;) as

T
(Pof) @) =Bl F X)) = [, f(omexp( Viwn) -Vion =5 [ (VV(@)P=AV(0))ds | W(do),
|[(Prf) ()< [l fe ™V lowe "™ eXp(—%IT inf (IVV(x)IZ—AV(x))ds).

0 xeRn
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So for example, if inf,cr~(|VV(x)?=AV(x)) >2a >0 then we have the exponential decay

e NP ()< e felloos
in other words
le™ (Pif)lle <e T fe™" |-

Exercise 5. Using the path-integral formula show that for any two bounded functions f, g and under appropriate
conditions on V:

f (Prf) (x)g(x)e >V Wdx = ff(X)(PTg) (x)e~2V¥dx

=2V(x)

which shows that Py is symmetric wrt. the measure e dx and taking g = 1 show that e2V*)dx properly normal-

ized is an invariant measure for the SDE

dX,=-VV(X,)dt+dB,,

meaning that if X is taken with probability distribution oce=2V*)dx then

Elf(Xo)1=E[f(X7)],

forall 7>0.

Remark on Ex 3 of Sheet 6:

Note the relevant Hilbert space is L*(R") where

[ O Vagrdx= [ V07 g(dx

soV,=-V,

H(A) f=IV—iAPf+Vf =) (Va=iA,)*(Vo—iA,) f +Vf

a=1

_Z( V, +iA,) Ay) f = Z( Vo Vof +iVy(Adf) +iAgVof + AZf)
=—Af+2A-Vf+ i (V-A) +IAP) f

From the rep. formula by using Jensen's inequality and taking y >0

(e Wy) (x)| < (€77 Oyp) (x)

W (t.x) =) e @ po)pu(x) = e o, o) po(x) + e e EEN g, yi) g, (x)

n=0 n
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Suggestion: take y to be the lowest eigenfunction of either H(A) or H(0).

10 Ito—-Tanaka formula and local times of semimartingales

We want to extend Ito formula to functions which are not C2.
Let X be a (one-dimensional) semimartingale and f: R - R a convex function.

Recall that for f convex there always exists f (the derivative from the left) and it is an increasing
function.

Let p € C*(R) which is compactly supported on {x <0}, for example in (-1,0) and define

Sn(x) = nf p(ny) f(x+y)dy

which is a smooth function such that f, - f pointwise and for which f;, (x) 7 f/(x). By Ito formula

106 = £Xo) + [ (X)X, + AT

with Af:= fot fir'(X,)d[X], a continuous, increasing process. Eventually by using stopping times we
can localize the problem so that £’ is bounded, morover we note that by Doob's inequality we have
(where X =M +V is the decomposition of the semimartingale)

2

B <E[|[, (0 -£/0x)am,

sup [ (/060 = £/ X a,

te[0,T

|
<EB[ [ (/0 - £/ (x)dim),] 50

by dominated convergence (again maybe put a stopping time to guarantee boundedness). This shows
that in probability and uniformly on compact sets (in #)

[ rixgams [ fox)am,
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On the hand, always by dominated convergence (decomposing the finite measure dV; into positive and
negative parts)

[ rrxoavis [ rxav,

We can conclude that we have the following lemma

Lemma 24. If X is a continuous semimartingale and f a convex function, then there exists a contin-
uous increasing process (Al), such that

t ., 1
FX)=f(Xo) + | f X)X+ 54l 130,

We now can take f(x) nice and simple convex functions like [x—al, (x—a), where (x),=(xA0) and
(x)-:=(=x)4. As a corollary of the previous lemma we then have

Theorem 25. (Tanaka's formula) For any a€ R there exists a continuous increasing process (L{') >0
such that

t
X,—al=IXo-al + [ sen(X,~a)dX, +L{

, 1
(Xi—a),=(Xo—a)++ IO ]lX&>adXs + 7[4?

, 1
(Xi=a)-= (Xo=a) = | TxcadX; +5Lf

where sgn(x) = 1,50— Lo

Remark 26. This proves in particular that |X,—al, (X;—a), are semimartingales. The process (L{);>o
it is called the local time of X at a.

Proof. Each of the formulas derives from the previous lemma by computing the left derivative of the
various convex functions. The missing point is to identify the various increasing processes AS€"~4),
A4+ A9~ Note that

! 1 —a X—a)-
Xi—a=(X-a) ;= (X=a)-=Xo=a+ [ (Lxa+ Lo dX, + 5 (AP AF™))

N—————
=1

so we have

d 1 —a)+ X—a)- X—a)+ X—a)- a
0=X,~Xo= [ dX, =5 (AP = AF=) = AP~ = AP =L,
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Moreover

d 1 —a X—a)-
Xi—al= (Xi=a). + (X;=a)-+ | (Lysa—Lyca)dX,+ 5 (A7 + A7)

N J

=sgn(Xs—a) ‘Ltf

The increasing process (L{);so is associated with a measure dL{ on R, (times) which represents the
time the process X “spent” in a up to time . We are going to make this precise in the following.

By Ito formula wrt. the semimartingale (|1X;—a|);>0 (With X =M +V)
2 2 2 d !
(Xi—a) = (1X;—al)*= (I1Xo—al) +2f0 IXs—aISgn(Xs—a)dXﬁZfo IXs—aldL§ + [|X.—al];

t t t
:(xo-a)2+2f0 (Xs—a)dXS+2f0 |Xs—a|dL§‘+f sen(X,—a)2d[M],

’ =1

And by comparing with the standard Ito formula
t
(Xi—a)*= (Xo-a)*+2 [ (X,—a)dX,+ [X],

=[M],
we conclude that

t
fo X,—aldLe=0, 130

which proves that the measure (dL),s is supported in the (random) set {s € R: X, =a} of times. The
process L increases only when the process X visits a (in general this will be a “fractal-like” and with
zero Lebesgue measure).

For Brownian motion is it true (we will not prove it) that the set {s € R: X;=a} is the support of the
measure (Lf);>.

Theorem 27. (Ito-Tanaka formula) If f is the difference of two convex functions and X a continuous
semimartingale, then

_ ) 1 ar’’
fX) =X+ [ /XX +5 [ Lif” (da)
and in particular (f(X;))so is a semimartingale.

In this formula f’’/(da) denotes the measure associated to the second derivative of a convex function
(and therefore of a difference of two convex functions, by linearity).
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Recall that for any convex function f we have the formula

f(x):a+ﬁx+%f x—alf” (da), xeR
and

£ ()= /3%{ sen(x—a)f”(da), xeR

for some a, € R and "’ (da) is the measure associated to the increasing function ( £/ (x))xer (convex
functions are those functions whose second distributional derivative is a positive Radon measure).

The idea is that

d
alx—al =26(x—a)
which justify intuitively the 1/2 in the formula.

Proof. We can write

1 144
fX)=a+ pXi+5 [ 1X-alf” (da)

by Tanaka's formula
%0 =a+ pXo+ p aXor o [ Xo=als” da) + 5 [ ([ sen(x-a)ax,) £ (da)
1 ’’
+3 [ Lif" (da)

Note that this computation makes sense since the stochastic integral [ Ot sgn(X;—a)dX;is a measurable
function of a, more precisely (see the relevant exercise in Sheet 7) the function

(a1, ) > (f(: sen(X,-a)dX, ) (o)

is a measurable function on B(R) ® P (& is the previsible ¢ field on R, x Q) and also a (stochastic)
Fubini theorem applies so that

[ ([ senx.-ardx,) £ da) = [ ([ sen(X,~a) " (da) )X,
Moreover we note that
B[ axir o[ ([ sen(x—a) £ (da) Jax,= [ 1 (xax,
which completes the proof. 0
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Corollary 28. (Occupation-time formula) There is a P-negligible set N outside which for any t >0
and any positive Borel function g: R - R, we have

[ exydrx) = [ gta)Lida.

Remark 29. The measure d[X ], can be understood as some “intrinsic” time of the semimartingale.
In particular, for Brownian motion X we have d[X];=ds and if we take g(x) = 1,c4 for some set
A€ B(R) we have

t
Leb({s€[0,1]:X,€A}) = fo Ly.cads= L Lida.
In this sense L{da represents the time spent by X in the infinitesimal neighborhood a + da.

Proof. For any g: R - R, we can find a convex function f such that "’ =g, i.e. we can take '’ (da) =
g(a)da in the formula above. By Tanaka's formula we then have

t , 1
F(X)=f(Xo) + fo F X)X+ 5[ g@lida.  P-as.

Take a countable family (g,),>o of compactly supported continuous functions which is dense in Cy(R)
and consider now f, so that f,’ = g,, note that f, € C> and f, _= f,,. = f,. 1 have now both Ito-
Tanaka's formula and Ito formula (note that f, is the difference of two convex functions)

t 1 rt
X0 = FuXo) + | £ (X)aXs+5 [ ga(X)dIXT,.  P-as.
So by comparing these two formulas we have
t
Gign = [ gal@Lida= | gu(X)dIX).  P-as.

This equality holds a.s. for any g, and one can choose a P-negligible set /" such that the equalities
holds simultaneously for all n and all 7 > 0 (since the quantity €;(g,) is continuous in time and therefore
can be detemined by looking to a dense set of times (#;)y).

One note now that for any 7 > 0, the functional ¢, is a positive linear functional on Cy(R) which is
continuous in the uniform norm on Cy(R) so can be extended by continuity to all functions in Cyp(R)
and by a monotone class argument to all Borel positive functions. ]

Thursday no lecture.
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Next lecture on tuesday: we prove that a~ L{ is cadlag and that there is a formula of the form

a : 1 !
L =lim— jo Lx.cqaase)d[X];

and for X a martingale

1

t
Li= I;E)l %J‘O ]lXxe(a—s,avL.s)d[X]s-

We continue to discuss some properties of local time of Brownian motion and reflected Brownian
motion.

11 Regularity of local times and reflected Brownian motion,
Takana's SDE

We want to look at a L{ where L{ is the local time in a of a semimartingale X.

Recall the occupation time formula
t
[ oxpdixy,= [ poLide
forall #>0 and ¢: R —» R, positive bounded Borel function.

Remark 30. Note that using this formula one can prove that Ito formula extends to any f such that
£’ is locally integrable with respect to the Lebesgue measure, i.e.

t 1
FX) =1 o)+ [ XdX,+ 5 [ f7 (0 Lidx
Observe that
4 4 y 144
Fr@-f'm=[ 1@
so f’ is of bounded variation and, by dominated convergence, continuous.

So far we know only that a~ L{ is measurable in a. Denote X =M +V

Tanaka's formula give
t t
L8 =2 (Xi-a), - (Xo=a) = [ TxmadM,= [ 1ymudVy]
Define

A t
M = fo Ly.sodM,
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We want to apply Kolmogorov's continuity theorem to a € R (]\;I,“ )eero.r] € C([0,T]; R) seen as
a random variable with values on Cr = C([0,T]; R) with norm | f|l¢c, = sup;ejo.r)llf (¢)ll. Recall that
Kolmogorov's continuity theorem states that a stochastic process Y: R — 98 has a continuous version
if

E|Y (a) =Y (b)I% < Crla—b|'*

for some p,c>0and a,b e [0,L] for all L with some finite C;,. Moreover a consequence of the theorem
is alos that the process Y can be chosen to be locally Holder continuous with index y € (0,c/ p),
namely for any L >0

1Y (a)(w) =Y (b) ()l < Kp(w)la-bl",  a,be[0,L]

almost surely.

In our case we take B = Cr and then we need to estimate for some p >2

E[ sup M/ —M}P]
t€[0,T]

By Burkholder-David-Gundy (BDG) inequality, (see next exercise sheet) take b > a,

E[ sup |M;-M!P)<C,E[[M“-M"12"?]
te[0,T]

<Cp]E [ (_[OT (ILXS>a - ILXS>b)2d[M]s)p/2]

by occupation time formula

<GB [ i)

by Jensen's inequality

<Cylb-ayE| [ L2 | <, (b-a) PsupE L),

xeR
In order to show that sup,cr E[ (L})?/?] is finite we observe that since

|(Xr—a)+— (Xo—a).|<I1X7—Xol

E[(L)"1 =B (2] Xr-a),- (Xo-a). - fOT Ly,>dM, - fOT L-adVy| )]

p/Z]

< BIX~ X + B0 + B[ ([ 1ava )] = Ly

S EIX=Xo )+ E[|[ Losadbt] ]+ B[|[[ 10V,
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this shows that sup,cr E[ (L})?/?] is finite provided Ly is finite. In this case Kolmogorov's continuity
criterion tells us that a — M is continuous in a uniformly in ¢. If the quantity L7 is not finite, then
we introduce a suitable sequence of stopping times (7,),, 7,, » co and look at that stopped martingale
(M“™. For example take

t
Tn:inf{t>0: sup |XS—X0|+[M]t+f IdVSIZn}
se[0,1] 0

so that we now know that (¢,a) » (I\;If‘)T" is continuous in both variables and then taking the limit as
n - oo we deduce that (¢,a) = M, is also continuous in both variables since 7, » oo almost surely.

Actually from this proof one could also deduce that the process a+~ M;" for fixed ¢ is locally Holder
continuous for any y <1/2, i.e.

sup M =M} |<CL(w)lb-al”,  a,be[0,L].
te[0,T]

holds almost surely for some random constant C; which can be taken to be
C(w) =C"(w)

where Ny :=inf,5o{n:T,>T} where CM(w) is the constant appearing in the bound

sup |M{-M!<C}(w)lb-al”, a,be[0,L]
te[0,7,]

which holds for any n > 0 by considering the stopped process.

As far as fot 1x,.,dV;is concerned we have letting

A t
V= [ LsadVs
and using dominated convergence

A A t N
Ve =limV? = | Ly gdvy= 7

bNa
since limy,1x,5» = Lx,~,. However we have lim, »,1x,>5 = 1x,>, SO
A t ~ 4
Vi =1imVP = [ LysadVi# Y,
bra 0 ’
So the process a— V¢ is almost surely cadlag. Additionally

V=0t = [ V= [ X,
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since by the occupation time formula and Ito isometry, we have fot 1x-,dM,=0, since

[ fo ]IXS:adMS]T - fOT Iy -.d[M],= fOT Ty od[X]s= f LlLjdx=0

almost surely. Putting all together we have proven the following theorem

Theorem 31. For any continuous semimartingale X there exists a modification of the local time
process (L{),, which is continuous in t and cadlag in a and moreover we have

t t
Li-137 =2 TyoadX, =2 [ Tx-adVi
In particular, if X is a local martingale then the local time has bicontinuous version.

Corollary 32. If X is a continuous semimartingale then

L; _1‘5111(‘)1;]‘ ILX e[aa+€[d[X]s

and if X is a martingale

L —lglﬂ)lﬂj‘ ILXea ga+£[d[ ]

Proof. Just use the occupation time formula and the continuity from the right of local times. O

Remark 33. For Brownian motion this 1mp11es that L? is measurable with respect to the filtration % !

generated by |B| since 1p.c)-¢1e(= Lipj<: € F ® and [B],=s and

111'1’12 f ]l‘BY|<gdS

12 Brownian motion and local time

Let B be a one dimensional Brownian motion. By Ito—Tanaka formula we have
t
BJ=1Bol+ |, sen(B.)dB,+L, @

where we let L, to be the local time in zero of B. Is not important in this case to specify which version
of the sign it is used since by the occupation time formula

[fo ILBS:odBS]T _ IOT Ip-ods= IR 1,_oL3dx =0.
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We want to show next that R, = |B,| is an interesting process which satisfies a reflected SDE and
is called the reflected Brownian motion, this will make link also with another process which is the
maximum of the Brownian motion

S;:=sup B,

s<t

S

B,

Take again
t
R,=|B,|= fo sgn(B,)dB, + L,
and define

:Bt = fot Sgn_i (Bs)st

where we denote sgn, the signum function which satisfy sgn,(0) =a . Note that sgn_; is the left
derivative of the absolute value.

Observe by Lévy characterisation that B is a Brownian motion, indeed [S], = fot sgn_;(By)d[B], =
[B];=t, moreover

Itsgn (B,)dp :ftsgn (B,)sgn_;(B,)dB :ftsgn (B,)2dB,=B -ftn dB,=B
0 0\ Dy K 0 0\Dyg -1 s s 0 0\Dyg s t 0 B=0 s t

=0

since using the local time of B I have [ [, 0' 1p-0dB;]s =0.

The first observation out of this computation is that (B, §) is a weak solution of the SDE

dB; = Sgllo(Bt)dﬂt,
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this is called Tanaka's SDE. So we have proven weak existence for this equation. This solution is
unique in law (obviously) since any solution will be such that B is a Brownian motion. However this
SDE do not have strong solutions. Indeed if (X, W) is a strong solution (starting in X,=0), we have

dX,=sgno(X,)dW,

and X is a Brownian motion, moreover
[} sano(xpax,= [ seno(X)2aWi= W= [ 1y-odW= W,
0 0 o T

since [ [ 1x,-odW,]r= fOT 1x,-ods =0. By Ito-Tanaka's formula

t

Xil= | sen ()X, + LY

0

where Lf(’o is the local time of X in 0, and this shows that
t t
Wi= [ seno(X)dX, = [ sen-i(X)dx, =X, - L}

and recalling that we have (since X is a martingale)

N
LE0=tim o | Tiggeds,

which implies that W is measurable wrt. the filtration generated by |X|. If we had a strong solution
then we would have that %X C %" ¢ %X which is not possible because you cannot recover the sign
of a Brownian motion only knowing its absolute value.

So there are no strong solution and a consequence there is no pathwise uniqueness (by
Yamada—Watanabe).

Exercise 6. Prove that if B is a Brownian motion, then we have the relation L#* =250,

We go back to the equation

t
R,=1B)= | sgn i(B,)dB,+L,

N—— —
B

we want to show that in this equation both R, L are functions of the Brownian motion 8, which we
think as given, according to the following definition
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Definition 34. (Reflected SDE) The family (X, €, W) is a weak solution of the one dimensional reflected
SDE

dX,=dW,+d¢

if W is a Brownian motion, € a continuous positive non-decreasing process and X a continuous posi-
tive process such that

fom Ly.-0d4,=0.
The solution is strong if (X, ¥€) is adapted to the noise W.

Therefore (R, L, ) is a weak solution of this reflected SDE. We will need the followin analysis lemma
(weuse R, =R

Lemma 35. (Skorokhod lemma) Let y € C(R ,; R) such that y(0) > 0. There exists a unique pair (z,a)
withze C(R,;R ) and ae C(R ;R ) with a non-decreasing, a(0) =0, such that

a) =y +a,
b) [ 1.50da,=0.
Moreover

a(t)= sup (ys)-= sup (-y,VvO0). (8)
s€[0,1] s€[0,1]

a; ,V
—Vs

t

Proof. Exercise prove that if we let a as in eq. (8) then a),b) are satisfied, this settles the existence
part. As for uniqueness we assume that both (z,a) and (z’,a’) are two solutions of this problem. Then

’ 4 4 4 / . . . .
Yi=z,—a,=7z; —a; so we have z,—z; =a,—a; so h,=z,—z, is of bounded variation (as a difference of
two increasing functions) and we can write (by Ito formula)

t t t t
d(zt—zt')2=2ﬁ) (zs—25)d(z5—25) =2L (zs—2zy)d(a;—ay) =2f0 (zs—zé)das—Zfo (zs—2zy)da
¢ 14 t 14
=2 (~z)da,~2  (z,daf<0
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where we used that fot zda,= [ Ot zsda; =0 and that z,,z; > 0. So h?>0 is decreasing and since hy=0
we have that 4,=0 for any ¢. This establish uniqueness. ]

As a consequence of this lemma we have that the reflected SDE has a unique solution in law (and
pathwise) which is given therefore by

6= sup (W)= sup (-Wy) =S¥ X,=W,+4
s€[0,7] s€[0,7]

where we note S} = sup,<,W; and the solution is strong.
Definition 36. We call the process X the reflected Brownian motion

We deduce as a consequence that if we consider

t
Ri=IB|= | sgn-1(B)dB,+L,

——— —
B

then we have

L= sup (-, = sup (-B,)=5;".
s€[0,1] s€[0,1]

From this we deduce

Theorem 37.

Law(|B|,L) =Law(B +L,L)=Law(p +S7?,5#) =Law(S¥-Ww,s")

where W here is a generic Brownian motion. This formula allows to compute the joint law of the
supremum S of a Brownian motion W together with the Brownian motion, in terms of the law of the
reflected Brownian motion R.

Remark 38. Some of the utility of this relation come from the fact that it implies that
Law(|B,L,) =Law (S} - W, S}")

and that by the reflection principle one can compute explicitly the law Law (S} = W,,S}"), or moreover
that

Law(|B|) =Law(S"¥-W)

which given informations on the supremum S" in terms of the modulus of another Brownian motion.
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