Operations on Contolled Rough Paths

Goal: understand basic operations needed for studying RDE and in particular an Ito’s formula for
functions of a controlled rough paths:

t
dY; =Y/d X, +dI} <K),t/ Y;IdXsJFFO,t)
0

for regular enough drift I;. Plan:

(i) - Controlled rough paths as rough paths
(ii) - Composition with regular functions
(iii) - Ito’s lemma

Disclaimer: We fix an interval [0, 7] and write C*(V) =C*([0,T]; V). Often, we will not specify the
Banach space and adridge the notation to C®.
Preliminary:

e RI against rough path [YdX for X €C*(V), (Y,Y') e DX (L(V; W)):

Eu,v = Y;iXu,v + YulXu.,m H65”3a < o0

e RI against controlled rough path [YdZ for X € CY(V) , (Y,Y') e DX (L(W; W)), (Z,
7)€ DF(W)

Eu,v == K,LZU,’U + }/:U.IZL,XU,’U’ ||6EH3a < o0

1 Controlled RP as RP

Rough integration allows us to compute f;Xs_,T ®dX, =X, (sanity check). This holds because
Ez,v = As,u b2y Xu,v + Xu,v

so that identity holds for any partition. We have relation (X,Id) € D?*® and (X, X) € C% More
generally one expects injection

D2(W) = C*(W)
That is, to associate a RP to any controlled RP

(Y, V)~ (Y,Y)
t
Vo= [ Y, @dU=TE)  Sha=Yiu® Yo, + (LeY)X.,

We have || Y]|2q < 00 consequence of |Z(Z%),,,—Z5 ;| S|t — s[3* and ||Z5 4[24 < co. Chen’s relation is
obvious from the fact that 6(];}/; ®dY;)s.4,t =0 (abstract integration property) and that 5([;1/; ®
dY;")s.,u,t - Y;,u (24 Yu,t .



Lemma 1. (Consistency). X €C%, (Y,Y')€D¥, Y €C* (canonical). If (Z,Z') € D}, then
setting Z,:=Z and Z|:= Z]Y, (Z,7") € D3¢ and consistency

t t
/ZTdYT:/ Z,dY,

Proof. First show that (Z,Z’) € D¥*:

Zsi=1Dst = Z~5/Y:<;t +O(Jt — s|**)
= ZIY/X, 4 O(|t — s|?*).
The second integral has local approximation:

Eu,'u = Zu}/u,'u'i_Z;}/u/Xu,v
= ZuYu o+ 2V X0 s

By definition of Y, we have the local approximation estimate |Y; ; — (Y, ® /) Xy | ~ O(]t — s]3?)
so that the first integral has local approximation

[1]:
\

w, v — ZuYu,v + Z’L’LYH,’U

= Bup+O(Jt —s*%)

2 Composition with Regular Functions

What happens when we take functions of a controlled rough path? Let o € CZ(W; W), X €C¥(V),
(Y,Y") € D3(L(V;W)). What is the Gubinelli derivative of ©(Y);:= ¢(Y;)? Natural guess is

p(Y)'=Dp(Y)Y'
which is consistent with composition of functions, in the sense that
P(p(Y)) =Do(e(Y))p(Y)' =D(go ¢)(Y)Y”

Lemma 2. (¢(Y), p(Y)") € DLV ; W)).

Proof. [P(Y)s 4l <[Dplloo|¥s el ~ O(|t = 5]%)

lo(Y)eil = [Do(Y2)Yy —Do(Y)YY|

N

D@ llool Yalel + 1Y loo| Dep(Y)s, ]

< D @lloolYel el + 1Y |0l D@ lloo | Ys o ~ O(Jt — 5|*)
and

RSl

[o(Y)s,t — 0(¥)sXs 4l
= [p(Yz) — o(Ys) — Deo(

= |p(V}) = ¢(Ys) = Dp(Ya)Ya s + Dep(Y2) RY,,|
D20 |[|Ye 4 + [D@(Yo)[| RY. o ~ O(|t — s[**)

Ys)}/sl s,t|

A



Corollary 3. (Leibniz). (Y,Y') €D, (Z,2")€D3¥. Then (YZ,Y'Z+YZ') € D3
Proof. (Y Z+YZ)o4| = Y/ Ze4VoZ| - Y/ Z— Y Z! ~ O(Jt — 5|)

|R£J,t| |Y;.Zt*Y;Zs*Y;IZsXS,t*Y;Z5{ s,t|

= |YiZi = YiZs = Yi 1Zs — YsZs 1+ RY 1 Zs + YoRZ | 0

N

Vs 4254+ RY 1 Zs+ Yo RZ | ~ O([t — 5[?)

Lemma 4. o€ C3(W; W), X,Y €C*([0,T);W). Then, if | X |la,i0,77: 1Y |la,j0,71 < K

[o(X) = oY Mas0,77 Sa. 7.5 [0l c2(1Xo = Yol + [[ X = Y as10,77)

Proof. Interpolate

o(Xi) — p(Yy) =

1
d
/O S Xt (1= r)Yi)dr

- /1D<p(rXt + (1= 1)Y))(X— Yo)dr
F(X,. ¥ (X~ Y)

so that
[p(Xi) — o(Y2) = o(Xs) + o(Y)]
=|F(Xt, ) (X = Yy) — F(X, o) (X5 = Y5)|
SIF(Xe, Yi) (Xt — Yo o) |+ |(F(Xe, V) — FI(X, Y5)) (X — Y5)
ID@lloclt = s|*IX =Y [la+ D@ loc (| Xs,el + [V, DIX = ¥ [loo

S
Slielleglt = s[*(1X =Y fla+ K[| X = Yloo)

so that claim follows because || X — Y ||oo < | Xo — Yo| +sup: (| Xo,: — Y0.¢]) < | Xo = Yo| + 7| X =Y || -
O

Recall that if X,X €C(V), (Y,Y")eD3(W), (Y,Y')€DZ¥ (W), we set a distance (not a metric,
does not separate)

1Y, Y5Y Y ¢ 00 i= 1Y =Y [la+ IR = BY ||z
Then, same holds for controlled rough paths:

Theorem 5. (Stability).

le(¥) = () las 0(Y), oY) 0(Y), 0(Y)'llx 5 20
SIX = Xl + Yo = Yol + % = Y| + 1Y, Y3 Y, Y lx % 20



3 Ito’s Lemma

We saw that an Ito’s formula for F € C3(V; W), X €C*(V):

F(X)ou= [) tDF(XS)dXS+% [) D2R(X)d[X]..

where C?*(V @ V) 2 [X]s,t 1= X5t ® Xs ¢t — 285 ¢ (recall that 6[X]s ..+ =0). We have a similar
formula:

Theorem 6. (Ito). F € C3(V;W), X €C®, (Y,Y')€D¥ of the form

t
Yt:%+/1g'dxs+rt
0

with (Y',Y") € D}, then

t t t
F(V)os= [ DFOOYAX,+ [ DR+ [ DA00ZY)(X].
0 0 0

Proof. By the local approximation of the rough integral we have the increments
Yo i=Y/Xs 1+ YXs  + L e+ O(|t — 53) (1)
We use Ito formula for rough paths (Y,Y) € C*

F(Y)uo=DF(Yy)Ya.o+DF (Y)Y, o, + D2F(Y,)[Y |

) )

Recall now that DF(Y,)’=D2F(Y,) and that Y,, , = Y,/ Y, X, , + O(|t — 5[3%) and that

Y]uw = Yuu®Yy,—2Sym(Y, )
= VX, ® Y Xy,, — 2V, Y,/ Sym(Xy o) + O(Jt — s[>)
= YV [Xu.w+O(Jt — 513
we can write
F(Y)u,y = DF(Y,)Yyo+D?F (Y)Y, Y Xy o+ D*F (Y)Y, Y [X w0+ O(|t — s[3%)
= DF(Y,)(Ya — YKy 0) + DF(Y) VX0
+D2F (Y)Y, Y Xy o + D2F (V) VY[ X0+ O([t — s[>¥)
= DF(Y.)Y/Xuo+ (DF (Y)Y, + D*F(Y,)Y.Y,) X,
+DF (V)T + D?F (Y)Y Yy [ X w0 + O(t — s%)

where we used the equation for Y, and the tools developed previously, e.g., the Leibniz rule and
so on. The increment in the last line gives rise to Young integral since I, [X] € C2“. O
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