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Exercise 1. [Pts 2+3] Let (Bt)t a n-dimensional Brownian motion.

a) Let T be a stopping time such that 𝔼[T]<∞. Show that

𝔼[BT]=0, 𝔼[|BT |2]=n𝔼[T].

b) Let r > 0, x ∈ℝn and consider the stopping time Tx,r ≔inf {t ⩾ 0: |Bt − x| ⩾ r}. It holds that 𝔼[Tx,r]< ∞.
Show that

𝔼[Tx,r]={{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{ r 2− |x|2

n if |x|< r;
0 otherwise.

Exercise 2. [Pts 3] Show that the following 𝜎-algebras are the same

𝜎(ℰb)=𝜎({X:ℝ+ ×Ω→ℝ|X ∈ℰb and themap(t,𝜔)↦Xt(𝜔) ismeasurable})

𝜎({X:ℝ+ ×Ω→ℝ|X is adapted and left-continuous on (0,∞)})

𝜎({X:ℝ+ ×Ω→ℝ|X is adapted and continuous on [0,∞)})

Recall that X:ℝ+×Ω→ℝ belongs to ℰb iff it can be written as Xt(𝜔)=∑i⩾0 xi(𝜔)1ti−1<t⩽ti where 0= t0< t1<
t2<⋯ and xi:Ω→ℝ is ℱti−1 measurable and bounded.

Exercise 3. [Pts 2+2+2+2+2] Let M a continuous local martingale. Show that

a) If an integrable, adapted and cadlag stochastic process X satisfies 𝔼[X0] = 𝔼[XT] for all bounded
stopping times T , then X is a martingale.

b) If 𝔼(sups∈[0,t] |Ms|)<∞ for all t ⩾0 then M is a martingale;

c) If 𝔼([M]t)<∞ for all t ⩾0 then M is a martingale;

d) If M is non-negative and integrable for all t ⩾0 then M is a supermartingale;

e) If for all t ⩾ 0 the family {Mt∧T |T is a bounded stopping time} is uniformly integrable, then M is a
martingale;

Exercise 4. [Pts 4] Let M be a continuous local martingale. Show that if ℙ(supt⩾0[M]t<∞)=1 then limt→∞Mt
exists a.s. (Hint: show first that for a suitable sequence of stopping times (Tn)n, the processes (Mt∧Tn)t⩾0
converges for all n.)
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