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Exercise 1. [Pts 4] Let (Xt)t⩾0 be a positive, right-continuous, submartingale wrt. the filtration (ℱt)t⩾0. Show
that the following statements are equivalent:

a) The family (Xt)t⩾0 is uniformly integrable;

b) The L1-limit limt→∞Xt exists;

c) There exists a random variable X∞∈L1 such that Xt →X∞ a.s. and (Xt)t∈ℝ+∪{∞} is a submartingale wrt.
the filtration (ℱt)t∈R+∪{∞} where ℱ∞ =∪t⩾0ℱt.

Exercise 2. [Pts 3+3] Consider a filtered probability space (Ω, ℱ, (ℱt)t⩾0, ℙ) and p ∈ (1, ∞). For a process
(Mt)t⩾0 define ‖M‖=supt⩾0 (𝔼[|Mt|p])1/p and consider the space

ℳp ={(Mt)t⩾0 is a martingale,M0 =0, ‖M‖<∞}.

a) Show that ℳp is a Banach space

b) Show that the map J:ℳp →Lp(Ω,ℱ,ℙ) given by JM =M∞ is an isometry between Banach spaces.

Exercise 3. [Pts 2+2+2] Let (Bt)t⩾0 be a d-dimensional Brownian motion (i.e. a d-dimensional vector of
independent standard real-valued Brownian motions). Show that the following processes are martingales both
for the canonical filtration ℱt

B =𝜎(Bs:s∈[0, t]) and the right-continuous filtration ℱt =∩s>tℱs
B:

a) (Bt
(i))t⩾0 for i=1,…,d;

b) �Bt
(i)Bt

(j) −𝛿i, jt�t⩾0 for i, j =1,…,d;

c) �exp�⟨𝜆,Bt⟩− 1
2 |𝜆|2��t⩾0 for 𝜆∈ℝd, where |𝜆| denotes the Euclidean norm.

Exercise 4. [Pts 4] Let t > 0. For all n ⩾ 0 let (Πn)n a sequence of partitions of [0, t] such that Πn = {tkn:
k = 0, …, n} with 0 = t0n < t1n < ⋯ < tnn = t and |Πn| = supk |tk+1

n − tkn| → 0 as n → ∞. For any q ⩾ 1 consider the q-
variation process of X wrt Πn, defined as Vt

(q)(Πn)≔∑k=1
n |Xtk −Xtk−1|q. Assume that X is a continuous, adapted

process such that, for some p>0 and all t ⩾0 limn→∞Vt
(q)(Πn)=Lt a.s. where Lt is a positive random variable

which can take the value +∞.

a) Let q∈(0, p) and assume that Lt >0 a.s. Show that limn→∞Vt
(p)(Πn)=+∞ a.s.

b) Let q> p and assume that Lt <∞ a.s. Show that limn→∞Vt
(p)(Πn)=0 a.s.
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