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Exercise 1. [Pts 2+2]
a) Let (Ω, ℱ,ℙ) a probability space, let 𝒢 ⊆ ℱ a sub-𝜎-algebra and F:ℝ ×ℝ → ℝ a measurable function.
Let X be a r.v. independent of 𝒢 and and Y a 𝒢-measurable r.v. Show that
𝔼[F(X, Y)|𝒢](𝜔) =

Ω

F(X(𝜔′), Y(𝜔))ℙ(d𝜔′).

(Hint: show it for appropriate F and then extend via the Monotone Class theorem)
b) Let T1, T2 be two independent exponential r.v. with parameter 𝛼 > 0 and let X = T1 ∧ T2. Compute
𝔼[X|T1].
Exercise 2. [Pts 3+2+3] Let 𝜆, 𝜆˜ be ﬁnite measures on the measure space (W, 𝒲) and let 𝛼: W → [0, 1].
a) Show that, if Λ, Λ̃ are two independent Poisson point processes (PPP) with respective intensities 𝜆, 𝜆˜
then Λ + Λ̃ is a PPP with intensity 𝜆 + 𝜆˜ .
b) Let Λ a PPP with intensity 𝜆 and let g: W → ℝd a measurable function integrable wrt. 𝜆. Determine
the law of the random variable
H=

W

g(x)Λ(dx).

c) Let N, (Xn)n, (Un)n independent r.v.s such that N ∼ Poi(𝜆(W)), Xk ∼ 𝜆(⋅)/𝜆(W) and Uk ∼U([0, 1]) and
set
N

Λ=
k=1

1𝛼(Xk)⩽Uk𝛿Xk.

Prove that Λ is a PPP and ﬁnd its intensity.
Exercise 3. [Pts 4+4] Let (Nt)t⩾0 be a Poisson counting process with intensity 1, namely such that Nt − Ns ∼
Poi(t − s) for all t ⩾ s. For all f : ℕ → ℝ bounded let
Mtf = f (Nt) − f (0) −

t
0

[ f (Ns + 1) − f (Ns)]ds.

a) Prove that Mtf t⩾0 is a càdlàg martingale wrt. the ﬁltration (𝒢t)t⩾0 generated by (Nt)t⩾0. (Hint: could
helpful to compute ∂h𝔼[ f (Nh+s)|𝒢s] for h ⩾ 0)
b) Prove that any càdlàg process (Nt)t for which Mtf t⩾0 is a càdlàg martingale for any f has to be a
Poisson point process (Hint: follow the idea of proof given in the lectures in the Brownian setting).
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