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Abstract

In these notes, we introduce basic mathematical tools needed for the rigorous
analysis of quantum systems and we present some applications in many body quan-
tum mechanics. The first part focuses on the spectral theorem for self-adjoint op-
erators and discusses several of its applications. In the second part we study low-
energy properties of bosonic many body systems consisting of N particles moving
in R3 and interacting through a two-body potential. Such systems may exhibit the
phenomenon of Bose-Einstein Condensation which is explained in detail in the so
called mean field regime. The notes conclude with basic results on the Bose gas in
the more challenging Gross-Pitaevskii and thermodynamic limits.
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1 Introduction

Consider a system of IV identical, non-relativistic, spinless quantum particles moving
in a box A; C R? of side length L. Such a system is mathematically described by a
normalized wave function 1y € L*(AY) with the interpretation that

d,uwN(xl,. . .,acN) = ‘wN(le, . .,acN)|2 dacl . .dl’N

defines the probability of finding the N particles near (z1,...,zy) € Ag . In this course,
we restrict our attention to bosons which are particles that obey the so called Bose-
Einstein statistics. Bosons are described by wave functions ¢ € L2(A%) which are
symmetric under particle exchange, meaning that

wN(xl,xg, “. ,acN) = 'LﬁN(aja(l),l'o(Q), ey xU(N))

for a.e. (z1,22,...,2N) € Ag and for all permutations ¢ € Gy of N elements. In
particular, each of the N particles can occupy the same one particle wave function
¢ € L*(A) such that, for instance, p®¥ € L2(AY) is a bosonic wave function. Bosons
are of particular interest in physics, because at low temperature they undergo a phase
transition to form a Bose-Einstein condensate. The discovery of BEC goes back to N.
Bose and A. Einstein [10, 21} 22]. Its experimental verification for strongly dilute systems
[1l 20] was awarded in the late nineties with the Nobel prize in physics.

In a Bose-Einstein condensate, the majority of the N > 1 particles behaves like a
single one body wave function ¢ € L?(Ap), the condensate. Mathematically, this means
that vy is close to a tensor product ¢®V_ in a suitable sense. This provides a very simple
description of the large many body system in terms of an effective one body system. In
particular, physical observables are essentially determined by the condensate state (.

In quantum mechanics, physical observables are described by self-adjoint operators
A: D(A) — L*(AY). Given such an observable, its expectation value with regards to the
state Y € LE(AJLV ) equals the inner product (¢, An). For example, the multiplication
operator x; that multiplies ¥ by x; € A; measures the particle position of particle ¢
(and thus, by Bose-Einstein symmetry, the position of any one, fixed particle). With
the probabilistic interpretation of |1/ (x)|? dz1 ...dz N, notice that

(YN, ZTiYN) 2/A zi YN (21, an) P doy . dey
L

corresponds to a probabilistic average. Analogously, (¢, Ay) for general self-adjoint

A D(A) — L*(AY) has a probabilistic interpretation, based on the spectral theorem

for self-adjoint operators which tells us that A can be diagonalized in a suitable sense.
A particularly important observable in physics is the energy of the system. In case

of a non-interacting gas of N particles without the presence of external fields, the energy

is purely kinetic and Hy takes the form

N

Hy® =) (—Ay),

=1



where A, denotes the Laplacian w.r.t. z; € Ar, describing the kinetic energy of the
i-th particle. For simplicity, let us impose periodic boundary conditions s.t. a complete
orthonormal set of eigenfunctions of Hy is given by N-fold symmetric tensor products
of the plane waves A 3 =+ @p(x) = |[AL|73/2e® € L2(AL), where p € 2173, A plane
wave ¢, describes in quantum mechanics a particle with momentum p (the possible mo-
menta are discrete, in contrast to a classically mechanical description). The eigenvalues
of Hy are consequently given by finite sums of the form

Z npp2 with the restriction that Z ny, = N.

pEe %ZS pe Q%Z3

For this explicitly solvable system, notice that the ground state wave function ¢, the
eigenfunction corresponding to the lowest possible energy Exn = 0, equals indeed the
tensor product ¥y = cpgoN : in the ground state, the non-interacting system of bosons
exhibits Bose-Einstein condensation into the constant wave function ¢q.

Despite typical experiments analyzing strongly dilute gas samples, a realistic descrip-
tion should take into account interactions between the particles. Considering only pair
interactions for simplicity, this can be modeled through Hamiltonians of the form

N
Hy = Z(_Ax’) + Z U(.%i — aj‘j).
i=1 1<i<j<N

In this case, Hy can not be diagonalized explicitly anymore. Can we still determine the
ground state energy and higher eigenvalues? Up to which degree of accuracy? And does
the ground state exhibit Bose-Einstein condensation in dilute regimes, for instance in
regimes of small number of particles density p = N/L? < 17

Motivated by the preceding discussion, the aim of these notes is twofold: first, we
introduce the functional analytic tools that are needed to describe and analyze quan-
tum mechanical systems. Most importantly, this includes a thorough discussion of the
spectral theorem for general self-adjoint operators in Hilbert spaces and several of its
applications. In the second part, we then study weakly interacting Bose gases and
understand whether they exhibit Bose-Einstein condensation. Here, we start with the
simplest, non-trivial interacting systems called mean field systems. In such a regime,
systems of N bosons trapped in a region of R? are described by Hamiltonians

N

Hﬁf:Z(—A:vﬁ%xt(%))Jr% > vl — ),

i=1 1<i<j<N

where the factor N~! in front of the two-body interaction ensures that the kinetic and
potential energies are of the same order in V. Among other results, we will show that, in
the limit of large IV, the ground state of the system exhibits Bose-Einstein condensation
into the minimizer of the non-linear Hartree energy functional

1
Eu(p) = / <|V<P|2 + Vet I + 5 (v + |9012)|<p|2),
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which solves, for suitable € € R, the non-linear Hartree equation
—Ap + Ve + (v |o]*) o = e

The mean field scaling describes a situation in which every particle interacts equally
strongly with all of the other particles so that, effectively, the potential that is experi-
enced by a fixed particle is given by an average field generated by the remaining particles.

After discussing mean field systems, the last part discusses basic results in the more
challenging Gross-Pitaevskii and thermodynamic limits, placing N particles in a box
[—%, %]3 of sidelength L and studying the corresponding ground state energy in the
limit N, L — oo such that the particle density p = % either tends to zero (ultra-dilute
scaling limits) or is fixed, but small. The so called Gross-Pitaevskii scaling corresponds
to the choice L = N and corresponds to the simplest, non-trivial ultra-dilute scaling
limit. The infinite number of particles and infinite volume limit in which the density p

remains fixed corresponds to the thermodynamic limit.



2 Selected Topics in Functional Analysis

In this section we introduce several important tools for the rigorous analysis of quantum
systems. The presentation mostly follows [55], 56, 57, 58].
2.1 Hilbert Spaces

Systems in quantum mechanics are described with the help of complex Hilbert spaces:
let ‘H be a vector space over C. Recall that (-,-) : H x H — C is an inner or scalar
product if it satisfies

i) for all » € H, the map H > ¢ — (¢, ¢) € C is linear,

i) for all ¥, € H, we have (1, p) = (¢, ¥),
iii) for all ¥ € H, we have that (¢, ) > 0 with (¢,¢) = 0 if and only if » =0 € H.

An inner product induces a norm, defined via || - || = y/(-,). A complex Hilbert space is
a pair (M, (-, -)) of a complex linear space with inner product (-, )y s.t. H is complete
w.r.t. the norm induced by (-, -)%. Two vectors v, ¢ are called orthogonal if (1, ¢) = 0.
Given a set M C H, its orthogonal complement M~ is defined as

Mt ={peH: (h,p)=0Ypc M}

It holds true that H = M @M=L, s.t. MNM+ = {0}, for any closed subspace M C H. An
orthonormal set is a set of normalized vectors in which each two non-equal elements are
orthogonal to each other. An orthonormal basis S C H is an orthonormal set for which
there does not exist another orthonormal set which contains S as a proper subset. Every
Hilbert space has an orthonormal basis. Unless stated otherwise, we work for simplicity
with separable Hilbert spaces, which are spaces that contain a countable, dense subset
and hence, by Gram-Schmidt, a countable orthonormal basis.

Problem 2.1. Prove that an orthonormal sequence (1) en is an orthonormal basis in
H if and only if every vector ¢ € H has the representation ¢ = ZjeN<¢jv )1;.

Example 2.1 (L*-spaces). Let (Q, A, 1) be a measure space. Then the set of equivalence
classes L*(Q, A, 1) = {f : Q@ — C measurable s.t. Jo IfI2 du < oo}, equipped with the
usual addition and scalar multiplication and the inner product

(f9)2 = /Qfg dp

defines a complex Hilbert space.

Example 2.2 (Sobolev spaces). Let Q C R? be open, then

HY(Q) = {1!1 € LA(Q) = L2(Q, My, Ag) : 9tb € L(Q), Vi = 1,...,d},



1s a Hilbert space when equipped with
W) = [ de)p(o) + [ doVpla) - Volo)

Here, 0;1) denotes the i-th distributional derivative of ¢ and V = (01, ...,0q).

In quantum mechanics, the space L?(Q2, M Aoy Ad) = L?(9) (where M »; denotes the
Lebesgue o-algebra induced by the d-dimensional outer Lebesgue measure and Ay denotes
the d-dimensional Lebesgue measure) is used to describe a particle in Q € R%. The state
of the system is described by a normalized vector, called wave function, 1 € L?(f2).
The interpretation is that duy(21,...,2q) = [¢(21,...,24)|* dz1...dzs measures the
probability for finding the particle in a particular region in Q C R¢.

To describe many particle systems in quantum mechanics, one uses the tensor product
of Hilbert spaces. Given two Hilbert spaces Hi,Ho and vectors ¢y € Hi, w2 € Ho we
denote by 11 ® 19 : H1 X Ha — C the conjugate bilinear form, defined by

(V1 @ ¥2) (01, 92) = (01, ¥1)3, (P2, V2) Ho

For such forms, we define

(V1 ®9Y2,81 @ E2)myams = (U1, §1) 3, (Y2, §2) 94, -

By linearity we can extend this map to the linear space £ of finite linear combinations
of the maps 1 @1y : H1 x Ha — C, ¢1 € Hy, 12 € Ha, and this yields an inner product.

The tensor product Hilbert space Hi ® Hs of Hq and Hs is defined as the completion
of the the linear space £ w.r.t. the norm induced by (-, )2, @H,-

Lemma 2.1. If (¥a)acn and (¢g)gen are orthonormal bases of Hi and Ha, respectively,
then (Yo ® ¥8)(a,8)eNxN 18 an orthonormal basis of H1 ® Ha.

Proof. The sequence (1o ®¥g)(a,3)eNxn 18 an orthonormal sequence and the claim follows

if we can prove that £ is contained in & = span(¥, ® ¢s : @, 8 € N) (why?). To this
end, it is enough to show that ( ® £ € S for every ( € H1,£ € Ho. By assumption on

(a)aen and (pg)gen, We can write

C: Z CaVa, g: Zdﬁ@,@

aeN BeN
with
<5 =D leal®s 1113, = D dsl*
aeN BEN

This implies }_, 5y |cads|? < 0o which means that >apen Cadppa ® Pg € S. Finally,



approximating ¢ ® £ by ZCLBGNZQ,BSN Caldgpa ® g, we find that

lim sup ’c ®E— Y, Cadppa® wg'
N—=oo a,BeEN:a,B<N H1®@Hs2
< lim sup Z dgC @ g — Z Cadppa & wﬂ'
N=oo ll genig<n a,8eN:a, B<N H1&Ho
+limsup [|(@E— Y d5g®w5H
N—o0 BGN:BSN H1®H2
<timsw e 5 copn N+ IClhalle - 3 dows| o
N—oo aeN:a<N Hi BENBN Ha

g

Analogously to the product of two Hilbert spaces, we can define Hy ® - - - ® Hp, the
product of n Hilbert spaces Hi, ..., H, (the details are left to the reader).

Example 2.3. A system of two particles moving in R? is described by the Hilbert space
L*(R%) @ L*(RY). The space L*(R%) @ L?(R?) is unitarily isomorphic to L?(R??).

Proof. We first embed L?(R%) ® L?(R?) into L2(R??) through the linear isometric map
2R @ L2(RY) 3 0 @9+ ((2,9) = @(@)b(y) ) € LAR),

Considering the fact that ¢ is a linear isometry, the claim follows if we show that ¢ is onto.
To see this, denote by (pa)aen an orthonormal basis of L2(R?) so that (:(pa ®¢s))a.sen
is an orthonormal basis of S = ((L?(R?) ® L?(R%)). Now, suppose ¢ € L2(R??) is s.t.

/R - Ay Z @75 ) = 0., Vo B E

that is ¢ € S*. This implies that x + Jdy@s(y)¢(z,y) =0 € L*(R%) (why?) so that
almost surely in = € R, we have

| duwsu)¢a) =0, V3 EN.

But this means that almost surely in 2 € R?, we have ((z,-) = 0 € L2(R?) so that

2 _ 2\
[ dstyictwan? = [ ao( [ ayictenl) <o

e conclude that = {0} which is equivalent to § = .
W lude that S+ = {0} which is equival S = L2(R*?) O



Example 2.4 (Fock spaces). Let H be a Hilbert space. The Fock space F(H) over H is

F(H) :=Ca@@H™™ = {(¥n)neno = Wo,91, ¢, [t0l* + ) [¢nl[3en < 00}
n=1

n=1
It is a Hilbert space with the inner product (1, ) rz) = oo + Dove 1 (Vny Pn)pen .-

In many body quantum mechanics, particles moving in  C R¢ (in the main part
of the course we mostly consider particles moving in R?) fall into two classes, they are
either fermions or bosons. To which symmetry class the particles belong to is related
to their spin, a property we will not discuss further in these notes. To describe in
particular systems of bosons properly, we need to introduce the notion of the n-fold
symmetric tensor product of a Hilbert space H. Let &,, denote the permutation group
of n € N elements. We define S,, on the set of vectors 91 @ 2 @ -+ ® ¥, € HO",
v, € H,i=1,...,n, by

1
Sn(tr® Y2 ® @) = — D o) ®Uo) @+ ® Yo(n)-

’ O’GGn

We extend S, to a linear map from the set of finite linear combinations of vectors of the
form ¢ @ o @ -+ @ 1, € HE™ to H®™ and it is not hard to see that S, is Lipschitz
continuous with Lipschitz constant L equal to L = 1 (in the words of section it is a
bounded, linear operator on H®"). Since the set of finite linear combinations of product
wave functions is by definition dense in H®", S,, extends uniquely to a continuous map
from H®™ to itself. We define H®™ = S, (H®") which is called the n-fold symmetric
tensor product of H. HE™ is a Hilbert subspace of H®".

Example 2.5. A system of N € N (identical, spinless) bosons moving in R? is described
by a wave function ¢ € L2(R¥WN) = Sy (Lz(]RdN)). It is characterized by the property
that for every o € Gy and for a.e. (x1,%2,...,xN) € R, it holds true that

1/}(1’1,332, R $N) = ¢(xa(1)7xo(2)’ B 'TO'(N))

Example 2.6 (Bosonic Fock spaces). Let H be a Hilbert space. The bosonic Fock space
Fs(H) over H is the Hilbert space defined by Fs(H) = C ® @ HO™ C F(H).

2.2 Closed, Symmetric and Self-Adjoint Operators

In quantum mechanics, physically measurable quantities, called observables, are de-
scribed by self-adjoint operators. Loosely speaking, the idea is as follows: consider a
finite dimensional, complex Hilbert space H ~ C™ and a Hermitean matrix A : C* — C".
From linear algebra, we know that A is unitarily equivalent to a diagonal matrix and
that its n eigenvalues are real-valued. Denote by 1, ..., ¢, an orthonormal eigenbasis
of A corresponding to the eigenvalues A\ < Ay < --- < A,,. If A is an observable, then
the eigenvalues of A are interpreted as the possible values of that observable and the



postulates of quantum mechanics assign to each value a certain probability for finding
it: indeed, if the state of the quantum system is described by v € C", [[¢|cr = 1,
the spectral measure u;? associated to A and ¢ € C" is defined on P(c(A4)) with
o(A)={N,i=1,...,n} by

pp@ = Y Weienf?

N EQCo(A)

The expected value of A is given by (1, AY). Note that this is equal to E(£4) where €4
is the random variable \; — £4()\;) = A; on the probability space (o(A), P(c(A)), ,ué).

In typical cases, the Hilbert space H describing the system is not finite dimensional.
Also, observables typically do not correspond to bounded linear operators (like matrices
on finite dimensional Hilbert spaces), but are in general unbounded (for instance, we need
differential operators to describe momentum and kinetic energy of a quantum particle).
In such a setting, the right class of operators to describe physically measurable quantities
consists of self-adjoint operators. In analogy to the above, for such operators it is possible
to construct appropriate Borel probability measures giving the probability for finding
the value of an observable in a measurable subset of R (see section .

A linear operator A : D(A) — H is a linear map from a linear subspace D(A) C H,
called the domain of A, to H. A is densely defined if D(A) is dense in H. We always
consider densely defined operators unless stated explicitly otherwise. A linear operator
A : D(A) — H is bounded if its operator norm is finite, that is

[Alzay =lAll= sup — [|AY[ly < o0
wED(A), [l n=1

If A is bounded, it is in particular Lipschitz continuous and can be extended uniquely
to a bounded operator on H. A linear operator is called unbounded if it is not bounded.

Example 2.7. Consider L*(R) and let T : C2°(R) — L?(R) denote the position operator,
defined by (Z(p))(z) = z¢(x), v € R. Then & is densely defined and unbounded.

Proof. Tt is a standard fact that C2°(R) is dense in L?(R). The fact that 2 is unbounded
can be proved, for instance, by considering some 0 < ¢ € C°((—1,1)) with ||p|l2 =1
and its translates ¢, = ¢(- —n) € C°((n —1,n+1). Then ||¢,||2 =1 for all n € N and

|Zonll3 = / dx xz\gon(x)\Q >0n? 500 as n— .
(n—1,n+1)

O

Problem 2.2. Show that iV : C*(R?) = (L2(R4))? and —A = =YL | 02 : C°(RY) —
L*(R%) are unbounded.

Let A: D(A) — H be a linear operator. The resolvent set p(A) of A is defined by

p(A) = {z € C: (A — z) has a bounded inverse (A — 2)"' : H — D(A)} (2.1)



If z € p(A), we call R,(A) = (A — z)~! the resolvent of A at z € C. The spectrum o(A)
of A is defined by
o(4) = C\ p(A) (2:2)

The discrete spectrum o4(A) C o(A) of A is the set of isolated eigenvalues of A of finite
multiplicity. The essential spectrum oess(A) is defined by cess(A) = 0(A) \ 04(A).

Theorem 2.1. Let A : D(A) — H be a linear operator. Then p(A) C C is open,
0(A) C C is closed and the function z — R,(A) is analytic in p(A). Moreover, the set
{R.(A) : z € p(A)} is a set of commuting operators and it holds true that

Ry(A) = Ru(A) = (A= ) RA(A) R, (A) - (Y, A € p(A))

Remark. Analyticity of z — R.(A) in Theorem[2.1 means that for any zo € p(A), the
operator-valued map z — R,(A) has a norm-convergent power series expansion in z — 2
for all z € p(A) in some neighborhood around z.

Proof. That [R,(A), R\(A)] = 0 follows from [(A — i), (A — X)] = 0, which implies that
R, (A)R)(A) is the inverse to (A —p)(A— ), i.e. equal to Ry\(A)R,(A). The remaining
claims follow from a geometric series argument and the useful identity

A—z=(A—2z)(1—(A- 20) " (z — %))

for suitable z,2zy € p(A) . Indeed, if zy € p(A), then the previous identity shows that
B, (z0) C p(A) for r = ||R,,(A)||, because for z € B,(zp), we have

(1-(A—20)" z—20))" =D RE (2~ 2)"

k>0

Note that the r.h.s. in the previous equation is a norm-convergent series in z — zg. This
proves that p(A) is open, o(A) is closed and that z — R,(A) is analytic in p(A). The
resolvent identity follows from

RA(A) = Ru(A) = Ra(A) (A — i~ A+ VR, (4) = (A — ) RA(A)Ru(A).
L]

As mentioned earlier, we will need to work with unbounded operators like differential
operators. Typically, we start with a domain like C’SO(Rd) on which we understand
the action of the operator very well - in order to be able to talk about self-adjoint
realizations of a given operator, though, we need in general to extend the operator onto
larger domains (and possibly add some boundary condition, see below for examples and
more details). For such extensions, we typically want to satisfy at least some minimal
requirement: we call an (not necessarily densely defined) operator A closed if its graph

I(A) = {(¥,A¢) : ¥ € D(A)}



is closed as a subset of H x H. In other words, A is closed if and only if
Yp o> EH and Ay, >op€EH as n— oo
implies that
€ D(A) and Ay = ¢.
Equivalently, D(A) equipped with || - |[pcay = [| - [l + [JA()[[% is a Banach space.
Problem 2.3. Find an explicit example of an operator which is not closed.

We call Ay an extension of Ay if T'(41) C I'(As2), which means that D(A;) C D(Az2)
and (A2)|p(a,) = A1. We say that an operator is closable if it has a closed extension.

Lemma 2.2. If A is closable, it has a smallest, closed extension A with T'(A) = T'(A).
Moreover, A is closable if and only if 1, — 0 and A, — ¢ as n — oo implies ¢ = 0.

Proof. Let A be closable, then it has a closed extension B, by definition. This means
I'(A) c I'(B) and I'(B) is a closed, linear subspace in ‘H x H. Now, consider the closure

I'(A) C T'(B). Since I'(B) is the graph of a linear operator, it has the property that

(0,9) e T'(B) 1implies ¢ =0.

As a subset of T'(B), also I'(A) has this property and it is also clear that I'(A) (and thus
I'(A)) is a linear subspace of H x H. Define A : D(A) — H by

D(A) = m (@A), A =m({} x HNT(A)) Vi € D(A).

Due to the linearity of I'(A), the domain D(A) is a linear space and due to the property
above, A is well-defined: if (v, ¢), (v,¢') € T'(A), then (0,¢ — ¢') € T'(A) and thus

¢ = ¢'. In other words, for every ¢ € D(A), there is a unique ¢(= Av)) € H such that
(1, ) € T(A). The linearity of A follows from this with the linearity of T'(A).

In conclusion, A is a closed linear operator with T'(4) = T'(A), in particular it is a
closed extension of A. Any other closed extension B has the property that I'(A) C T'(B),
so A is the smallest closed linear extension of A.

For the second statement, notice that A is closable if and only if m has the property
that (0,¢) € I'(A), then ¢ = 0. Both the if- and the only-if-statements follow from the

previous arguments. O

Example 2.8. ([53, Problem 1]). Let {¢n, € H : n € N} be an orthonormal basis of
a separable, infinite dimensional Hilbert space H. Let poo € H be an element that is
not a finite linear combination of the basis elements {¢y, € H : n € N}. On the dense
subspace D(A) = span({pn, € H : n € N} U {p}), we can define the linear operator
A:D(A)—H by
N
A(Apoo + Z fn®n) = Apoo

n=1

Then T'(A) is not the graph of a linear operator, because (Yoo, o), (Yoo, 0) € T'(A).

10



Example 2.9. (Linear differential operators are closable). Consider a linear differential
operator A =73, 1<y Aa0 on C®(RY), where a = (a1, ..., aq) € N& and

9% =0t ... 9y,
Then A : C*(RY) c L2(R%) — L2(R%) is closable.

Proof. We show that v, — 0 and A, — ¢ € L?(R%) as n — oo implies ¢ = 0. Let
¢ € C°(R?), then by integration by parts

(6602 = tim (6. dv) = i [ o (3 (D006 )vnla)

n—oo
la|<N

= Jim (3 07 Rrc) =

la|l<N
Hence, ¢ = 0 by density of C2°(R%) in L2(R?), so that A is closable. O

Next, we introduce the adjoint of a linear operator. Let A : D(A) — H be a densely
defined operator on H and define D(A*) by

D(A") = {<p € H:3dn e H with (p, Ay = (n, )y YV € D(A)} CH

Given ¢ € D(A*) s.t. (@, A)y = (n, 1)y for all p € D(A) we set A*p = 7. The operator
A* : D(A*) — H is a well-defined (why?), linear operator and called the adjoint of A.
If A* is densely defined, we let A™* = (A*)*. For the notion of self-adjointness, we need
to know whether A* is densely defined. In general, this need not to be the case.

Example 2.10. Suppose f is a bounded, measurable function, but such that f & L*(R).
Define D(A) = { € L*(R) : [ dx f(x)y(z) € C}. Then D(A) is dense in L*(R) (why?)
and on D(A) we set A = ([ dx f(z)(z))o, for some fied 0 # 1y € L*(R). Let’s
consider the adjoint A* of A. If ¢ € D(A*), then

(Api)a = (. Av)a = ( [ dn f@)@) (gv)a = [ do (g s)2) Fla)ota)

for all ¢p € D(A). This means that A*o = (p, o), f, but f & L*(R), so that we must
have {@,v0)2 = 0. In particular, D(A*) is not dense, but consists of {1g}.

Theorem 2.2. Let A : D(A) — H be a densely defined operator on a Hilbert space H.
Then the following holds true.

i) A*: D(A*) — H is a closed operator.
ii) A is closable if and only if D(A*) is dense, and in this case A = A**.
iii) If A is closable, then (A)* = A*.
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Proof. i) Consider ‘H x H as Hilbert space with the inner product

((V1,%2), (01, 02))1xm = (Y1, 01)1 + (Y2, 02)1 (V1,91, 01,02 € H)
Define V: H x H — H x H by

V() = (—p,9).

Then V is clearly unitary. As a consequence, V(E)t = V(E*) for every subspace
E C H xH. Indeed, if (§, Vn)pxn = (V*E muxwn = 0 for all n € E, then { = V(V*¢) €
V(E*). On the other hand, if ¢ = V(£) € V(E™*), then (£, Vn)uxu = (VE V) uxn =
(€M puxyn =0 forallp € E, ie. &€ V(E)..

Now, denote by I'(A) the graph of A. We claim that V(I'(A))* = I'(4*), showing
that T'(A*) is closed. Indeed, (¢, ¢) € V(I'(A))* if and only if

0= ®), (=AY, )y rxn = —(& A + (@, V), Vip € D(A),

which is the case if and only if (£, AY)y = (p, 1)y for all p € D(A). The latter statement
holds true if and only if £ € D(A*) and ¢ = A*¢, i.e. (& ¢) € T'(A*).

i1) Assume that A* is densely defined. Since A is linear, I'(A) is a linear subspace of
H x H. With V2 = —14 and the proof of i), this implies

L(4) = (DA = (VAI(A4) 1) = (V((VI(A) D))+ = (V(D(A))F =T(A™)

This shows that I'(A4) is the graph of A**, so that A is closable with A = A**.

If we assume on the other hand that D(A*) is not dense, we may consider an element
0 # 1 € D(A*)L. Tt then follows that (1,0) € T'(A*)* which implies that V (T'(4*)*) =
(V(I'(A*)))* can not be the graph of a linear operator, because (0,1) € V(I'(4*)1).
But by the previous step, (V(I'(4*)))* = I'(A), so that A is not closable.

i11) If A is closable, D(A*) is dense in H and A* is closed s.t.

—— i)

Ar = ) 2 () = (a7 = (amy 2 @y
O

In contrast to the finite-dimensional case, in infinite dimensions there is an important
distinction between symmetric and self-adjoint operators. The spectral theorem men-
tioned earlier applies to self-adjoint operators, but not to symmetric operators which are
not self-adjoint. Having a self-adjoint realization of a given unbounded operator is often
intimately connected with choosing an appropriate domain. In fact, spectral properties
of unbounded operators are sensitive w.r.t. the choice of the domain.

Consider for example the operator A = 90, which represents the momentum of a
quantum particleﬂ Since observables correspond to self-adjoint operators, it is important
to understand the self-adjoint realizations of A. We approach this question step by step,
illustrating some basic difficulties when trying to define A as a self-adjoint operator.

More precisely, the momentum operator p in quantum mechanics corresponds to the generator of
the unitary group of translations. It corresponds to the physical quantity that is preserved in closed

12



Example 2.11. Consider A : H'([0,1]) — L*([0,1]) defined by A = i0,. Then
the spectrum of A is given by the whole plane o(A) = C. Indeed, every z € C is an
eigenvalue of A with a possible eigenfunction given by x +— e~ € H1([0,1]). Notice
also that A is closed, because H'(]0,1]) with the graph norm is a Banach space.

At this point, let us recall that any ¢ € H'((0,1)) admits an absolutely continuous
representative ¢ € C([0, 1]), which satisfies

_ b
3() = d(a) + / ds ' (s)

for every a,b € [0, 1]. In particular, this gives meaning to ¢(0) and ¢ (1). In the following
we therefore identify implicitly H'([0, 1]) with H*((0, 1)), including the boundary of (0, 1)
as a reminder of this fact.

Example 2.12. Consider A : D(A) — L*([0,1]) defined by Ay = i0,%, as in the
previous example, but on the modified domain

D(A) = {4 € H'([0,1]) : ¥:(0) = 0}.
The operator A : D(A) — L?([0,1]) has empty spectrum.

Proof. We will show that A — z is invertible for every z € C, with bounded inverse.
Indeed, given ¢ € L%(]0,1]), this amounts to solving the ODE

Opp = —izp —ip with  9(0) =0.

Motivated by Duhamel’s formula, we analyze the operator S, : L2([0,1]) — D(A)

(Se)(x) = —i /0 " ds e o(s).

Then S, is a bounded operator, because

1 2
Hszwuasuszsouzos(sup / ds\e—ww—%(s),)
z€[0,1] Jo

1
<(sup / ds\e_w(x_s)’2>||90\|g<Cz||90\|%,
z€[0,1] Jo

by Cauchy-Schwarz, where C, > 0 is some finite constant. Moreover, we have

(=280 = (- (291 [ ase ™ 90(6) ) - 50 =

systems due to the homogeneity of Euclidean space. For suitable ¢, we therefore have

(o)) = =i lim ~(U ) = P)@) = =i lim ~(pla = 9) = ¢(z) = (D) (z),

interpreting U(y) = e~ ?¥ (see the section on the spectral theorem below for the rigorous definition of
the strongly-continuous unitary group (U(y))yecr).
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that is (A — 2)S; = L2(j0,1)), as well as

(S:(A—2)p)(x) = /Ox ds e (0,0 — izp) (s)

— pla) = e =p(0) + [ dseH N izp — i29)(5) = ola)
0

for all ¢ € D(A), by integration by parts. Thus, S,(A — z) = 1|p(4). This means that

S, =R, =(A-2)"1:L*]0,1]) — D(A) is the resolvent of A at z € C. O

The previous two examples show that more care needs to be taken in order to define
Ay = 10,1 as a self-adjoint operator. It turns out that the previous examples do not
even provide symmetric versions of A. We say that a linear operator A : D(A) — H
is symmetric if A C A* which means that D(A) C D(A*) and Alpay = A. This is
equivalent to the requirement that

(Y, Ap)y = (A, )y

for all 1, € D(A). An operator is called self-adjoint if A = A* (i.e. if A C A" and
A* C A), that is, if A is symmetric and D(A) = D(A*). If A: D(A) — H is symmtric,
it is closable by Theorem [2.2]ii), because D(A*) D D(A) is dense in H. In this case, the

closure of A is given by A = A**. Since A* is also a closed extension of A, we deduce
AC A C A"

for any symmetric operator A : D(A) — H. If A is also closed, we have
A=A"CA"

and if A is self-adjoint, we have that A = A™ = A*. -
We call a symmetric operator A : D(A) — H essentially self-adjoint if its closure A :

D(A) — H is self-adjoint and if A : D(A) — H is closed, we call D C D(A) a core for A
if ATD = A. If A is essentially self-adjoint, it has a unique self-adjoint extension: indeed,
if B is some self-adjoint extension, we have A** C B and B = B* C (A™)* = A™ C B.
An operator A : D(A) — H is essentially self-adjoint if and only if A C A™ = A*.

Problem 2.4. Check, more generally, that if A C B are both densely defined linear
operators and B extends A, then A* extends B*, B* C A*.

Example 2.13. Let’s consider again A =10, and let’s define it on D(A), where

D(A) = {¢ € H'([0,1]) : ¥(0) = 0 = (1)}

We might suspect that, the more boundary conditions we impose on A, the fewer restric-
tions we have on the domain of A*. In fact, we have A C A* with D(A*) = H'([0,1]).

14



Proof. To see that A is symmetric, let ¢, € D(A), then integration by parts implies

(. Ay = [ dapla)(i0:0)@) = 5] =i | de @) ahila) = (A0

Hence, A C A*. To compute D(A*), we notice that the same computation involving
integration by parts shows that H'([0,1]) € D(A*). On the other hand, suppose that
Y € D(A*). By definition, this means that there exists 7 (= A*1) € L?([0,1]) such that

1 1
(W, Ay = i / B(2)(00) () = / () (x)

for all ¢ € D(A). In particular, the last identity holds true for all ¢ € C2°((0,1)) and this
just means that the distributional derivative of 1) can be identified with —in € L?([0, 1]),
i.e. D(A*) c H'(][0,1]). By the Sobolev embedding in R, we know additionally that 1)
has the absolutely continuous representative

[0,1] 2 2 = ¢(z) = ¥(0) — z/ox dsn(s) € H'([0,1]).

Example 2.14. This time we define A = i0, on the domain
D(A) = {y € H'([0,1]) : ¥(0) = $(1)},
then A : D(A) — L?([0,1]) is self-adjoint, i.e. A= A*.

Proof. Integration by parts shows as before that A C A*. To show the other direction,
we argue as in the previous example to see that D(A*) € H' ([0, 1]) with A*y = i, for
all ¢ € D(A*), using that C2°((0,1)) C D(A). But then, if ¢ € D(A*), we can choose
¢ =1¢€ D(A) and conclude

1
0= (4, Ap)y = i /0 ds (0,0)(s) = i(B(1) — B(0)),

so that ¢ € D(A). O

Problem 2.5. There are in fact uncountably many different self-adjoint extensions of
A =i0,. Prove that A : D(A) — L*([0,1]) is self-adjoint if we consider it on

D(A) = {y € H'([0,1]) : ¥(0) = aw(1)},
where a € C is fizred and such that |a| = 1.

As a final remark with regards to the previous examples, we mention that the closed
symmetric extensions of a given closed symmetric operator, and the question whether or
not it admits self-adjoint extensions, can be characterized precisely by using the notion
of deficiency indices. We refer the interested reader to [56, Chapter X.1].
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Theorem 2.3. Let A: D(A) — H be a closed, symmetric operator on a Hilbert space
H. Then the following holds true.

i) We have that ran(z— A)* = ker(z— A*) and dim(ker(z — A*)) is constant throughout
the open upper and lower half-planes in C.

ii) The spectrum of A is equal to one of the following subsets of C: the closed upper
half-plane, the closed lower half-plane, the entire plane or a subset of the real line.

iii) A is self-adjoint if and only if o(A) C R.

Proof. Before we start with the proof of i), let z = v +iu € Cs.t. u# 0. For ¢ € D(A),
we have by the symmetry of A and Cauchy-Schwarz

1z = A)ll3, = v2llelif; + Al — 2v(p, Ap)a + illel3 > w2 llell% (2.3)

We deduce from here and the closedness of A that ran(z— A) C H is closed, that (A —z2)
is injective whenever Im(z) # 0 and that | R,(A)|lop < [Im(2)| 7L if 2 € p(A).

i) The equality

ker(z — A*) = ran(z — A)* (2.4)

follows from (¢, (Z—A)g)y = 0 for all ¢ € D(A) if and only if (z—A*)y = (Z—A)*¢Y = 0.

Given z = v+iu € C\R as above, we show that dim(ker(z — A*)) is locally constant.
To this end, consider w € C and let ¢ € ker((z + w) — A*), |||l = 1. Now suppose
that ¢ € ker(z — A*)L, that is, (¢, )3 = 0 for all ¢ € ker(z — A*). By and the
closedness of ran(z — A), this implies that ¢ € (ran(z — A)1)+ = ran(z — A). Hence,
there exists some ¢ € D(A) with (z — A)¢ = v so that, by (2.3),

0= ((z+w = A, = V5 + T, n > 1 = wlligln = 1= [pl ]
Obviously, the last inequality gives a contradiction if |w| < |u| in which case therefore
ker((z +w) — A*) Nker(z — A*)T = {0}
But this implies
m = dim(ker((z + w) — A%)) < dim(ker(z — A*)) = n.

Indeed, assume w.l.o.g. that m is finite. Denoting by P : ker((z + w) — A*) — ker(z —
A*) the orthogonal projection onto ker(z — A*), restricted to ker((z + w) — A*), the
rank theorem implies m = dimker(P) 4+ dimran(P). By the above equation, however,
dim ker(P) = {0}, because ker(P) = ker((z +w) — A*) Nker(z — A*)* = {0}. But then
ran(P) C ker(z — A*) contains m linearly independent vectors so that m < n.

Now, if we switch the roles of z and z + w and assume |w| < %', we also conclude
that dim(ker((z + w) — A*)) > dim(ker(z — A*)). Indeed, switching the roles of z and

z + w implies as above

0={((z— A%, n > 1— |p+Imw| |w| > 1 —2|u| |l
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which is a contradiction if |w| < % Thus dim(ker((z + w) — A*)) > dim(ker(z — A*))
and hence dim(ker((z + w) — A*)) = dim(ker(z — A*)) for |w| < %

i1) The bound implies that (z — A) is injective for any z € C\ R and the inverse
(z— A)~!:ran(z — A) — D(A) is defined on all of H if and only if

dim(ker(z — A*)) = 0 = dimran(z — A)*.

In the latter case, z € p(A) with ||R.(A)|lop < [Imz|7!, by (2.3). By part i), we know
that dim(ker(z — A*)) is locally constant around z € C with Imz # 0. This implies
that the upper and lower half planes are both either entirely contained in p(A4) (if e.g.
dim(ker(i — A*)) = 0 for the upper half plane and dim(ker(—:i — A*)) = 0 for the lower
half plane) or they are contained in o(A). Since o(A) is closed, it can therefore either
be empty, equal to the closed upper half plane, to the closed lower half plane, to the
complex plane or a subset of the real line.

i11) Suppose A = A* and ker(i — A) # {0}, that is dim(ker(z — A*)) # 0 for z = —i.
Then, there exists 0 # ¢ € D(A) s.t.

i, Yy = (, APy = (A, ) = —i{Y, )n

This implies 1) = 0, a contradiction. Arguing in the same way for ker(i + A), we conlude
from i), ) and A = A* that o(A) C R.

Conversely, if 0(A) C R, i) and ) imply that ran(+i — A) = H. Let ¢ € D(A¥)
and choose & € D(A) s.t. (1 — A*)yY = (i — A)¢. Since £ € D(A) C D(A*), we have
(¢ — &) € D(A*) s.t.

(i—=A")(p—-&) =0
This means that (¢ — &) € ker(i — A*) = ran(—i — A)* = {0}, i.e. E =9 € D(A). O

Corollary 2.1. Let A : D(A) — H be self-adjoint and s.t. {p, Ap)y > 0 for all p €
D(A). Then o(A) C [0,00).

Proof. For z € (—o0,0), the positivity implies that
Iz — A)elld = 1Apl13, — 22(p, Ap)n + 2|l 0lF, > 2*[lell%

for all ¢ € D(A). Arguing as in Theorem we deduce that dim(ker((z — A*)) is
constant for all z € C\ [0, 00). Since A is self-adjoint, we conclude dim(ker((z—A*)) =0
for all z € C\ [0,00) such that o(A) C [0,00). O

Corollary 2.2. Let A: D(A) — H be symmetric. Then, the following is equivalent:
i) A is essentially self-adjoint.
i) ker(A* +1i) = {0}.

ii1) ran(A £ i) is dense.
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Proof. We apply Theorem and use that ran(A £ i) = ran(A +4). To prove this
last fact, recall that ¢ € D(A) if and only if there exists a sequence (¢ )nen such
that ¢, € D(A) for all n € N, lim,,_, 0 ¢, = ¢ and lim,,_,o, Ay, exists. In particular, if
b € ran(A+4), then ¢ = (A4i)y for some p € D(A) so that ¢ € ran(A £ 7). Conversely,
if 1 € ran(A =+ 4), we know that 1 = limy,_,oo (A=), for suitable ¢, € D(A). By (2.3),

(©n)nen converges to some ¢ € H and thus ¢ € D(A) so that ¢ € ran(A4 +i).

2.3 Examples of Self-Adjoint Operators and Self-Adjointness Criteria

In this section, we give several basic examples of self-adjoint operators that play an
important role in quantum mechanics.

Proposition 2.1 (Multiplication Operators). Let (2, A, i) be a measure space and let
f:Q — R be a real-valued, measurable function which is finite for a.e. x € Q). Define
As i D(Ay) — L2(, A, 1) as the multiplication operator As(p) = fo on the domain
D(Ay) = {¢ € L*(Q, A, p) : fip € L2, A, n)}. Then Ay is self-adjoint.

Proof. Let ¢ € L?(Q, A, ). Using the Dominated Convergence Theorem, we see that
the sequence (Yx{| fj<n})nen With ¥x(f<n} € D(Ay) for all n € N, satisfies
nh—>120 1% = ¥xqf1<nille =0

Hence, D(Af) C L?(Q, A, u) is dense. Since f is real-valued, it is clear that Ay is
symmetric. Ay is also closed, since ¢, — ¢ € L*(Q, A, 1) and Af(pp) — 1 € L*(2, A, p1)
as n — oo imply ¢¥(z) = f(x)e(z) for a.e. x € Q by choosing suitable pointwise a.e.
convergent subsequences. In particular, ¢ € D(Ay) and ¥ = Af(p) = fe. Finally,
(f+i)7' L2, A, ) = D(Ay) and (f —4)~1 : L2(Q, A, i) — D(Ay), defined pointwise
a.e. in ) as multiplication operators, are well-defined and bounded which follows from

1+ ) Hloo < LI =) Moo <1
Thus, {£i} € p(Ay) s.t. 0(A) C R showing that Ay is self-adjoint, by Theorem O

Example 2.15. The Laplace operator A : H?(RY) — L*(R%) is self-adjoint. Denoting
by & : L2(R?) — L?(RY) the L?(RY)-Fourier transform, that is

~

FUNG) = Fo) = [ deerep(a), v pe R,

the Laplacian is in fact unitarily equivalent to the multiplication operator FAF ' :

F(H?(RY)) — L2(R?) defined by
(FAF ) (p) = —4n?[p[*P(p), for a.e. p € RY

Moreover, A is essentially self-adjoint on C°(R?). To see this, let ¢ € D(Alc’go). By
definition of the closure, this implies that there exists a sequence (¢n)nen in C2°(R?)
and ¢ € L*(R?) such that

lim [[¢ — @pll2 = lim [t — Apyll2 =0
n—oo n—od
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We conclude from the Fourier characterization of H?(RY) that (¢n)nen s a Cauchy
sequence in H?(RY). By the completeness of H*(R?), this implies that ¢ € H*(R?)
and 1 = Ap, i.e. Ao C A. Since C®(RY) c H*(R?) is dense, it is also clear that
A C @, so that altogether Ajco = A.

Notice that in the last example we have used that self-adjointness is preserved under
unitary transformations: if A : D(A) — H is self-adjoint on the Hilbert space H and if
U :H — H is a unitary map to the Hilbert space H, then UAU ! : U(D(A)) — H is
also self-adjoint. In fact, the spectrum o(A) of a linear operator A is invariant under
unitary conjugation, because R,(UAU 1) = UR,(A)U~! for all z € p(A).

Example 2.16. Consider the space L*([0,1]%) for which {x + €*™P* : p € 79} is a
complete orthonormal basis. The discrete Fourier transform §q : L*([0,1]%) — ¢2(Z%)

18 a unitary map and we can define the Laplacian with periodic boundary conditions
A : D(A) — L2([0,1]%) as the Fourier multiplier

Fa AT )y = —4n2|pl2f,, ¥p € Z2,

with domain D(A) = g;l{f = (fp)pezd € 2(z7%) : > pezd ]p|4\]?p|2 < oco}. We can
identify the operator with the Laplacian A on L?(T?), where T¢ = RY/Z9 denotes the
d-dimensional unit torus.

In quantum mechanics, a special role is given to the Hamilton operator, or simply
Hamiltonian, which is a self-adjoint operator describing the energy of the system. For
many systems, it is essentially given by the sum of an operator describing the kinetic
energy of the particles and an operator describing the interaction energies among the
particles. The kinetic energy is described by (a self-adjoint realization of) the Laplace
operator while the interaction energy is described by a multiplication operator. To
ensure the sum of such operators to be self-adjoint, we present two basic results: the
Kato-Rellich Theorem and Kato’s inequality.

The Kato-Rellich Theorem shows that self-adjointness is stable under suitable per-
turbations, as defined as follows. Let A : D(A) — H and B : D(B) — H be densely
defined linear operators on some Hilbert space H. We say that B is A-bounded if

i) D(A) c D(B)

y (2.5)
i) Ja,beRst. Ve DA): [[Beolly < allAp|n + blleln

Notice that the assumption i) is quite reasonable if B is supposed to be a pertur-
bation of A: if Ay makes sense, By should certainly make sense as well.

The infimum over all @ € R such that i1) holds true is called the relative
bound of B with respect to A. If the relative bound is equal to zero, we say that B is
infinitesimally small with respect to A.

Theorem 2.4 (Kato-Rellich Theorem). Assume that A : D(A) — H is self-adjoint, that
B : D(B) — H is symmetric and that B is A-bounded with relative bound ag < 1. Then
A+ B is self-adjoint on D(A) and essentially self-adjoint on any core of A.
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Proof. A+ B : D(A) — H is well-defined (D(A) C D(B)), it is clearly symmetric
and it is closed. For this last fact, note that if (¢n)nen converges to ¢ € H and if
((A+ B)gn)nen converges, then also (Agy,)nen converges, because

1(A+ B)Y[| = [|Ap]| = B[ = (1 = ao) | A — bl

for all v € D(A). Since A is closed, this implies ¢ € D(A) and lim, o Ap, = Agp.
Moreover, since B is A-bounded, we also find that lim,_,, By, = By. Combining this,
we conclude that ¢ € D(A) and lim,, oo (A+ B)gn = (A+ B)yp, that is, A+ B is closed.

Now we can apply Theorem To show that A + B is self-adjoint, it is enough to
prove that ran(A + B + i) = H for p € R with |p| sufficiently large. To this end, the
perturbative idea is to rewrite

A+B+ip= (1+BA+ip) ") (A+ip) (2.6)

and to show that C = B(A +iu)~! has operator norm less than one. As a consequence,
1+ C :H — H is invertible: its inverse can be computed using the Neumann series

o0
1+C)t =) (-1)ct
k=0
and, since iy € p(A), we conclude that ran(A + B +iu) = H.
So, let us prove that C has operator norm less than one if |u| is sufficiently large.
First of all, we have for all ¢ € D(A) that

1A + i)ellz, = Il AllF, + 12l el > [Avllz

This implies that [[A(A + i) !|z) < 1. From Theorem we also know that
(A4 ip) "z < [pl~!. Hence, from the A-boundedness of B we find for some a < 1

IB(A + i) "l < all ACA + i)l + BII(A + i) " pllag < (a+ |l ~'0) [ 1

for all 1) € H. If we choose |u| sufficiently large, we obtain that ||C| ;s < 1.

The statement about the operator core can be proved in the same way. In this case,
we apply Corollary (with 4 replaced by iu for p € R and |u| large enough). The
essential self-adjointness of (A+ B)|p : D — H then follows if ran((A+iu)(1+C*)p) is
dense in H which is the case if ran((A+iu)|p) is dense, by invertibility of 1+C* : H — H.
But A|p : D — H is essentially self-adjoint (by assumption that D is a core for A) so that
applying the corollary to A implies that (A+B)p : D — H is essentially self-adjoint. [

Proposition 2.2. Let V € L?(R3)+ L>(R3) be real-valued. Then —A+V is essentially
self-adjoint on C2°(R3) and self-adjoint on H*(R3).

Proof. We apply Theorem and view the potential V' as a perturbation of —A. Write
V = Vi + Vi, where Vo € L?(R?), V., € L°°(R3), then for ¢ € C°(R3), we bound

Vellz < IVall2llelleo + (Voo lloollsll2-
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Applying the inverse Fourier transform and Cauchy-Schwarz, we estimate

lelloo < 15 (@)1 < /

Ip|>e—

< </P|Z€2 dp“j’él)m(/RS dp |p|4!$‘1(s0)(p)\2) -

< Cel| = Apll2 + Ceell2

1 _
, dPW P25 (@) (p) + Cell |2

for some universal constant C' > 0 and for all € > 0. By density of C2°(R3), the previous
inequality is also true on H?(R?) and the proposition follows from Theorem The
statement about essential self-adjointness follows from the fact that —A is essentially
self-adjoint on C2°(R3). O

As a corollary, we conclude that —A — % is essentially self-adjoint on C2°(R3).
This Schrédinger operator describes (after a change of variables to center of mass and
relative coordinates) the hydrogen atom, consisting of one proton and one electron (—e is
interpreted as the charge of the electron). That the potential = + |2|~! is infinitesimally
small with respect to —A can alternatively be seen through Hardy’s inequality.

Lemma 2.3 (Hardy’s inequality). For all ¢ € H'(R?) and d > 3, we have that

2
iz~ ], < 7= IVl

Proof. We follow [47, Prop. 10.3]. Denote by p = ¢V and by Z multiplication by z in
RZ. It is an elementary computation to check the commutator identity

d
dla| ™ = =izl "'plal ™ 8] = Y [l T 05l x5],
j=1
in C2°(R3). Indeed, we obtain from 9;|z|~! = —|z|3z; + |z|719; that
[l =1 0ylal ™ 2] =l 7 (= |2 Py + |2] 710y 2y — ayla| ™t ( = 2| ey + 2] 710)
= |a| 2.
This shows
dl[lz| 7 oll3 = d(e, |z p)2 =(p, —i[lz| " D27, T]e),
=2Tm(|z[~'plz| " e, Tp)o
=2Im(p o, Z|z| > p)2 + 2(p, 2| 2p)2,
so that for all p € C°(R?), we have that
(d=2)[l|z]" ollf = —2Im(pp, T |z 2p)2.
The claim now follows by applying Cauchy-Schwarz on the r.h.s. of the last equation
and by using the density of C°(R?) in H'(RY). O
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Problem 2.6. Use Hardy’s inequality to prove that x + |z|=1 is infinitesimally small
with respect to —A in R3.

Proposition 2.3. Let v € L?(R3) + L>¥(R?). Then the operator

N

Hy = Z(_Azi) + Z v(z; —xj)

i=1 1<i<j<N
is essentially self-adjoint on C°(R3N) and self-adjoint on H?(R3Y).

Remark. The Hamiltonian Hy defined in Theorem[2.3 describes a system of N particles
that move in R® and interact through the pair potential v € L*(R3)+L>®(R3). By (—A,,),
we denote the Laplacian w.r.t. the i-th coordinate x; € R3, i =1,...,N. It describes the
kinetic energy of the i-th particle.

Proof of Proposition[2.3. As before, we apply Theorem by viewing the interaction
operator as a perturbation of the Laplacian. Choose w.l.o.g. ¢ = 1,7 = 2 and let
v = v1 +vg where vy € L?(R3), vy € L®(R?). For any ¢ € H?(R3*Y), we certainly havﬂ

[v2(z1 — 22)pll2 < [Jvallsollell2

Hence, let us focus on bounding v; € L?(R?) in terms of the Laplacian. Denoting by
Xn_2 = (x3,24,...,2N), we proceed as above and use Fubini so that

b o1 (. — :EQ)”L?(R?’)HSD(',I'Q»XN—2)H%OO(R3) dradX N2

1 (z1 — 22) 0|3 < /

R3(N—

<o [ Dol ma Xy o) dordead X
R

+C: (21, T2, XN—Q)\2 dx1dxodX N_o

R3N
N

<c [ IS Eane@)] ool

i=1
Since € > 0 can be chosen arbitrarily small, the claim follows from Theorem [2.4] O

Hamiltonians as in Proposition describe particles that move in all of R? and
interact via some pair interaction. When we study the energy of a system of bosons,
we consider instead Hamiltonians which describe particles that are trapped in a finite
region in R3. This can be modelled by adding an external potential Viy € L%’C(RS) with
Vext(z) — 00 as |z| — oo. The growth of Vi at infinity prevents that particles escape
to infinity so that they are effectively trapped in a finite region in R3. To prove the

self-adjointness of Hamilton operators with growing potentials, we use Kato’s inequality

2For notational simplicity, we denote by v(z; — x;) the multiplication operator which is defined a.e.
in R®Y as the multiplication by v(z; — z;) at z = (x1,...,2s,...,T5,...,2N5) € R?.
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which is a suitable bound interpreted in distributional sense. Before discussing this
result and its consequences, let us recall a few basics on distributions. For concreteness,
we describe a hands-on approach as discussed for example in [66, [40].

A large part of analysis is devoted to solving partial differential equations. Given a
PDE, one may ask for example if it admits a regular solution, but in general one can
not simply integrate a PDE. It is usually not even obvious if a solution exists and what
its optimal regularity might be. The question then arises where, i.e. in what kind of
function space, we should start to look for a solution - and with minimal assumptions,
we might want to look in a space of rather rough objects whose regularity properties
can then be analyzed once a solution is found. Distributions are a certain class of rough
objects and they generalize the concept of a classical function.

Let © be some open subset in R?, then we denote by D(Q) = D = C°(2) the set
of test functions (unless stated explicitly, the choice of base space Q will be clear from
context). In D, we define the following notion of convergence: a sequence (¢, )nen, such
that ¢, € D for all n € N, converges to ¢ € D in D if and only

i) 3 K C Q compact such that supp(¢,) C K V n €N,
ii) Tim sup|0°(pn — )| = lim [|9°(¢n — @)loc = 0 Yo € NE.
n—00 ze() n—00

A distribution T is a linear functional T : D — C which is sequentially continuous in the
sense that lim, o T(¢n) = T(¢) whenever lim,_, ¢, = ¢ in D. It is straightforward
to check that the set of distributions with the usual addition and scalar multiplication
forms a vector space. This space is denoted in the sequel byE| D'(©2). We say that a
sequence of distributions (7},)nen, such that T,, € D’ for all n € N, converges weakly to
T € D' if and only if lim,_,~ T (¢) = T(p) for every ¢ € D.

Example 2.17. Let f € LY (Q), then f determines the distribution

loc

Ty(p) = /Q dz () ().

Recall that functions are uniquely determined by the associated distributions: if T(yp) =
Ty(p) for all ¢ € D, then f = g almost surely by standard measure theoretic arguments.

Example 2.18. Let pu be a Radon measure on §2, then u determines the distribution

Tu(g) = /Q u(dz) (z).

The previous example shows that distributions naturally generalize the concept of a
function: although some object may not correspond to a classical function, it may still
have a natural action on sufficiently nice test functions, like a Radon measure.

3This notation suggests that D’ is the topological dual space of D equipped with a suitable topology
that is consistent with the notion of sequential continuity defined above. This can in fact be made
precise; see below for a short discussion on this.
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A prominent example from physics, which models e.g. point masses or point charges,
is the Dirac § distribution d, : D — C centered at x € €2, which is defined by

Informally, one may write d,(¢) = [, dx d2(y)¢(y) and think of d, to correspond to a
function which is infinite at x € €2 and zero else. Although mathematically, a §, function
in this sense does not exist, the intuition it provides is nevertheless quite useful.

Problem 2.7. Show that there exists no function f € L} (Q) such that Ty = §,.

Generalizing the concept of a function by duality (that is, f vs. T%), one can also
attempt to generalize basic properties of functions by duality, like e.g. differentiation. If
T : D — C is a distribution, its derivative 9T : D — C, for a € N, is the distribution
(exercise), defined by

0°T(p) = (~1)IT(0%) (9" =" ... 95"

This is consistent with the usual integration by parts formula for functions in D. Defined
in this weak sense, every distribution is smooth and has derivatives of all orders.

Example 2.19. Let h(z) = X|[0,00) denote the Heaviside function in R. Then

B Th(p) = - /0 " Opp(a)dz = (0) = (),

that is 0,T, = 0 = &y (compare this with the interpretation of 0 as an infinite peak
centered at zero, mentioned above).

Problem 2.8. Suppose that f € C*(Q). Show that 0Ty = Tyay for every a € Nd with
|| < k so that in case of a regular function its distributional derivatives coincide with
its classical derivatives.

Using duality arguments as above, there are many further properties which can be
generalized naturally from classical to generalized functions, e.g. the concept of the con-
volution of a distribution with a test function ¢ € D (see [66} [40] for further properties).
For simplicity of notation, let us consider Q = R? for the remainder of this discussion.
We can interpret (T * ) of T € D' with ¢ € D in two ways: setting

Py(x) =p(x—y) and  Yp(z) =p(-z) V¢ € CR?),

we can define (T 1)) € C*°(RY) on the one hand as the smooth function z + T'((¢r)2)
and, on the other hand, we can interpret (T x 1) € D’ as the distribution defined by
(T ) (p) =T (g * ). Note that we assume ) € D for both objects to be well-defined.
That the two notions coincide, in the sense of distributions, follows from the next lemma.
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Lemma 2.4. Let T € D' and ¢ € D. Then, R% > 2 +— T(p,) € C®(RY) with
BT (ps) = (1T ((070)s) = (0°T)(pu)-

Moreover, if 1 € D we have that
[ aeT(eni@) =T ). (27)

Proof. Let us prove that x +— T(gp,) € C1(R?); the smoothness follows with analogous
arguments and induction (ezercise). Let us start with continuity. Suppose that h, — 0
asn — 00. Since ¢ € D, we have for every a € Ng and € > 0 that there exists a constant
Cy > 0 such that for n > N so that |h,| < €, we have that

sup [0%px(y) — 0%0ein, ()| < Cae, ¥ n > Ne.
y€ERd

Combining this with the fact that for a suitable compact set K C R%, we have
supp(pz) U () supp(¢zin,) C K,
neN

we conclude that limy, 00 @zth, = @z in D. Since T € D', we get that

lim T(patn,) =T (pz)

n—oo

and since € R? and (h,,)nenwere arbitrary, this shows that = +— T(¢,) € C(R9).
To prove continuous differentiability, we argue very similarly, observing in this case
(with analogous notation as above) that we have

0 (1hal ™ (Pa-h ) = 2 (9)) = (~D(Ve)a®) - [hal o )| < Caes V> .

sup
yeRd

Arguing as above, this implies that

d

fi 17| T(pa10) = Tl) = 3 T(-(01)2 )
=1

:07

i.e. x> T(p,) is differentiable with derivatives in C'(R?), given by

Oz, T(pz) = (OiT)(px)-

In order to prove ([2.7]), we use an approximation argument. By the first part and
the fact that supp(¢) C R? is compact, the integrand = — T'(¢p,)1(x) on the Lh.s. in
[2.7) is a C°(R?) function. Hence, we can approximate it by a Riemann sum

N—oo

N N
[ Teu) = fim Aw Y Tl )oe) = fin T(8x 3 el ~ )00
j=1

=1
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for suitable lattice points (l‘j)évzl with mesh size Ay — 0 as N — oo. Similarly, we have
the uniform approximations

lim sup
N—oo zERA

6‘“( Ay ]i: oz — z;)P(z;) — (Y= 90)(96)> ‘ =0

for every multi-index o € N&. This implies that ¢y = Ay Eé\le (- —x;)(x;) converges
to (¢xp) in D, arguing similarly as before. Combining this with T € D', we get (2.7). O

Problem 2.9. Extend (2.7) to ¢ € LY(R?), assuming supp(y)) C R? to be compact.

Proposition 2.4 (Fundamental Theorem of Calculus for Distributions.). Assume that
T € D'(R?) =D’ and let p € D. Then we have that

1 d 1
T(py) - T(g) = / dt Sy (0T (p1y) = / dt y - (VT)(gry). (2.8)

Proof. Let us denote the function defined through the r.h.s. in by y — G(y). By
Lemma 2.4] the map = — (VT)(p,) € C®(RY) with 0,,(VT)(pz) = —(VT)((959)a)-
Using the smoothness and the fact that we integrate over a compact interval, we compute
the derivative of G by interchanging integration with differentiation and obtain that

0;G(y) = —/Oldtt(VT)((aiw)ty)-er/ol dt (0;T)(pry)
1 d 1
- /0 dt;tyj(az‘T)((aj@)ty)+ /0 0t (0,7 (1)
1 1
= [ aea(@rien) + [ a0 = 070,

where the second to last step follows with similar arguments as above (ezercise) and the
last step follows from integration by parts. Finally, the function

y = Gly) = T(py) — T(p) € C*(RY)
has the same derivatives as G and it follows with G(0) = G(0) = 0 that G = G. O

Problem 2.10. Assume that f € Wl’l(]Rd). Prove that for every y € R%, we have

loc

1
flz+y) =f(w)+/0 dty-Vf(z+ty)

for almost every x € R,

Recall from Problem 2.8 that the distributional derivatives of smooth functions cor-
respond to their classical derivatives. We can now also show that if a distribution has
continuous derivatives, it corresponds to a classical, continuously differentiable function.
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Lemma 2.5. Suppose that T € D' is such that g; = ;T € D' can be identified with
gi € C(RY) (in the usual distributional sense). Then T € CY(RY) and its classical
derivatives O;T are equal to O;T = g;.

Proof. Pick ¢ € D. By Proposition 2.4 and Fubini, we know that

1 d
T(soy)—T(s0)=/O at y; (0;T) (pry)

:/Oldt jéyj</ﬂ%d dﬂﬁgj(ﬂf)@(l’—ty))
- /Rd da </01 dt Zd:ngj(erty))sO(w)-

Jj=1

Now, pick some 1 € D with fRd dx 1 (x) = 1, then the previous identity implies that

)= [ arotrien) - [ aw( [Lae ([ @S uoerm)ow)

J=1

=T *¢) —/}Rd dz (/Rd dy /01 dt¢(y)gngj(x+ty))‘p(x)
- /R da (T(%) - i /R dy () /0 ity + ty)) (),

representing T as an explicit function denoted in the sequel by f € C(R%).
Now, recalling that 0, T(1,) = (0;T)(¢) in classical sense and

9;9i = (0:0;T) = Dig;
in distributional sense, we get

d 1 d 1
0,3 / a5 +ty) =3 / dt y;(9ig;) (x + ty)
j=1"70 j=170
1

— /0 dty - (Vgi)(z+ty) = gi(z +y) — gi(x)

and consequently (ezercise) with 0;T = g; that in the sense of distributions, we have

O, (T(%) = Zi:/Rd dyw(y)/oldtngj(wrty)) = gi().
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Finally, using the local integrability of f and the weak derivatives g;, we may apply
Problem that shows for every y € R? that

fla+y) = +Z/ yig; (@ + ty) = +Zngj ) + o(lyl)

almost surely in z € R? and hence, by continuity, for all z € R%. Here, we used in the
last step the continuity of the g; € C(R?). By definition of differentiability, this shows
that f € C1(R?%) with (classical) partial derivatives 0;f = g;. O

Problem 2.11. Let T € D' with ;T =0 for alli=1,...,N. Prove that

T(p)=C [ drxo(x)
Rd

for some C € R and for all p € D.

Finally, let us introduce the space of tempered distributions and their distributional
Fourier transforms. As before, we might in a first attempt define the Fourier transform
of T € D' by duality, i.e. f(cp) = T'(p). However, here we encounter the problem that @
need not be an element in D so that 7 is ill-defined in D. To resolve this problem, we
may enlarge the space of test functions (i.e. we consider a smaller, more regular set of
distributions) to the well-known space (see e.g. [55]) of rapidly decaying functions S(R%)
- the Schwartz functions - which is defined as the space

SRY) =8 = {Lp € C®(RY) : plag = sup [2°0p(z)| < 00 Vo, € Ng}.
x€R4

It is well-known from basic Fourier theory that ¢ € S whenever ¢ € S, that the Fourier
inversion formula holds in § and that ||¢||2 = ||@]|2 for all ¢ € S. We say that a sequence
(¢n)nen, such that ¢, € S for all n € N, converges to ¢ € S in S if and only if
d
Jlim ¢ —¢nlas =0, Vo, €N
We denote by S’(R?) = S’ the linear space of linear, sequentially continuous functionals

T :S — C so that lim, 00 T(pn) = T(¢) whenever lim,, o ¢, = ¢ in S. An element
in &' is called a tempered distribution.

Problem 2.12. Show that D C S, that convergence in D implies convergence in S and
that 8" C D'. Show that every ¢ € S can be approximated (in S) by a sequence in D,
up to errors that vanish asymptotically. Find an example of a distribution T € D' which
does not admit a continuous extension to S, that is, a distribution which is not tempered.

In contrast to distributions in D', a tempered distribution has a well-defined Fourier
transform, defined by duality. That is, we define T' € S’ by

T(p):=T(3) Vp€S.
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Problem 2.13. Prove that pn, — ¢ in S implies lim, o0 || — onll Lpray = 0, for every
p>2, and that 3, — @ in S. Explain why T € S' if T € S'.

In analogy to classical Fourier properties, we have the following.

Problem 2.14. Let T € 8’ and o € N3. Prove that (0°T) € S' and that

o — — —~

(0°T) = T'(2miz(-)) = (2mix®)T.

Let us now conclude the discussion of distributions by stating some further interesting
theorems and commenting, through a sequence of problems, on the definition of S and
its dual S’ as locally convex spaces (see [66, [40] and [55] [59] for further details).

Theorem 2.5. Let T € S’. Then, there exists some polynomially bounded, continuous
function g € C(R?) and some multi-index o € N such that

T(e) = [ do (-1)lg() @) (o).

that is, every tempered distribution corresponds to some derivative of a mildly growing
continuous function.

For the proof of the previous theorem, see [55, Chapter 5|. The following theorem
illustrates that the theory of distributions turns out to be quite useful in order to find
solutions to partial differential equations.

Theorem 2.6. FEvery constant coefficient partial differential operator L = Z| al<m Ca 0%
on R admits a fundamental solution, that is, there exists T € D' such that L(T) = 6.

Notice that given a fundamental solution, we have that

L(Tx¢)=(L(T))xp=50xp = .

We thus obtain a smooth solution of the PDE in distributional and hence in the classical
sense. The heuristic idea underlying the proof is to find the fundamental solution via

e27ripz
o [ S
Rd P(p)

where P(p) = >_|4|<n Ca(27ip)® denotes the characteristic polynomial of L. Using some
tools from complex analysis, one can use the heuristics to construct the fundamental
solution T' € D' rigorously. For the details, see e.g. [66, Chapter 3].

As indicated earlier, the space S8’ can be identified with the topological dual space
to S equipped with a suitable topology. We start with the following observation.

Problem 2.15. Show that ||, : S(RY) — [0,00) defines a seminorm, for all , 3 € Ng.
Show that the family of seminorms (| - ’aﬁ)a,/ﬁeNg separates points.
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Now, let 7s denote the weakest topology such that the seminorms (| [q,8),, Bend are
continuous and let us identify S = (S, 7s) as the topological space with topology 7s.

Problem 2.16. Show that an open neighborhood basis around 0 € S is given by the sets

.....

Show that Nu, gs.,....cn 8, 15 convex and that + : SxS — S, - : CxS — S are continuous.
Finally, prove that o, — ¢ in (S,7s) if and only if |¢ — pnlap — 0, for every o, B € Nd.

Motivated by the previous problem, one calls S a locally convex topological vector
space. Since its topology is induced by a sequence of seminorms, we can also introduce
the concept of Cauchy sequences in S: (¢ )nen is a Cauchy sequence if |, —om|as — 0
as n, m — oo, for every a, 8 € Ng.

Problem 2.17. Show that S is a metrizable space with a metric inducing the same
topology and yielding the same Cauchy sequences. Show that S is complete, i.e. every
Cauchy sequence has a limit in S.

A complete, metrizable locally convex topological vector space is called a Fréchet
space. Now set
S = {T :S§ — C: T is linear and continuous}

and denote by 7s/ the usual weak-* topology induced by the maps ¢, : &’ — C, defined by
to(T) = T(p), for ¢ € S. The space (S’, 7.s/) is called the space of tempered distributions.

Problem 2.18. Prove that T,, — T in (S',7s/) if and only T,,(p) — T(p) for every
@ € S. Prove that for every T € S there exists C >0, n € N and (o, 8;)1, so that

IT(P) S C Y |elass Ve €S.
i=1

A thorough discussion on D(2) and its relation to D’'(€2) can be found in [59, Chapter
6] (see also [55, Chapter V]). Here, we just record the following basic facts and definitions.
Setting for compact K C Q (with Q c R? open)

Dk ={p € C*(Q) : supp(p) C K},

we can equip Dx with the topology 7x generated by the semi-norms ||0(-)||s and it
turns out that D becomes a Fréchet space. Now consider sets V' C C°(€2) which are
convex and balanced (J]A\| = 1 and ¢ € V implies Ap € V) and which are such that
V N Dk € 1x for every compact K C ). Then, we say that a subset

UcDR)=CX0Q) = U Dy

K CQ:Kcompact

is open in D(Q) if and only if it is of the form ¢ + V for some ¢ € C°(f2) and some
V C C°(Q) as above. The collection 7p of such open sets defines a topology with local
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base given by the sets V' as above and (D(f2),7p) defines a complete locally convex
topological vector space (which is, however, not metrizable). Moreover, Tk is equal to
the subspace topology of T restricted to D, for every compact K C €2, and convergence
in D(Q) is equivalent to the convergence notion introduced earlier. D'(2) is defined by

D'(Q) = {T : D() — C: T is linear and continuous}

and considered a topological space with the weak-x topology induced by the maps
D'(Q) 5T +— T(p), for ¢ € D(Q). The elements in D'(Q) are called distributions.

After this digression on the theory of distributions, let us explain Kato’s inequality.
We say that a distribution 7' € D’(€) is non-negative if and only if T(¢) > 0 for all
¢ € D with ¢ > 0. Saying that Ty > T5 for Ty, Ty € D' means that T; — Ty > 0.

Theorem 2.7 (Kato inequality). Let u € L} (R?) such that its distributional Laplacian
Au is such that Au € L} (R?). Let

0 if u(z) =0,
u(z)/|u()] if u(z) #0

Then (sgnu)Au € L} (R?) is a distribution. If Alu| denotes the Laplacian of the distri-

loc
bution |u| € L1 (R?), we have in distributional sense

(senw)(z) = {

Alu| > Re [(sgnu)Au] (2.9)

Proof. The proof consists of two steps. In the first step, we verify for smooth
functions v € C™(R?). In the second step, we approximate a general u € Llloc(]Rd) by
smooth functions to conclude for the general case.

Assume first that « € C*°(R?). Define for ¢ > 0 the function u. € C*°(R?) pointwise
by u.(z) = v/|u(z)> + 2. If we differentiate u? = |u|? + &2 at = € RY, we find

2ue(z)(Vue ) (z) = 2Re [u(z)(Vu)(z)]

This and |u| < |ue| imply |(Vu:)(x)| < |(Vu)(x)|. Moreover, if we take the divergence
of the last equation, we find

ue(2)(Aue)(2) +|(Vue) (@) = Re [a(z)(Au) ()] +[(Vu)(2)[?
so that (first pointwise and therefore) in distributional sense
(Aue) > Re [(u/ue)Au] =: Re [ sgn, (u)Au]
Now, a basic application of the dominated convergence argument for £ — 0 shows that
Alu| > Re [sgn(u)Au]

in D', for every u € C*®(RY).
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Now let u € LIIOC(Rd) as in the assumption and choose an approximate identity of
smooth functions (¢y)neny in C°(RY) so that ¢, = np(n.) for some fixed 0 < ¢ €
C*(RY) with [pa () do = 1. Define u, = u x ¢, € C*°(R?). Then one verifies that

lim u, =u, lim sgn(u,)Au, = sgn(u)Au
n—oo n—oo

in L _(RY) and thus in D', which concludes (2.9). O

Proposition 2.5. Let V € L? (RY) be such that V(z) > 0 for a.e. x € R, Then

loc
—~A+V : CP(RY) — L2(RY) is essentially self-adjoint.
Proof. Recall from T heoremthat the closable symmetric operator —A+V : C°(R?) —
L%*(R%) and its closure have the same adjoint (—A + V)*. Since moreover —A +V >0
(as an operator) implies that also its closure is non-negative as an operator, the claim
follows from Theorem [2.3] and the proof of its corollary if we show

dim(ker((-A +V +1)*)) = 0.

Indeed, this implies that (~A+V +1)jce = (-A + V + 1)*. Hence, assume that
(=A+V +1)u =0 for u € L?>(R?). Testing against elements from C°(R%), we get

Au= (V +1)u e LL (R
in distributional sense (it is here where we use V € L2 (R?)). Hence, Theorem [2.7|yields

loc
Alu| > Re [sgn(u)Au] = (V + 1)|u| > 0.

But this implies u = 0 € L2(R?). In fact, if |u| € D(A) = H?(R?), this would follow
directly from the fact that A < 0 as an operator, together with u € L?(R?). For a
general u € L*(R%), we define (|uly)nen in H2(R?) as |ul, = |u| * ¢, with a sequence
(¢n)nen as in the proof of Kato’s inequality. Since ¢, > 0 pointwise, we get

0.< Tim (Aful, g * (Julutin)) = {ful, Alul,) <0
for some 0 < v, € C2°(Bn(0)), ¥ = 1 in By, /5(0), so that |ul, =0 € L%(RY) for all
n € N. Since u,, — u in L?(R%), we get u = 0. O

Corollary 2.3. Let Vo € LS.(R3) be such that Veg(z) — oo as |z| — co. Moreover,

C

let v € L2(R3) + L>®(R3) with v > 0 pointwise. Then

N
H]t\;:ap = Z ( - Aml + Vext(aji)) + Z U(SL‘Z' - $j)
=1 1<i<j<N

is essentially self-adjoint on C°(R3V).

The Hamiltonian Hjt\?ap describes N particles trapped in a finite region of R3 and
interacting through the pair potential v. We remark that the assumption v > 0 in
the previous corollary can be dropped. The proof is, however, a bit more involved and
eventually we only consider repulsive interactions in the analysis of the Bose gas later
on. For a thorough discussion of self-adjointness criteria and its consequences, see [56].
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2.4 The Spectral Theorem

In this section, we discuss the Spectral Theorem for self-adjoint operators. We saw
already at the beginning of Section a short motivation why self-adjoint operators are
suitable to describe physically measurable quantities. In the finite dimensional case, one
can use them to define spectral measures, associated to the state of the system, that
measure the probability of finding the values of an observable in a given interval (or,
more generally, in a given Borel subset of R). The spectral theorem shows that this can
be done for general self-adjoint operators A: it gives meaning to the operators xq(A),
2 C B(R), where xq denotes the characteristic function on €. These operators can then
be used to measure the probability (¢, xq(A)Y)y of finding the value of the observable
associated to A in the measurable set §2 if the system is in the state ¢ € H.

The spectral theorem tells us in fact much more. Put in the multiplication operator
form, it states that any self-adjoint operator is unitarily equivalent to a multiplication
operator as in Proposition 2.1

Theorem 2.8 (Spectral Theorem, Multiplication Operator Form). Let A : D(A) — H
be a self-adjoint operator on the Hilbert space H. Then, there exists a measure space
(2, B(Q), 1), where u is a finite Borel measure, a unitary map U : H — L*(Q, B(Q), )
and a real-valued, Q-a.e. finite p-measurable function f:Q — R s.t.

i) ¢ € D(A) if and only if f(.)(UY)(.) € L*(Q, B(Q), ).
i) If p € U(D(A)), then (UAU1(p))(z) = f(x)p(z) for pa.e. v € Q.

Clearly, this generalizes the finite dimensional case. In particular, once we have the
spectral theorem we can use it to define functions f(A) of A for a suitably large class
of functions f. This provides a so called functional calculus. We will see that {f(A)}
forms a C*-algebra - an important observation in view of modern axiomatics of quantum
mechanics, see e.g. [67]. More important in view of the proof of Theorem is that we
can turn this picture around - having first a suitable functional calculus, one can deduce
Theorem by employing the Riesz Representation Theorem [2.25

The proof of Theorem [2.§] consists of several main steps which are presented below,
following [55], Sections VII.1-VIL.3; VIIL.3].

2.4.1 Spectral Theorem for Bounded Self-Adjoint Operators

In the first step, we develop a functional calculus for bounded, self-adjoint operators.
That is, we want to find a reasonable definition for f(A) € L(H) when f € C(c(A);C).
Since 0(A) C R is compact for any bounded, self-adjoint operator A € L(H), we can
consider first polynomials of such operators and then use the Stone-Weierstrass The-
orem to extend our map uniquely to continuous functions f € C(c(A);C). As a
preparation we need two lemmas.

Lemma 2.6. Let B € L(H) a bounded operator on H. Let P € C[X] be a polynomial
in the variable X with complex coefficients such that P(X) = ZN ap X", with a, € C

n=0
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form=1,...,N. We define P(A) = Zivzo anA™ € L(H). Then
o(P(A)) ={P(\): A€ o(A)}

Proof. Let A\ € C. Then A is a root of the polynomial P — P(\), which implies that
P(A) — P(\) = (A —MN)Q(A) for another polynomial @ : C — C. Since Q(A) € L(H),
we conclude that P(\) € p(P(A)) implies A € p(A), because in that case

Ly = (A= 2)(QUA)(P(A) = P() ') = (Q(A)(P(A) = P(N) " )(A =)

Thus, P(c(A)) C o(P(A)).

Next, assume that v € o(P(A)) and write P(A) —v = (A—A1)(A—X2) - (A—An)
for complex roots A\, € C, n=1,--- ,N. Since v € o(P(A)), at least one root A, must
be contained in o(A) (why?), denote it by A\. Thus P(A\) —v =0, i.e. v € P(c(4)). O

Lemma 2.7. Let A € L(H) be a bounded normal operator, i.e. [A, A*] = 0, and let
P € C[X] denote a polynomial in X, as in the previous lemma. Then

[1P(A)llzae) = sup [P(A)].
AEc(A)

Proof. P(A) is normal if A is normal. Hence

IP(A)llze = lim [|P(A)" | {5y =7pay= sup |Al= sup [PV  (2.10)
EO T nSe £ Pl4) Ao (P(A)) Ao (A)

Notice that we used the identity || B" ||z = ||BHZ(H) for any bounded, normal operator

B € L(H), which can be proved by induction (ezercise). The second and third steps are
well-known facts from basic functional analysis. O

Note in particular that every bounded self-adjoint operator is normal. Equipped
with the two previous lemmas, we deduce the following theorem.

Theorem 2.9 (Continuous Functional Calculus). Let A € L(H) be self-adjoint on H.
Then there exists a unique linear map ® : C(c(A); C) — L(H) such that

a) ® is an algebraic *-homomorphism. That is, for all f,g € C(c(A);C),A € C we have
O(fg) = @(f)2(g), P(Af) = A0(f), ®(1) = 1y, ©(f) = 2(f)"

b) @ is bounded with |®(f)|l ) = || flloc for all f € C(o(A);C).

¢) Let f € C(a(A);C) be defined by f(z) = z. Then ®(f) = A.

In addition, ® satisfies the following properties.

d) If Ay = X for some € H, A € R, then ®(f) = f(A\) for all f € C(c(A);C).

e) If f >0, then ®(f) > 0.
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f) o(@(f)) = {f(N) : A € 0(A)} = ran(f) for all f € C(o(A); C).
Remarks:
1) Given f € C(0(A);C), we write f(A) = ®(f).

2) Notice that the image of ® in L£(#) forms a norm-closed abelian algebra that is
closed under adjoints. This is called an abelian C*-algebra. As indicated earlier,
C*-algebras are the starting point for a modern description of physical systems. For
a short introduction to this viewpoint, see for instance [67, Chapters 1 and 2].

Proof. We apply Lemmas [2.6] 2.7 and the Stone-Weierstrass Theorem [2.24, We define
d(P) = P(A)

for any polynomial P € C[X]. The set of polynomials, viewed as functions from
o(A) C R toC, is dense in C(o(A); C) by Theorem [2.24) (why do the polynomials separate
points?), and by Lemma ® can be extended to a linear isometry from C(c(A);C)
to L(H). Using that A = A*, properties a),b), c),d) are true for polynomials and carry
over to C(o(A);C) by density. Also, a),b),c) and the linearity of ® determine ® on the

set of polynomials, because
@(ZOZ]'X]) = ZO{jAj
J J

By a density argument, this shows that a),b),c) and linearity characterize ® uniquely.
Notice indeed that it is enough to assume || ®(f)||z(3) < [|f]loo for all f € C(a(A);C) in
order to prove uniqueness of the continuous functional calculus.

To prove e), we write f = (v/f)? and use a) which implies

o(f) = (v f)? = 2(V/ ) e(Vf) = 0.
To prove f), assume first z ¢ ran(f). Then (f — 2)~! € C(0(A); C) exists with
_ 1
I =2 e < <oo

f(a(A)), 2)

and we have

Ly = ®((f = 2)(f —2)7") = (2(f) = 2)((f = 2)7") = &((f — 2)")(@(f) - 2),

(
so that z € p(®(f)). This shows that o(®(f)) C f(o(A)).
On the other hand, assume that z € o(A), then for any polynomial P € C[X], we
have P(z) € o(P(A)). That is, P(A) — P(z) does not have a bounded inverse. Writing

B(f) ~ f(2) = lim (Pu(4) ~ Pa(2)) € L(H)

for a suitable sequence of polynomials (P, ),en, we conclude that f(z) € o(®(f)), because
the set of operators with bounded inverse is operf]in £(#), so f(c(4)) C o(®(f)). O

“Indeed, if A € L£L(H) has inverse A™* € L(H), the inverse of B = A(1 + A (B — A)) exists if
|1B — Az < HA71||Z(1H) by a standard Neumann expansion.
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With the continuous functional calculus at hand, we can prove the analogue of Theo-
rem for bounded self-adjoint operators. First of all, we need to relate A to a suitable
measure space. The crucial observation is that, given any 1 € H, the map

Clo(A);C) > f = (W, f(A)Y)n eC

is a positive, linear functional. By the Riesz Representation Theorem there exists
a unique, positive Borel measure ;ﬁ : B(R) — [0, 00) s.t.

(W, F(AYp)y = / @@, 1 e ey (2.11)

We call M$ the spectral measure of A associated with the vector ¢ € H. The connection
to L?-spaces comes from noticing that implies that for all f € C(o(A);C) we have

1F (Al = &, FAVF(A)) = (0, 1F(A)P)n = / . [f@) dpg () (2.12)

o

If we knew that H = {f(A)y: f € C(c(A);C)} (= span{f(A)y : f € C(c(A);C)}) for
some fixed Vect01E| ¥ € H, equation would immediately imply Theorem for
bounded self-adjoint operators, with the self-adjoint operator A being unitarily equiva-
lent to multiplication by the function o(A) 5 « — fa(z) = z. Notice in particular that
C(0(A);C) is dense in L?(a(A), B(a(A)), ,uﬁ), whose proof uses that the measure “{2 is
regular (indeed, one may approximate first a characteristic function of some Borel set
B by a characterstic function of some open set O D B and some compact set K C B,
by regularity of u;;}. Then we can find a continuous function which is equal to one on K
and shrinks to zero when we approach the complement of B). However, in general

{F(A)p: feC(a(A);C)} & H.

Lemma 2.8. Let A € L(H) be self-adjoint on the separable Hilbert space H. Then,
there exists a direct sum decomposition H = @7]:7 H,, with N € N or N = oo such that

for each n € N, there exists some @, € H s.t. Hp ={f(A)pn: f € C(c(A);C)}.
Proof. We proceed inductively. Choose an ONB {¢; : i € N} C H of H and define

Hi={f(A)1: [ € C(a(A);C)}

for ¢y = 1. We decompose H into the direct sum H = H; @ Hi and denote by
P+ € L(H) the orthogonal projection onto Hi. If H = Hj, we are done. If not,
pick the smallest iy € N\ {1} such that ¢;, & Hi. Now, we repeat the first step with
Yo = P, /|| Pi-¢i, |2 Notice that 12 € Hi- and that H{ is invariant under the action
of g(A), for every g € C(o(A);C). Indeed, if ¢» € Hi, then for every g € C(c(A);C)
and f € C(o(A);C), we have that

(F(A)pr, 9(A)P) = () (A)p1, ) = 0.

5A vector 1 € H with the property that H = span{ A"y : n € Ng} is called cyclic for A.
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Picking 12 = P-4, /|| Pi-¢i, |l as above, we thus obtain a direct sum decomposition

H=H1 &M@ (Ha @ Ha)", H; = {F(A); : f € Cla(A);O)} (j = 1,2),

with {¢1,...,¢i, } CHi1 @ Ha.

Iterating this procedure, we obtain a possibly finite sequence (¢, )nen of normalized
vectors in ‘H with associated orthogonal subspaces (H,)nen so that v, is cyclic for Hy
and which are A-invariant. By construction, we have that

N 1
zpe(@’ﬂn) — e {p:ieNy ={0},

so that H = @Y H,. O

Theorem 2.10. Let A € L(H) be self-adjoint on the Hilbert space H. Then, there exist
finite, positive Borel measures (Mﬁ)lgnSN where N € N or N = 0o, and a unitary map

U:H— PN 12 (o(A),B(o(A)), ui) such that
(UAU Y 9) () = 2gn(2), forpae xzco(A),V1I<n<N (2.13)

for all g = (gn)1<n<n € @y L*(0(A), B(o(A)), it).

Proof. We decompose H = @Y H,, with #,, = {f(A)en : f € C(c(A);C)} as in Lemma
The map U is defined componentwise on each H,. For v, = f(A)p, € Hn
with f € C(0(A);C), we define Uy, = f € C(c(A);C). By (2.12), U extends to a
linear isometry from Hy to L?(o(A), B(c(A)), ua) where pit is the spectral measure
of A wr.t. ¢, € H,. Notice here that we use the fact that C(c(A);C) is dense in
L?(0(A),B(c(A)), u2)). Since 0(A) >  — x continuous, we conclude (2-13). O

The following corollary shows that every self-adjoint, bounded operator is unitarily
equivalent to a multiplication operator of the same form as in Proposition [2.1

Corollary 2.4. Let A € L(H) be self-adjoint on the Hilbert space H. Then, there
exists a finite measure space (M,B(M),n) with p a Borel measure, a unitary map
U:H — L>(M,B(M),pn) and a bounded, measurable function f : M — R such that
for all ¢ € L*(M,B(M), )

(UAU W) (z) = f(2)(z), for pae xeM (2.14)

Proof. With the same notation as in the proof of Theorem [2.10, we choose the cyclic
vectors ¢; € H; s.t. ||¢illx = 27" We then define M as the disjoint union

N
M:HU(A) ={(i,x) :i € {1,....,N},z € 0(A)}
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with its Borel o-algebra (the smallest o-algebra generated by the open sets in M). Recall
that M is equipped with the finest topology such that the injections ®; : 0(A) — M,
fori=1,..., N (the index referring to the i-th copy of the spectrum o(A)), defined by

®;(z) = (i,x2) € M,

are continuous. More precisely, a set U = ]_[fil U; C M is open if and only if <I>;1(U) =
U; C o(A) is open, for all t =1,..., N. Given M, we then define p through

N N
M(H Oi) =Y uf(03),
=1 =1

so that u(M) = SN uf(0(A)) = -V 272 < co. The previous identity means that

N
dpxyy o = / dyi* xo,

for measurable sets O; € B(o(A)), i =1,...,N. Hence, writing ¢ € L?>(M,B(M), 1) as

Y= Z ViX0]...11o(A) ... 110
i—1

for ¥; = 1)(;.y : 0(A) — C denoting the restriction of ¢ to the i-th copy of o(A), and
using the orthogonahty of the different summands in L?(M, B(M), 1), we conclude that

|t o 2/ i () ) .

In other words, the map

N

L2(M78(M)wu) DY (%,u-,ﬂlz\/) € @L2(O'(A),B(U(A)),,u?),

=1

is a unitary map and it is straightforward to check that A acts in L?(M,B(M), ) as
(UAU ) (i,x) = f(i,2)(i,z) = 21p;(z) for each i = 1,..., N and = € o(A). O

2.4.2 Spectral Theorem for Bounded Normal Operators

In this section, we explain the main ideas on how to extend the spectral theorem from
bounded, self-adjoint operators to bounded, normal operators. This extension enables us
to prove the spectral theorem for unbounded operators. The strategy one should have in
mind is that, given an unbounded self-adjoint operator, its resolvent is a bounded, normal
operator. If we knew that such operators are equivalent to multiplication operators, we
would deduce that also the original operator is unitarily equivalent to a multiplication
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operator. An important question is then: why can we expect the spectral theorem for
normal, bounded operators to hold? The key is that a normal operator is the sum of two
commuting self-adjoint operators and we can develop a functional calculus for such a
pair of operators. Some details of the arguments are skipped and we refer the interested
reader to [51, Chapter 5] and [55, Chapter VII, Problems 4,5].

Before we explain the spectral theorem for bounded, normal operators, let’s observe
that we can extend the continuous functional calculus from Theorem 2.9 to the set of
bounded, Borel measurable functions on R, denoted by M(R). Indeed, with the notation
from Corollary , we may define f(A) € L(H) for a given f € M(R) Viaﬂ

(UF AU P)(2) = (f o g)(2)¥(), for p ae. x€ M,

if A corresponds to multiplication by ¢ in L?(M,du). With this definition, we derive
similarly to Theorem the following measurable functional calculus.

Theorem 2.11 (Measurable Functional Calculus). Let A € L(H) be self-adjoint on H.
Then there exists a unique linear map ® : M(R) — L(H) such that

a) ® is an algebraic x-homomorphism.
b) @ is bounded with |®(f)|| iy < |1 flloo for all f € M(R).

¢) Let (fn)nen be a sequence in M(R) s.t. [fo(z)| < |z| for alln € N, z € R and
limy, 500 fn(z) = x for all x € R. Then (®(fn))nen converges strongly to A.

d) Let f € M(R) and let (fn)nen be a bounded sequence in M(R). Assume that fy
converges to f pointwise in R, then ®(f,) converges strongly to ®(f).

In addition, ® satisfies the following properties.

e) If A = A for some 1) € H, A € R, then ®(f)¢ = F(\U for all f € M(R).
£) If f >0, then &(f) > 0.

g) If[A, B] =0 for some B € L(H), then [®(f), B] =0 for all f € M(R).

Proof. By Corollary we can assume w.l.o.g. that A corresponds to multiplication by
some measurable function g : M — R on L*(M,B(M), ) =: L*(du). Then we define
&(f) (= f(A)) through multiplication by fog € M(R), for f € M(R). The properties
a) to d) are straightforward to verify (notice that the inequality in b) may be strict -
exercise). For example, for part d), the dominated convergence theorem implies

1(F(A) = FulA))l2 = /M dp(@) |f o 9(x) — fu 0 9(@)2l(@)P = 0

SNotice that for bounded operators A € £(H), our definition makes sense for a larger class of functions,
including those which need not be bounded in R. In view of the functional calculus for general (possibly
unbounded) self-adjoint operators, we formulate the functional calculus nevertheless in terms of M(R).
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as n — oo, for every 1 € L?(dp), if limy,—e0 fn(x) = f(x) for all x € M for a bounded
sequence (fn)neny in M(R).

For part e), notice that if Ay = \ip, then 1 is supported in g=1({\}) C M and thus
(f(A)Y)(z) = F(N)¢(z) for a.e. x € M. Similarly, we argue for part f).

To prove g), we first argue that [ (4 (A), B] = 0 for all —oo < a < b < co. Here,
we use that, by the Stone-Weierstrass Theorem the closed *-subalgebra of

Cx(R)={f € C(R;C): |x1|1i>noof(x) =0} (Cc M(R))

generated by x — (z—14)"!, 2 — (z+14) 7! is dense in O (R) (W.r.t. || - [loo). In fact, this
subalgebra separates points (why?) and is closed under complex conjugation in

{F € 0X): f(£00) = 0},

where X = R U {£o00} denotes the extended real numbers (as a compactification of R).
Observe here that C(R) is isometrically isomorphic to C(X).
Since [A, B] = 0 = [1, B], it follows that

(A4+D[(A+i)"L,Bl=0=[(A+i)", B](A+1),

which implies that [(A +4)~!, B] = 0, because (A + i) : H — H is invertible. Similarly,
[(A—i)~!, B] = 0 so that by part d), we conclude [f(A), B] = 0 for every f € Cs(R).
Then, another application of d) shows that [x (44 (A), B] = 0 for all —oco <a < b < oo.

To conclude g), consider now the set A = {S C R : [xs(A), B] = 0}. Our previous
arguments imply that A contains every open set (why?) and we also observe that A is
a o-algebra. In fact, using that

Xse(A) = xr(A) — xs(4) =1 —-xs5(A4),  xs1n8:(A) = x5, (A)x5,(4),

Xu,s;(A) =Y xs;(A) (if SN Sj = biy),
7=1

we conclude that A is a Dynkin system stable under intersections. Since it contains
the open sets, B(R) C A. Finally, every f € M(R) can be approximated pointwise
(everywhere) by a sequence of simple functions s.t. [f(A), B] = 0 for all f € M(R).

Let’s switch to the uniqueness of the functional calculus. Suppose that ® and ¥ both
satisfy properties a) to g). Using parts a), ¢) and d), we first deduce that

=z (i) ) (A+i) = (A+)D(z— (z+i)7Y),

so that &;(l‘ = (wdi)7) = (AL = \T'(:c — (#£i)~!) (arguing analogously for D).
As in the proof of g), this implies that @(f) = \/I\l(f) for all f € Cx(R). Applying d) once
more, we deduce that ®(ygs) = ¥(xg) for all S € B(R) and then ® = ¥ in M(R). O

Now, let’s explain how to use the measurable functional calculus to prove the spectral
theorem for bounded, normal operators. Let A € L(H) be normal, i.e. [A, A*] = 0.
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Then we can define two bounded, self-adjoint operators B = 1(A + A*) € L£(H) and

C

= L (A — A*) € L(H) that satisfy

A=B+iC, B=B*, C=C* [B,(C]=0

We have already a functional calculus for B and C, separately, but what we need now is
a joint functional calculus for B and C'. To this end, we proceed in the following steps:

)

Denote by Y the product space Y = Y] xYs = 0(B) xo(C). Let f € M(Y) be a finite
linear combination of characteristic functions of the form x = xqo, ® xq, € M(Y) for
measurable subsets ; € B(Y;),i = 1,2. We define x(B,C) = xq,(B)xa,(C) € L(H)
and then f(B,C) € L(H) by linearity. For such f € M(Y), we have

1F (B, Oy < sup [f(y)]- (2.15)
yey

If f = xa ®xq, C M(Y), this follows in fact from Theorem b), xp(B) =
Xx¢(C) = 0 and supyey [xa; ® X.| = suby, ey, [Xa: (Y1) suPy,ey; (X0, (y2)]- I

@70y (@ x ) =0 (=@ 09 < (@ nay).
we therefore have that Xo ot ® Xo@nay) (B,C) =0.

Now, if f is a linear combination of characteristic functions, we may write
F=Y Aixgw @xges () x )N (@ x Q) =0 fori # .
i=1
By Theorem g), we have [xq,(B), xq,(C)] = 0. Therefore, we find that
(X © Xqo (B, O), Xow © Xou (B, C)¥)u
= <(XQ<11'>XQ§]'>)(B)¢, (XQg)XQéﬂ)(C)@H
= (Xownaw (B): Xgwaawm (C)¥)u
= (¥, X o) ® X now) (B C))u =0
for every ¢ € ‘H and i # j so that

1F(B. CYwllze < DIl ( Xg ® xqe (B, C)dhm < sup il

i=1 i=1,...,

Given f € C(Y;C), we approximate it uniformly in Y by a sequence of simple
functions as in Step 1). Then we construct a continuous functional calculus as in
Theorem More precisely, we define a map ¥ : C(Y;C) — L(H) satisfying

a) X is an algebraic *-homomorphism.
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b) X is bounded with ||X(f)|l () < || flleo for all f € C(Y;C).
c) Let f € C(Y;C) be defined by f(y1,y2) = y1 + iy2. Then X(f) = B+ iC = A.
d) If f € C(Y;C) satisfies f > 0, then X(f) > 0.

We write 3(f) = f(B,C). Note that restricting ¥ to C(c(B);C) — C(Y;C) or to
C(o(C);C) — C(Y;C) yields a continuous functional calculus for B and, respectively,
C'. Therefore, the identity X(f) = B + iC = A in c¢) follows by uniqueness of the
continuous functional calculus (for B and, respectively, C') and by linearity.

3) We observe that for f,g € M(Y), v € H and A = B + iC, we find some finite,

positive Borel measure i, such that

(f(B,C), Ag(B, C)b)y = /Yuw(dyldw)f(yhyz)(yl +1y2)g(y1, y2)-

Thus, A is represented on LQ(d,uw) as the multiplication operator that multiplies with
(y1,y2) — y1 + iy2. We then proceed as in Section and prove the following.

Theorem 2.12. Let A € L(H) be normal on the Hilbert space H. Then, there
exists a finite measure space (M,B(M), ) with p a Borel measure, a unitary map
U:H— L*(M,B(M), ) and a bounded, measurable function f : M — C such that
for all € L*>(M,B(M), 1)

(UAU ) (x) = f(x)¢(x), for pae x€ M (2.16)

Moreover, A is self-adjoint if and only if the function f: M — C is real-valued.

Problem 2.19. Give a detailed proof of Theorem [2.13

2.4.3 Spectral Theorem for Unbounded Self-Adjoint Operators

We are now ready to prove the spectral theorem in the general, unbounded case.

Proof of Theorem[2.8, Let A : D(A) — H be self-adjoint. The resolvents (A —i)~! and
(A+1i)~' € L(H) commute and they are normal, because ((4 — i)_l)>k = (A+4)~L
Moreover, we have that D(A) = ran(4 — i)~! = ran(A +4)~!. By Theorem
there exists a finite measure space (€2, B(2), u) with u a Borel measure, a unitary map
U:H— L*Q,B(R), 1) and a function g : Q — C such that for all p € L2(Q, B(2), 1)

(UA+) U ) (x) = g(x)p(z), for pae z€Q, Voe L2 (Q,B(Q),n)  (2.17)

Since ker(A +i)~! = {0}, we must have g(x) # 0 for a.e. x € €, because otherwise
0 # U_1X9—1({0}) € ker(A + i)~!. Therefore, the measurable function f defined by

f@)=g@) =i (& gla)=(fa)+i)")

is finite for u a.e. x € Q.
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Now, let ¢ € D(A). Then v = (A + i)~ for some ¢ € H. Hence, we have that
UW) = (UA+) U U(p) = gU(p) € LX(Q,B(Q), )
and thus
fUY = (f9)U(p) = (1 —ig)U(p) € L*(Q, B(Q), ).

Conversely, if f U () = (97 —9)U(¢) € L*(Q, B(Q), ), then g~ U (4) € L*(Q, B(Q), ),
because U () € L*(Q, B(2), 1). Writing

g 'UW) =UU g UW) =Ulp) for o¢=U""g'U) €A,

this implies U () = gU(¢) = U(A + 1)Ly so that ¢ = (A +i) "o € D(A).
For b), let ¢ = (A+14)"1¢ € D(A). With Ay = p —itp and U(p) = g~ U (1)), we get

(AU (U(v)) =Ulp) —iUW) = (¢ = i)U() = FU(W).

Thus, A is unitarily equivalent to multiplication by f. It remains to show that f is
real-valued. Since A is self-adjoint, multiplication by f is self-adjoint. If Im(f) # 0
p-a.s., we find a compact set S C C, with 0 < ,u(f_l(S)) < o0. For the characteristic
function xy-1(g) associated to this set, this implies fx;-1(s) € L2(92,B(Q), 1). Hence,
Im(Xf_1(S), fxf_1(5)> > 0. But this is a contradiction, because multiplication by f is
self-adjoint. We conclude that f is u-a.e. real-valued. O

As in the bounded case, Theorem [2.8] enables us to define a measurable functional
calculus for bounded, measurable functions ¢ € M(R). Given a self-adjoint operator
A : D(A) — H on a Hilbert space H and g € M(R), we define g(A) € L(H) as the
multiplication operator that multiplies on L?(€2, B(2), 1) by the function

Ug(A) U™ =go f
where we used the notation of Theorem We deduce the following theorem.

Theorem 2.13 (Measurable Functional Calculus, unbounded case). Let A: D(A) - H
be self-adjoint. Then there exists a unique linear map ¥ : M(R) — L(H) such that

a) ¥ is an algebraic *-homomorphism.
b) W is bounded with |¥(g)|lzc) < gl for all g € M(R).

c¢) Let (gn)nen a bounded sequence in M(R) s.t. |gn(x)| < |z| for alln € N, z € R and
limy, 00 gn(z) = x for all x € R. Then (V(g,))nen converges strongly to A.

d) Let g € M(R) and let (gn)nen be a bounded sequence in M(R). Assume that gy
converges to g pointwise in R, then ¥(g,) converges strongly to ¥(g).

e) If AY = \p for some ¢ € D(A), X € R, then VU (g)p = f(N)Y for all g € M(R).
f) If g € M(R) satisfies g > 0, then ¥(g) > 0.
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Proof. The existence was explained above and follows from Theorem [2.8] The reader is
invited to check properties a) to f). O

We close this section with a remark on the spectral theorem in the so called pro-
jection valued measure form. By Theorem [2.13] we have a reasonable definition for
the orthogonal projections xq(A) where 2 C B(R) (here, xq denotes the characteristic
function on the set §2). Given a vector ¢ € H, the map

B(R) > Q — (¢, xa(A)¥) € [0,00)

defines a positive Borel measure and is interpreted as measuring the probability to
find a value of the observable associated to A in the set 2. The family of operators
{xa(A) : Q € B(R)} has the properties that each yq(A) is an orthogonal projection,
x0(A) = 0, xr = 1y, xq is the strong limit of (Y1 xo, (A))neN for a disjoint union
Q= U2, Q; and finally that xqo, (4)xa,(A) = xa,n0,(A). Such a family of operators is
called a projection valued measure. Such families of operators are in fact in one-to-one
correspondence with self-adjoint operators. This is the content of the spectral theorem
in its projection valued measure form which is equivalent to the multiplication operator
form discussed above and which gives precise meaning to the formula

A:/Am, (2.18)
R

in close analogy to the finite dimensional spectral theorem. We refer the reader to [55]
Theorem VIIL.6] as well as the discussion preceeding it for more details on this.

Problem 2.20. Given a projection valued measure {xq : € B(R)}, explain how to
define a densely defined, linear operator A : D(A) — H through and show that the
resulting operator is self-adjoint. Conversely, given a self-adjoint operator A : D(A) —
H, show that it is equal to for the projection valued measure {xq(A): Q € B(R)}

defined through the (unique) measurable functional calculus of A.

2.5 Applications of the Spectral Theorem

In this section we discuss several applications of the spectral theorem. The main results
are the existence of the time evolution of quantum systems, the characterization of the
discrete eigenvalues below the essential spectrum of a given self-adjoint operator and
the existence and uniqueness of ground state vectors of Schrodinger operators. We also
discuss basic results relating self-adjoint operators with symmetric quadratic forms.

2.5.1 Existence of Quantum Dynamics

In quantum mechanics, the time evolution of the system is determined by the time-
dependent Schrodinger equation. More precisely, given a self-adjoint Hamilton operator
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A : D(A) — H, a function t — ¥(t) € C(R; D(A)) N CY(R;H) solves the Schrodinger
equation with initial data g € D(A) if

Zat¢ = Aw7
¥(0) = o.

The next proposition ensures guarantees the existence of quantum dynamics.

(2.19)

Proposition 2.6. Let A: D(A) — H be self-adjoint and define U(t) = e~ "4 fort € R.
Then the following holds true.

a) (U(t))ier is a strongly continuous one-parameter unitary group. That is, t — U(t) is
strongly continuous, U(t) is unitary and U(t 4+ s) = U(t)U(s) for all t,s € R.

b) If v € D(A), then limt_m%(U(t)@Z) — ) = —iAy. Conversely, if the limit
limy—o LU () — o) exists for some ¢ € H, then ¢ € D(A).

c) For allt € R, U(t) leaves D(A) invariant and commutes with A on D(A).

Proof. The proof follows directly from Theorem [2.13| and the corresponding properties
of the family of maps x — e~ € M(R), t € R. Indeed, let us assume w.l.o.g. that A
corresponds to multiplication by f with canonical domain (by the spectral theorem) so
that U(t) = e~®/. Then i) follows directly and for 7i), we use on the one hand that

1 —itT . ! —itTs
("™ —1)=—ix | dse ,
t 0

so that |1(e~® —1)| < |z|. Combining this with dominated convergence, we conclude
that im0 1(U(t)y — 1) = —iAy if 1 € D(A). Conversely, if for some ¢ € L?(dp)

lim [t~ (e™™ — 1)1 — p[]a =0,
t—0

then one has pointwise almost sure convergence on a subsequence so that ¢ = —ify €
L%(du), that is ¢ € D(A). Finally, iii) follows from the fact that U(t) = ¢/ commutes
with f and fo € L?(dy) if and only if e/ f € L?(du), for each t € R. O

Proposition [2.6|shows that that the map t — U(t)y € C(R; D(A))NC(R; H) solves
the Schrodinger equation . It is not hard to see that this is the only continuously
differentiable solution ¢ € C(R; D(A)) N C*(R;H) of the initial value problem (2.19).
Indeed, suppose 1) € C(R; D(A)) N C*(R; ) is another solution of (2.19). Then, we can
consider t +— ¢(t) = U(—t)y(t) € C(R; D(A)) N CY(R; H) with

lim (U (~ — W)(t + ) — U(~1)(1)) = lim +(U(~t ~ b) = U(~0))(1)

+ lim U~ - h)% (¥t + h) — ()
= —AU(=t)y(t) + U(-t)(Ap(t)) = 0,
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that is, ;¢ = 0 in ‘H. This implies ¢(t) = 1po so that ¢ (t) = U(t)yo for all t € R.
The following fundamental structural result shows that every strongly continuous
one-parameter unitary group is generated by a self-adjoint operator.

Theorem 2.14 (Stone’s Theorem). Let (U(t))ier be a strongly continuous one-parameter
unitary group on a Hilbert space H.  Then, there exists a self-adjoint operator

A: D(A) — H such that U(t) = e”*4 for all t € R.

Proof. Before defining our candidate for A, we first need to find a suitable dense domain
on which we can differentiate ¢ +— U(t)(-). Using that, heuristically, ¢ ~ e~*4¢ for small
t (assuming we knew the existence of A already), it is useful to consider for f € C>°(R)
and ¢ € H the vector space generated by vectors of the form

by = /Rdt FOU)6 € H.

Here, the integral on the r.h.s. can be defined as a vector-valued Riemann integral (and
coincides with the usual Bochner integral). Set

D =span(¢y : f € C°(R), ¢ € H).

Then D C H is dense, because for a standard approximation of the identity (fy)nen in
C°(R), we have that

65, — dlln = H [ s - ¢>H < s U@ bl =0

H  tesupp(fn)

as n — oo (we can choose [, fn=1,0< f, <1, supp(fn) C (—1/n;1/n) Vn € N).
Next, we want to define A (initially on D) through the derivative of ¢ — U(t). Given
¢5 € D, we compute

fim (U0 = 07) = lim 7 [ ds F)(U e+ 5) = U(s)o

t—0 ¢t
1

= lim = | ds(f(s =) = f(s))U(s)¢

R
o RACLUOIE
R

where in the last step we applied the dominated convergence theorem. This suggests to
define the operator A : D — D through

Agy = ilm L(U()og — b7) = —idp.

By definition of the functions ¢ € D, let us observe that U(t) : D — D for each t € R
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(Ut)ps = ¢p(—1))s A: D — D and [U(t),A] = 0in D. Ais also symmetric, because

(Ads, Yg)n = (—idp, Yg)n
=i [ | dsdt FOUt+ s)g(5)(6.9)

— /R dsdt /(U (s)g(s + £){6, )

= /Rz dsdt f(H)U(s)g (s + t) (6, )
= <¢f7A7/’g>H'

To finish the proof, we show that A is essentially self-adjoint and that the exponential
of its (self-adjoint) closure is equal to U(t). For the first part, suppose that ¢ € D(A*)
with A*1 = 1. Then, for each ¢ € D, we compute

Solving the ODE, this means that (U(t)¢, )y = (¢, 9)3et, which implies that (¢, 1)y =
0, because e™! — oo as t — —oo while [(=U(t)p, V)| < ||6ll#||¢]l3. Since ¢ € D was
arbitrary and D = H, this implies that ©» = 0. Repeating an analogous argument for
the case A*) = —ih, we deduce that A : D — D is essentially self-adjoint. B

Finally, denote by A : D(A) — H the self-adjoint closure of A and set V(t) = e~%4.
Given ¢ € D, we compute that

O (U(t)p — V(t)¢) = —iAU (t)p — iAV () = —iA(U(t) — V(1))¢,
which implies
O|U)d — V()9|I3 = 2Im(A(U()p — V(£)9), U(t)¢ — V(t)$),, = 0.
Thus, U(t)¢ = V(t)é for all t € R and ¢ € D, so that U(t) = V(t), using D =H. [
Example 2.20. Consider the translation group (U(y))yer acting on L*(R) as

(Uy)Y)(x) = ¢(x +y) forae xeR,

for ¢ € LA(R). Clearly, (U(y))yer is a strongly continuous unitary group and by Prop.
Y € H is in the domain D(A) of its generator if and only if

liy + (U(y) — 1)

erists. In this case, the limit equals —iAwyp. Comparing this with standard results on
Sobolev spaces, we conclude that D(A) = H'(R) and U(y) = e~ ¥(%)  As mentioned
before, the observable corresponding to translation of the wave function is momentum.
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To view the gradient iV as the generator of translations in R¢, analogously to the
previous example, we record the following generalization of Stone’s Theorem and we
refer to [55, Theorem VIII.12] for its proof.

Theorem 2.15. Let RY =y U(y) be a strongly continuous map of R into the set of
unitary operators on some separable Hilbert space H and such that

Uly+2)=UyU(z) Vy,zeR?

Set D = span( [pady fW)U(y)¢ : [ € CX(RY), ¢ € H). Then D is a domain of
self-adjointness for each of the generators A; corresponding to the strongly continuous
unitary groups y; — U(0,...,0,y;,0,...,0), A; : D = D and [Aj,Ax]) =0 in D. We

. . d A
write in this case U(y) = e¥4 = ' Xi=1¥545

2.5.2 Weyl’s Criterion and the Min-Max Principle

The Spectral Theorem [2.8| gives us precise information on how general self-adjoint oper-
ators look like. In this section, we use this information to characterize the essential and
(part of) the discrete spectrum of a general self-adjoint operator. The essential spectrum
is described by Weyl’s criterion. To describe the part of the discrete spectrum that lies
below the essential spectrum, the min-max principle is useful.

Before we start and prove Weyl’s criterion, we need the following preparation.

Lemma 2.9. Let Ay : D(Af) — L2(Q,B(Q), 1) be the self-adjoint multiplication op-
erator on L*(Q, B(Q), 1) that multiplies with the measurable function f : Q@ — R on
D(Ay) = { € L*(Q,B(Q), n) : fo € L*(2,B(2), )} Then

o(Ay) ={NeR:Ve >0 we have p(f~'((A—egA+e)) >0)} = essran(f)

Proof. We show that p(Af) NR = R\ ess-ran(f). Indeed, A € R\ ess-ran(f) if and
only if there exists some gy > 0 such that pu(f~'((A — €0; A + &0)) = 0. But this means
that the measurable function x + gy (x) = (f(x) — A\)~! is bounded by |gx(z)| < g ! for
wa.e. x € Q. Hence, the multiplication operator that multiplies by gy defines a bounded
operator on L?(€2, B(2), u) that inverts Ay — A, that is A € p(Ay).

Conversely, if A € p(Af) NR, then the resolvent (Af — \)~! exists and is bounded.
By definition of Ay, the resolvent is equal to multiplication by gy. But then, there must
exist some g9 > 0 such that p(f~! ((/\—50; /\+50)) = 0: otherwise, we get a contradiction
to the boundedness of gy by evaluating the norm of gy, for

X(fH (A =g A +9))
p(fH((A =g A +9))

Indeed, we have that ||gxtbe||a > e ||[¢be||2 = 71, for each & > 0. O

Ve = ELz(Q,B(Q),,u).

Let A: D(A) — H be self-adjoint on the Hilbert space H. We call (¢, )nen in D(A) a
Weyl sequence for A and A € Rif |4, ||y = 1 for all n € N and lim;,—,0 || (A=), || = 0.
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Theorem 2.16 (Weyl’s Criterion). Let A : D(A) — H be self-adjoint. Then \ € o(A)
if and only if there exists a Weyl sequence for A and \. Moreover, \ € oess(A) if and
only if there exists a Weyl sequence for A and X that converges weakly to zero.

Proof. Without loss of generality we can consider a multiplication operator Ay on the
Hilbert space H = L?(Q, B(Q), 1), as in Lemma

Assume first that A € o(Ay). If ker(Ay — A) # {0}, we can choose ¢, = ¢ €
ker(Ay — X) for all n € N and a fixed, normalized 1) € ker(A; — A) to obtain a Weyl
sequence for A and \. If we assume in addition to ker(A; — X) # {0} that X € oegs(Ay),
we have either dimker(A; — A) = oo or that A is not isolated in o(Ay). In the first
case we can find an orthonormal Weyl sequence of eigenvectors of Ay, which converges
weakly to zero. In the second case, we can construct a monotonically decreasing and
positive sequence (&, )nen With lim, o €, = 0 as follows. Defining

Q=F((A—enA+en))

such that Q,11 C Q,, we choose (g,)nen St (2 \ Qpy1) > 0. Indeed, if for some
fixed ng, (g \ Qng+1) = 0 for every choice of €,,41 > 0, this would imply that
u(f_l((A — Engs A+ Eng) \ {)\}) = 0 by monotonicity of x. This, in turn, would imply
that A is isolated in o(A): for every v € (A — epg, A + €ny) \ {A}, we can find § > 0
so that (v — 6, +3) C (A — €ng,s A+ €ng) \ {A} so that u(f~ (v — 6, v +J)) = 0 and
thus o(Af) N ((A — eng, A +€ng) \ {A}) = 0. But we excluded in the beginning that X is
isolated. Hence, let us choose (gy,)nen as claimed, then the sequence (¢, )nen defined by

Un = X\ 2nes 12 Xa\nis € D(Ay)

is an orthonormal Weyl sequence due to ||(A—A)¢y,|| < &, — 0 as n — oco. Since it is an
orthonormal sequence, it also converges weakly to zero. Next, assume that A\ € o(Ay)
and ker(Ay — X) = {0} so that A\ € oes(Af). Note that A is not isolated in this case
(why?). Thus, we can repeat the previous argument and choose €, and ¥, n € N to
find a Weyl sequence that converges weakly to zero.

In summary, we have proved that A € o(Ay) implies that there exists a Weyl sequence
for Ay and A and that the sequence converges weakly to zero if A € gegs(Ay).

Conversely, assume that (1, )nen is a Weyl sequence for Ay and X. Then, we claim
that A can not lie in p(Ay). In fact, if we assume that A € p(Ay), then
(A—XN)"1:H — D(Ay) is bounded. But this yields a contradiction, because

L= [linlle < [IBA(Af) e l(Af = Mol =0 (n = o0).

Finally, if the Weyl sequence converges weakly to zero, we claim that X\ & o4(Ay).
Indeed, assuming that A € o4(Ay), let us denote by Py the orthogonal projection onto
the finite dimensional subspace ker(Ay — A). Notice that P is equal to the operator
that multiplies by x y-1({x}) (this is true for all eigenvalues A of A, independently of their
multiplicity): if App = f1b = A, 1 must have support in f~1({\}), so that

ker(Ay — A) = {x;1(pp¥ : ¥ € D(Af)}.
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Now let PAL = 1 — P, then the previous observation and the assumption that A is
an isolated point in the spectrum imply that

(Pr) () = Xr\ -1 (o) (@8 (@) = xR\ f-1 (050260 (X) (@) (2.20)
1 — a.s. for some § > 0. Indeed, for € > 0 small enough, we know that
c(Ap)N(A—egAx+¢e)\ {A} =0.

Using the characterization o(Ay) = ess-ran(f), a standard compactness argument and
the subadditivity of u, this shows that

p(fH N = A=TUN+E,A+6)) =0

for suitable ¢’ > 0 fixed and for every ¢’ > 0 sufficiently small. By continuity of yu, this

yields p(f=1 (A =&, A+ ]\ {A\})) = 0 and thus (2.20).
From ({2.20)), we conclude that for all n € N, we have that

(A = X\)Piapnll2 > 6| Pran|
and therefore

Tim ([P <671 lim (A — NP2 <570 Tim [|(A7 — A2 = 0.

Now, P projects onto a finite dimensional space and (P\ty, )nen is a bounded sequence,
|Pxthn|| < 1 for all n € N: it has in particular a strongly convergent subsequence.
Since (Pi-tbn)nen converges strongly to zero, this means that (¢)nen has a strongly
convergent subsequence and its limit must be zero, since (¢, )nen converges weakly to
zero, by assumption. But |[¢,]l2 = 1 for all n € N, a contradiction. Given a Weyl
sequence weakly converging to zero, we must therefore have A € oess(Ay). O

Remark. Observe that the proof implies that for A € gess(A), we find an orthonormal,
and consequently weakly convergent, Weyl sequence for A and A.

Problem 2.21. Consider the self-adjoint operators —A : H?(RY) — L2(R?) and |X|? =
Ay D(Ap) — L2(RY) for f(z) = |z|%. Prove that o(—A) = 0ess(—A) and o(|X|?) =
Oess(| X |?). Determine in both cases the spectrum explicitly.

Weyl’s criterion characterizes the essential spectrum of a self-adjoint operator. This
part of the spectrum is closely related to the concept of asymptotic completeness in
scattering theory; see [57] for a thorough discussion. In the many-body examples dis-
cussed in these notes, on the other hand, we are primarily interested in situations where
the Hamiltonian has purely discrete spectrum and a fundamental task in quantum me-
chanics is then to determine the different energy levels, that is the eigenvalues of the
Hamiltonian. Since an exact calculation of the spectrum is in general out of reach,
one needs methods to approximate the eigenvalues. A particularly useful criterion to
estimate eigenvalues is the Min-Max Principle.
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Theorem 2.17 (Min-Max Principle). Let A : D(A) — H be self-adjoint and such that
(W, Ay > C’H@ZJH% for all ¢ € D(A) and some C € R . Define \y € R, k € N, by

A\ = inf A
£= ol max (¥, Ay)
dim(V) =k [14l| =1

such that (\k)ken 18 a monotonically increasing sequence and bounded below by C'. Then

i) The following holds true for every k € N: we have that A\, € o(A) and if there
exists some j > k such that \j < X\ji1, then Ai,..., A, are discrete eigenvalues of
A, counted with multiplicity.

ii) We have that Ey = inf 0¢ss(A) = limg_,00 A and the spectrum below Ey is given
by o(A) N (—o0; Ep) = { A\, : k € N} N (—o0; Ey). In particular, if Ey = oo, then
0(A) =04(A) ={ A : k € N} and 0.55(A) = 0.

Remarks:

1) In  the context of quantum mechanics, the first min-max value
Al = infweD(A),me:lWa Av) is called the ground state energy of the Hamiltonian
A. It describes the lowest possible energy the system can have.

2) Let A: D — H and B : D — H be self-adjoint and suppose that A < B. Denote by
(Ak)ken the min-max values of A and by (u;);jen those of B. Then A\, <y, for all
ke N.

Corollary 2.5. If Ay — 00 as k — 00, then there exists an orthonormal eigenbasis of
Aand (A—C+1)"':H — D(A) C H is a compact operator.

Proof. By the spectral theorem and the min-max theorem, we have a spectral decom-
position of A into the countable sum

A= Meloon) (ox] (2.21)
k=1

for an orthonormal sequence (pp)ren of eigenvectors of A. Indeed, by the spectral
theorem, we can assume that A corresponds to multiplication by some f : Q@ — R on
a measure space (£, B(Q2), ). The spectrum o(A) of A is the essential range of f and
by assumption, it is purely discrete, o0(A) = 04(A). By definition of the essential range,
one can verify with a simple covering argument that u(f~*(R\ 04(A))) = 0 so that

f(z) = Z f@)xp1qy (@) = Z AXxp-1qay(x) for p—ae ze€Q.

AEaq(A) A€oy (A)

Since the eigenspace Eig(\;) of A for Ay is finite dimensional and equal to
Eig(Ae) = {t € L*(dp) 1 1 = Pxy-1(0y) M — a5},
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we obtain the representation (2.21). Analogously, for any v € L?(du), we have that

Z V(@) X1y (x) for p—ae z€Q,
)\God(A)

so that the (¢k)ken form an orthonormal basis, that is H = span(gy : k € N).
For the compactness of (A — C' + 1)7!, we use the spectral decomposition

(A=C+1)7" =) (= C+ 1) or) el
k=1

If (¢Yn)nen is a sequence in H such that ||¢,||y < 1 for all n € N, then for some
subsequence v¢,; — ¢ € H as j — oo for some weak limit ¢ € H. In particular, we
obtain that [(¢n;, or)n|* = [(¥, or)u|? for every fixed k € N. But then

1
la=e

W/’nj —¢7@k>H‘2 |<1/}nj _¢7¢k>7{’2
Z:L%—C+U2+§:(M—C+D2

wn M@HH\Q 4
< J
= O = c+1 *Z 012 Ow—C 1P

v, — )|, <

k>ko

as j — o0o. Since A\, — o0 as kg — 0o, this implies the compactness of (A—C+1)"1. O

Proof of Theorem[2.17. i) We proceed by induction and start with the case k = 1. We
claim that \; = inf 0(A) € 0(A). Indeed, A is bounded from below by A1 and therefore
o(A) C [A1,00). On the other hand, A; € o(A): if A corresponds to multiplication by f
in L2(dp), via the spectral theorem, then A\; must be in the essential range of f, because
otherwise u(f~1(A\; — &, +¢)) = 0 for some € > 0 which would imply A > A\ + ¢ (a
contradiction to the definition of \;).

Now, assume A1 € 0ess(A). Then we can find an orthonormal Weyl sequence (¢, )nen
for A1, as in the proof of Weyl’s criterion. Choosing a suitable subsequence, we find for
every j > 1 and 0 > 0 a (j + 1)-dimensional subspace

V =span(¢y, : l=1,...,j+1)

on which
(W, AY)y < X +9

for every v € V with ||¢||3% = 1. Indeed, given § > 0, we choose the n; so large s.t.

)
[(A = A1), || < ﬁ

For a normalized vector ¢ = Z 1 al@bm with 1= ||[¢||? = Z]H |oy|?, this implies

j+1
[V, Av)p =Ml < _max [1(A = M), || 3 Jeul <.
ol =1
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The existence of such a subspace implies that

A< A1 < sup (¢, Ay < A1+ 6.
YeV:|plly=1

Since § > 0 was arbitrary, we conclude that Ay = A1 for every j < 1. By contraposition,
if there exists j > 1 such that Ay < Aj;1, we must have A\; € 04(A).

Consider now the inductive step. If A\gr1 = Mg, then A\piq € o(A). If A\p < Agat,
then Aq,..., \; are discrete eigenvalues of A counted with multiplicity, by the inductive
assumption. Similarly, if we assume A\; < Ajy; for some j > k + 1, the inductive
assumption implies that Aq,..., Ay are eigenvalues of A counted with multiplicity. In
each of the two cases, this means that we find V; = span(e1,..., i) a k-dimensional
subspace in D(A) spanned by orthonormal eigenvectors corresponding to the first k
min-max values A1, ..., A\z. We then define the operator

A(k) = (A)lD(A)kaJ_ : D(A) N VkL — H N VkL

and check as an exercise that A%) is self-adjoint as an operator acting on a dense domain
inHN VkL (the key observation is that A leaves Vj, and VkL invariant). Now, we claim
that the min-max values (v;);en of A®) satisfy v; = Ag+; for every i € N.

We verify this for v1 - the general case is left as an exercise. To show that vy = A\;11
let us first exclude that v; < Agy1. For if 1 < Ag4q, just pick some normalized vector
Yr+1 € VkL with (p, Ap)y < A1 If A < Agy1, this yields a contradiction to the
definition of A\;y; by controlling A in form sense on the (k + 1)-dimensional subspace
span(Vj U {p}) C H. Recall here that for a vector ij:l ;Y + Bory1, we have

k
< >y + Berir, A ( > aj;+ /390k+1> > =" Nl + B pri1, Apria),
=1 j=1

j=1

by orthonormality. Thus, we have 11 > Ax41 and we can also exclude that v1 > Agy1.
For if the latter was true, there must exist some normalized ¢ € V,f with (p, Ap)y < v,
contradicting the definition of v1. The existence of such a ¢ follows by observing that
V1 > A1 implies that we find a (k + 1)-dimensional subspace W11 on which

(W, AY)y < X1 +0 < 11

for normalized ¢y € Wy4q and small § > 0, by definition of A\py;. If Py : Wiy — Vg
denotes the orthogonal projection into Vi, then k41 = dim ker(Py) +dimran(Py), where
dimran(Py) < k and where ker(P;) C Vi1, hence the claim.

In conclusion, v; = A\y1 € o(A®), by the inductive assumption. Hence, by the
characterization of o(A) through Weyl sequences and by definition of A®) we conclude
Ait1 € o(A). If in addition A\; < Aj4q for some j > k + 1, then this means that
vj < vjq1 for some j > 1 (by Ayt; = v4), and the inductive assumption implies that 4
is an eigenvalue of A%) so that A4, is an eigenvalue of A and we find an eigenfunction
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in Vk}. This means that A1,..., A\y11 are eigenvalues of A counted with multiplicity and
it concludes the inductive step. This proves i).

i1) Let’s start to prove that Ay < Ey for all £ € N. We may assume that Ey < oo,
otherwise there is nothing to prove. Since o4(A) consists of isolated eigenvalues of A,
Oess(A) is closed (exercise) and hence Ey € 0ess(A). From the proof of Theorem m
we find an orthonormal Weyl-sequence (1, )nen with |[1,|l2 = 1 for all n € N s.t.

Jim [, (A= Eo)u)] < lim (A= Eo)iall2 = 0.

Choosing for small § > 0, as in the proof of 7), a suitable finite subsequence (15 )n,<n<n,
for sufficiently large ng, Ng € N, we conclude

e < Ep + max (A—E <Ey+6
B ¢€span({¢n:n0§nSN0})7<w ( 0)¢> 0
No—no>k,||ll2=1

Hence, A\, < Ej for all k € N. Note that trivially A\ € oq(A) if A\ < Ep.

Now let us prove that Aoy = limg_y0o A\ = Ep. If Ao < Ep, then Ay € 04(A)
(note that Ao € 0(A) by closedness of the spectrum). In particular, A\ is isolated
so that (Ag)reny must be constant, up to finitely many terms. Assume w.l.o.g. that
A = Moo for all & € N. As in i), we restrict A to U = Eig(\s)* and conclude that
V1 = Adim(Big(ho))+1 = Ao € 0(Ajy). Now, Moo & Tess(Ajr) C Tess(A), but this means
we find an eigenvector of A in the orthogonal complement of Eig(A ), a contradiction.

Finally, let’s prove that {\; : kK € N} N (—o0, Ey) = 0(A) N (=00, Ep). Part i) and
the arguments from above show that {\; : k¥ € N} C o(A4) N (—oo, Ey]. Conversely,
let 1 € o(A) N (—o0, Ey). This means by definition of Ey that p € oq(A). What we
need to show is that u € 04(A) implies that p is equal to some \;, < Ep. We certainly
have 1 > Ay and p < A, for some kg € N, because p < limy_,o0 A = Ep. Then either
€ {A1,..., A} or there are min-max values \; < u < A\y1. But the latter contradicts
the definition of \;11 by evaluating A in form sense in the (I + 1)-dimensional space
formed by the orthonormal eigenvectors related to the eigenvalues Ay,..., A\ and p. 0O

Problem 2.22. Prove that A% is self-adjoint and that v; = Agti, Vi € N.

The Weyl criterion and the Min-Max Principle are quite useful tools for studying the
spectrum of a self-adjoint operator. One consequence is the discreteness of the spectrum
of Hamiltonians with trapping potentials. The picture is that a potential that grows to
infinity as |x| — oo makes it impossible for the particles to escape to infinity, that is,
they are effectively trapped in some finite region Q C R
Corollary 2.6. Let H=—A+V : D(H) — L*(RY) be self-adjoint, where V € L2 (RY)
is a locally bounded potential satisfying V(x) — oo as |x| — oco. Then, the min-maz
values \,(H) of H satisfy \g(H) — 00 as k — 0o and oess(H) = 0.

Remark 2.1. Recall from Proposition that H|goo(ray 18 self-adjoint.

Remark 2.2. The corollary implies o(—A+|X|?) = oq(—A+|X|?) (c¢f. Problem|2.21).
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Proof. Assume w.l.o.g. that V' > 0 and denote by (A;)ren the min-max values of H. We
assume by contradiction that limg oo A = Aoo = inf oess(—A + V) < 00. By Theorem
there exists a Weyl sequence (1, )nen for H and A that converges weakly to zero.
In particular, we have that

lim [/ dz [|Vipn(2)]* + V(@) [thn(2)[?] — Aso| = 0.
n—o00 R

This implies that (¢, )nen is bounded in H'(R?). Now fix some R > 0 and denote by
or € CX(Bg(0)) C C*(R%) a smooth, compactly supported and non-negative function
which is bounded by one and which is s.t. pgr(z) = 0 for all |z|] > 2R and ¢g(x) =
1if |z] < R/2. We consider (¥nRr)nen in H'(RY) and conclude from the Rellich-
Kondrashov compactness theorem (see e.g. [40, Theorem 8.9]) that (¢Yn¢Rr)nen has a
strongly convergent subsequence in L2(R?), denoted again by (1n@R)nen. Since the
weak limit of (1 )nen in L?(R?) is zero, we must have lim, oo ¥npr = 0 in LZ(RY).
But we also have that

2 fRd dx V(ﬂf)!wn(ﬂi)P < C
- infMZR/? V(SL‘) - infMZR/Q V(m)

/ dz (1 - op)|tn(2)|
Rd

for some constant C' > 0 which is independent of n € N. Choosing first R > 0 and then
n € N sufficiently large, shows that 1 = [[tp,]|]2 — 0 as n — oo: a contradiction. As a
consequence, we conclude that inf oess(—A + V') = 00, that is ges(—A + V) = 0. O

2.5.3 Existence and Uniqueness of Ground States

We have seen in Corollary that Hamiltonians with trapping potentials have purely
discrete spectrum. In this section, we use the functional calculus to show that the ground
state energy of such Hamiltonians is non-degenerate and that the ground state vector
can be chosen to be strictly positive. The result is sometimes also useful for proving the
uniqueness of minimizers of nonlinear functionals as illustrated in the next chapter.

Throughout this section, we work in the Hilbert space H = L?(R?). We begin with
an abstract result which provides a strategy to prove the uniqueness and positivity of
eigenfunctions of Schrédinger operators. Sometimes this is referred to as the Perron-
Frobenius principle, in analogy to the well-known result from linear algebra. To state
and prove the theorem, we need to introduce some notation: f € L?(R?) is called positive
if f(z) > 0 for a.e. x € RY (it is called non-negative if f(z) > 0 for a.e. z € R%). If
f is positive (non-negative), we write f > 0 (f > 0). A bounded operator A € L(H)
is called positivity preserving if Af > 0 with Af #Z 0 whenever f > 0 with f £ 0 and
it is called positivity improving if f > 0 with f # 0 implies that Af > 0 is positive.
Finally, A € L(#) is called real if it maps real functions to real functions. Notice that
a positivity improving operator is real: if ¢ =1 — 1 _ is real and split into its positive
and negative parts, then Ay = Ay, — Ay_ and both Ay, AY_ > 0. In particular,
they are real valued, so At is real.
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Proposition 2.7. Let A € L(H) be a self-adjoint and positivity improving operator.
Then, if X = || Al z(n) s an eigenvalue of A, it is simple and the corresponding normalized
etgenvector can be chosen to be positive.

Proof. Let ¢ € H denote a normalized eigenvector of A s.t. Ay = Ay. Since A maps
real functions to real functions, the real and imaginary parts of 1 are also eigenvectors
of A with eigenvalue A\. Therefore, assume w.l.o.g. that v is real-valued and normalized.
We can decompose ¢ into the sum of its positive and negative parts, ¥ = ¥ — ¥
where 14 = max(t,0) and ¥ = max(—1,0). We claim that (¢, AY)y = (|¢], A||)n.
Indeed, this follows from

A= (1, Ay < (|9, [Ap ) = (0], [Ay — A ) < (0], AlDa < [[All ey = A

where we used that |¢| = ¢4 + ¢—. Thus (¢, AY)y = (||, A|Y|)% and we find that

(104, A0 = (1] + ), Al — )b = 3] ARblys — (b, A = 0.

Since A is positivity improving and the inner product of a non-negative, not identically
vanishing function with a positive function is positive, we conclude that either ) = ¥
or ¥ = 1_. Let’s assume for definiteness that ¢ = v, and @_ = 0. Then, this
implies ¢ = HA||Z(1H)A@ZJ > 0. Hence, every real eigenfunction of A with eigenvalue A is
positive, up to multiplication by a constant. If we assume that there are two different
real eigenfunctions 1,1 with eigenvalue A, we may assume w.l.o.g. that they are
orthogonal, but two positive functions in L?(R?) are never orthogonal. We conclude

that X is simple and we can choose the eigenvector to be positive. O

Proposition [2.7] is a statement about bounded self-adjoint operators. Of course, the
operators that we typically analyze are not bounded. However, as already used in the
proof of the spectral theorem, we can also obtain information about the ground state
vector of a self-adjoint operator by considering its resolvent.

Proposition 2.8. Let A: D(A) — H be self-adjoint operator so that A = info(A) € R
is an eigenvalue of A (in particular A > X\ is semi-bounded). Assume moreover that

{e7:te[0,00)} C LH)

is a family of positivity improving operators. Then, Ag is a simple eigenvalue of A and
the corresponding eigenvector is positive, after multiplication by a constant phase.

Proof. Let < A. An application of the spectral theorem [2.§ proves the useful formula

WMA—mle—/ wm@4wwﬂa—/“aWMe“@Hw (2.22)
0

0

for all 1, p € H. Fixing ¢ > 0, the assumption on {e~* : ¢ € [0,00)} C L(H) and (2:22)
show that (A — p)~! € L(H) is positivity improving, because ¢ > 0 is arbitrary. Now,

o6



if 1 is an eigenvector of A with eigenvalue A, then 1 is also an eigenvector of (A — p)~*
with eigenvalue (A — p)~!. But we have for any ¢ € H that

0 < (@, (A=) e < (Mo =)™ Hep, (A= ) o)n < (A= )l
Hence, [[(A— )™z = (A — 1)~ so that Proposition [2.7| implies the claim. O
The crucial assumption of Proposition [2.§8is that the semigroup
{e_tA :t€[0,00)} C LK)

is positivity improving. The basic example of such a family is given by the one induced
by the Schrodinger operator of non-interacting particles.

Example 2.21. Consider —A : H*(R?) — L*(R?). Then {e "=2) : ¢t € [0,00)} C L(H)
is a family of positivity improving operators. In fact, using that the inverse Fourier
transform of a Gaussian is again a Gaussian, we find for all ¢ € H*(R?) that

—t(— 1 . —l2 _ .12
e MR () = W/Rde = o (y) dy = (2mt) "2 (e /R0 4« )
Hence, e " (=2) acts as a convolution with a positive function and is positivity improving.

Notice that [0,00) 5 t — ¢, = e U2y solves the heat equation:

{atwt = Ay,
(Y=o = -

From the fact that a typical Hamiltonian has the form H = —A + V with a mul-
tiplication operator V, and the fact that the operators {e~“=2) : ¢ € [0,00)} C L(H)
are positivity improving, one may expect that also e ¥ is positivity improving under
suitable assumptions on V. To show this, we use the Trotter product formula, which
enables us to compute the exponential of H = —A + V in terms of e *(=2) and e~V

Theorem 2.18 (Trotter-Product Formula). Let A: D(A) — $,B : D(B) — $ be self-
adjoint operators on a Hilbert space $). Assume that A, B are bounded from below and
that A+ B is self-adjoint on D = D(A) N D(B). Then it holds true that

6_(A+B)t1/} _ li)m (e—At/ne—Bt/n)n¢

for every v» € D and t € [0, 00).

Proof. Suppose w.l.o.g. that A, B > 0, such that the norms of the operators e=4* € £($)),
e Bs € £(9) and e=(A+B)s ¢ £($) are all bounded by one, uniformly in s € [0, c0).
For ¢ € D and t € [0, 00), we write

[(e—At/ne—Bt/n)n B (e—(A+B)t/n)n]¢

i
L

(2.23)

[e—At/ne—Bt/n]k [e—At/ne—Bt/n o e—(A—&-B)t/n} [e—(A—l—B)t/n] n—l—kw.

b
Il

0
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Note that e=4%, e~ 55 and e~ (A+t5)s leave D invariant (e.g. by the spectral theorem), for
every s € [0,00). We thus conclude that

< |t] sup ||(t/n)" [em A me B — e—(AJrB)t/n]e—(AJrB)st5 (2.24)
s€[0,t]

).
[(efAt/neth/n)n o ((af(AJrB)t/n)n]wHYJ

Now, for every ¢ € D = D(A) N D(B) = D(A + B), we have that

41 (efAteth _ e*(A+B)t)S0

= (e =D - D - -

1 _
(e 1))

1 1 1
= /0 dre A% Ap + (e 4 — 1)/0 dre BBy — /0 dz e~ AP (A 4 B)o.

This implies for every p,1 € D and every s € [0,00) that

%E}% t_l [B_Ate_Bt . 6—(A+B)t:| 6_(A+B)S’¢ —0.

On the other hand, an application of the uniform boundedness principle implies that

sup [t (e Ae Bt — e~ (ATB | < COlYllp

for |[¢]|p = |[¢|ls+||(A+B)3| 5. For fixedt > 0and vy € D, {e=AFB)sy: s € [0,4]} ¢ D
is compact in D equipped with ||¢|p (recall that D then becomes a Banach space by
closedness of A+ B): it is the image of the compact set [0, ¢] under the continuous map
R 37 e A8 € (D, - |Ip). Combining a simple covering argument with the two
previous observations thus implies the uniform convergence

. 17 —At/n —Bt/n —(A+B)t/n] . —(A+B)s _
g sup ¢/}~ e e B — e UTBNIM] e~ By —o,

O]

The next corollary shows that trapping Hamiltonians have unique ground states.

Corollary 2.7. Let H = —~A+V : D(H) — L*(R%) be self-adjoint, let V € L (R?)

loc
bounded from below and assume that C°(R?) is a core for H. Suppose, moreover, that

A=info(H) € R is an eigenvalue of H. Then, inf o(H) is a simple eigenvalue and the
corresponding eigenvector is positive after multiplication by a constant phase.

Proof. Assume w.l.o.g. V > 0. By Proposition the claim follows if
{e_Ht :t€[0,00)} C L(H)

is a family of positivity improving maps. To apply the Trotter-Product Formula
we first approximate H by H, = —A + V,, where V,, = Vx(V71([0,n])) € L>(R?).
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Then H,, : H?(R%) — L2(RY) is self-adjoint and essentially self-adjoint on C°(R%) for
all n € N by Theorem [2.4] Moreover, the Trotte product formula[2.18 and Example
imply that e~ n? is positivity improving for every n € N and t € [0;00). Indeed, for
Y € H*(R?) such that ¢ > 0, ¥ # 0, we have that

((em = memVetimymy) (@) > e (DY) (2) > 0 (for a.e. v € RY),

uniformly in m € N, which follows from Example and the fact that |V,| <n .

We would like to use this to show that et € L(H) is positivity improving, too. To
this end, let’s first show that e H»t converges strongly to e #t. Applying the monotone
convergence theorem, we find lim,, oo ||(H — Hy)%||3 = 0 for any 1 € C2°(R?). Thus
0< lim [|(H = 2)7" — (Hy — 2) "l < [Tmz[ ™" Tim [|(H — Hp)(H = 2) 'l = 0

n—oo n—oo
for any z € C with Imz # 0 and any ¢ € (H — 2)(C>(R%)). Here, we used that
1(Hp—2) " 230y < [Im 2|7, uniformly in n € N. Notice also that (H—2)(C2°(R%)) € H
is dense (for Tm(z) # 0), because C°(R?) is a core for H. As a consequence
lim [|(H —2)"'% — (Hn — 2) "l = 0

n—oo

for all ¢ € H. From the strong convergence of the resolvents, we obtain the strong
convergence of the operator exponentials as follows: recall that the Stone-Weierstrass
theorem implies that the C*-subalgebra of Co(R) = {f € C(R) : lim|; L f(z) =
0} that is generated by z — (z—i)~! and o + (x+1i) ! is dense in C (R), equipped with
the sup-norm. Indeed, we observed already in the chapter about the spectral theorem
that this subalgebra separates points and is closed under conjugation in

{f € C(X): f(o0) = 0} = Co(R),

where X = R U {£oc0} = R denotes the extended reals (as a compactification of R).
Now, we know that H,, > V,, > 0 by assumption on V and that H > 0. A basic
application of the spectral theorem thus implies that

e Ht — f(H)e_Ht and et = f(Hy, + n)e_H"t

for every f € C(R) which is such that fjg ) = 1 and fj(_o;—1) = 0. Since the map
R > 2 f(z)e ™™ € Cx(R), we can thus approximate e ! and e~f»! strongly by
polynomials in (H —)~!, (H +i)~! and (H, — i)™}, (H, + i), respectively, so that

lim |le™ ) — e nty)l4p = 0 (2.25)
n—oo
for every 1 € H and t € [0,00). Since zero can not be an eigenvalue of e~ (ezercise),

this shows that e ! is positivity preserving for every ¢ € [0, c0).

What remains is to show is the stronger statement that e~H* is in fact positivity
improving. Here, we argue as follows. Let b > 0, ¥ # 0, and suppose ¢ > 0 is such that
(g, e ) = 0 for all t > 0. Then, as a function in L?(R?), we have that

pe My =0 L2(RY).
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Hence, also (e"7p) e~y = 0 for all n € N and all ¢ > 0. Invoking the Trotter-Product
Formula, Theorem [2.18] again, we deduce that

—(H=Va)t,, ,—Ht — T —Ht/k Vat/k\k  —Ht _
(e @, e )y klggo<(e e ) p e ), =0

and, arguing as in the previous step (ezercise), this implies that

(e, e Map)y =0

for every t > 0. If ¢ # 0, then e*p(z) > 0 for a.e. £ € RY, so (e2tp, e Hiap)gy > 0 (e H!
is positivity preserving). Hence, we must have ¢ = 0.
In conclusion, we have proved for 1 > 0, # 0 that

©>0A (pe By =0Vt >0 = p=0.

Choosing ¢ = X {zerd: e~ Hiy(z)<0} (= X{zcRd: e~ Hiyp(z)=0} a-5-), We get e Hty > 0. O]

We conclude this section with an interesting corollary, which is related to the path
integral formulation of quantum mechanics - the Feynman-Kac formula. Our short
discussion of this result is a digression and we refer to [56, Chapter X.II] and [§] for
further details. Let us denote by u, the Wiener measure for one-dimensional Brownian
motion starting at x € R. Wiener measure u, is a Gaussian probability measure and can
be defined on the space Q@ = C([0;T];R) N {f € C([0;T];R) : f(0) = x} of continuous
functionsm starting at € R. As a Gaussian measure, it is characterized by its mean
Jo dpz w(t) = x and its covariance, which is equal to

C(s,t) = /Qd,ux(w)(w(t) —z)(w(s) —x) = min(s, ).

In other words, the random variables 2 3 w — w(t) € R, defined on the probability
space (€2, B(Q), 1), are Gaussian with mean x and variance ¢t. Moreover, given times
0 <ty <t <--<tp, the increments w(t;) — w(ty), w(tz) —w(t1),...,w(ty) — w(tn_1)
are independent. The stochastic process (w(t));e[o;r) is called Brownian motion.

Referring for the more technical aspects to basic courses on stochastic processes,
the measure p,; can be constructed essentially as follows. Pick an orthonormal basis
(0r)ken of L2([0;T]) and a sequence of independent standard Gaussian random variables
(X )ren, defined on some probability space (2, F,P). For f € L?([0;T]) such that

F=Y arpr with > |agl* = | fII5.
keN keN

the random variable

G(f) = arpr

keN

"This means that the push-forward measure . (i) is a Gaussian measure on R, for any £ € Q*.
Notice, for instance, that the Dirac-6 centered at ¢t € [0;7] lies in 6; € Q* for any ¢ € [0;T.
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is a centered Gaussian random variable with variance

EG(f)* = |I£15.
Now, define (By);cjo;r) by Bt = = + G(X[0;1)), then it is straightforward to check that
e By=xPa.s.,
e finite linear combinations of the (B; — z) are centered Gaussian random variables,
e E(B; — z)(Bs —x) = min(s, t) for all s,¢ € [0;T].

One says the stochastic process (Bt)te[o;T] defines a Gaussian process (the map G is an
isometry from L? to a Gaussian space) and it is called pre-Brownian motion. It satisfies
all properties of Brownian motion mentioned earlier, except that the sample paths

[0;T] 5t~ By(\) € R

need not be continuous for P-a.e. A\ € ). With regards to the remaining properties,
notice for example that for s <t < u, one has

E(B, — Bt)Bs = min(u, s) — min(¢,s) = 0,

which implies that B,,— B; is independent of o(Bs : s < t) by basic properties of Gaussian
processes. In courses on stochastic processes, one then learns how to modify (Bt)ejo;7)
to another process (w(t));c(o;7 such that

t — wi(A) is continuous for every A € Q and P({B; = w¢}) = 1Vt € [0; 7).

Wiener measure (i, is then defined as the law (the push-forward measure) of the random
variable (Q, F,P) € w — ([0;T] 3 t — wy € C([0;T};R)). For a detailed introductory
discussion of Brownian motion and their properties, see for example [33].

Assuming the existence of i, and (w(t)).c[0;7] as above, we see that

/dﬂ (w)f(w(t)):/e_w_mf(y)dy
[¢) ’ R \/27‘&1

for every f € L?(R). At the same time, we recognize that for a.e. x € R, we have that

—(y-u)? /2t
| ety = (A ) @),

which relates Brownian motion to the free heat semigroup {e_t(_A/ 2t > 0}. The
Feynman-Kac formula tells us similarly how to compute (e*t(*A/ 24V) f) () for suitable
potentials V' in terms of a path integral over the Wiener measure.

Corollary 2.8 (Feynman-Kac Formula). Let V € C.(R), then for all f € L*(R)

(e—t(—A/2+V)f) ($) _ /

Q

ot Sy en (- [ Vi(w(s)) is).
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Proof. The proof follows from the Trotter-product formula (it is left as an ezercise to
check that we may apply the formula). Indeed, we claim that

(( —(=A/2)t/n,, th/n // / T; Ty t/N)P(Tp; Tn—15t/0) .. p(225 215 /1)

X exp(— —ZV xj >f(:1:1)d:v1dx2...dmn

7=1

= [ (= £Vl ) reto) duste,

j=1
(2.26)

where p denotes the heat kernel, i.e.
( . e—(z—y)?/2t ( (
Ty;t) = ———— (=
p\ry ot p
While the first equality follows simply by iteration (ezercise), for the second equality
we use the fact that (w((j +1)t/n) — (,u(]t/n));b:_l1 are i.i.d. Gaussian under p, with the

increment w((j + 1)t/n) — w(jt/n) having variance t/n for all j = 1,...,n. Indeed, let’s
verify the second step for n = 2 and leave the general case as an exercise. We compute

x—y;0;t) = p(0;z — y;t)).

t t
/Qexp ( - 5V(w(t/2)) - 2V(w(t))>f(w(t)) dpte (w)
— [ e ( — SV((t/2) = SV ((w(t) — w(t/2)) + w(t/2>))f<w<t>> Atz ()
Q
= / /p(yl;w;t/2)p(y2; 0;t/2) exp ( - %V(yl) - %V(m + y1)> f(y2 + 1) dyrdys
R JR
= /ﬂ{ép(w;xg;t/Q)p(xl;xg;t) exp < — %V(xl) — ;V(x2)>f(x1) dx1dxs.

Generalizing the above computation to arbitrary n € N, we conclude . Finally,
taking the limit n — oo for a suitable subsequence on the 1.h.s. by the Trotter formula
(to obtain the a.e. equality in L?(R)) and applying the dominated convergence theorem
on the r.h.s., using that V € C.(R) as well as

n—oo n

lim —ZV (jt/n)) /0 V(w(s))ds

for each path w € 2, we conclude the theorem. O

Remark. The Feynman-Kac formula is also valid in higher dimensions and with much
weaker assumptions on the potential, see e.g. [56, Theorem X.68]. For the sake of sim-
plicity, in C’orollary we focus on dimension one and potentials V- € C.(R). For
interesting applications of the Feynman-Kac formula, see for instance [67)].
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2.5.4 Quadratic Forms and Self-Adjoint Operators

In this section, we discuss basic results about quadratic forms. We show that every
closed, semibounded form corresponds to a unique self-adjoint operator. As a basic ap-
plication, we introduce the Laplacian with Dirichlet and Neumann boundary conditions.

Given a dense linear space of a Hilbert space H, we call a map ¢ : Q(q) X Q(qg) — C
a quadratic form with form domain Q(q) if ¢ — q(p,%) is anti-linear and ¥ — q(p, )
is linear, for every v, ¢ € Q(q). We say that ¢ is non-negative if ¢(¢,) > 0 for all
¥ € Q(g) and, more generally, we call ¢ semibounded if ¢(v, ¢) > c[|¢||3, for some ¢ € R.
Finally, we say that ¢ is symmetric if ¢(¢, ) = q(¢,¥) for all ¢, 9 € Q(q).

In the setting of complex Hilbert spaces H, notice that a form is symmetric if it is
semibounded. Indeed, semiboundedness implies that ¢(¢, () € R so that by polarization

4q(p, V) =qle + v, 0 +9) —qlp — ¥, — ) —iqp + i, o + i) +iq(e — i, o — i)
=qW+ o, 0+ @) —qb — 9, — ) —iq( —ip, Y —ip) +iq( +ip, P +ip)

=4q(¢, ¢).

We call a semibounded quadratic form ¢ : Q(q) X Q(q) = C s.t. q(,¢) > —M]||||3,
closed if the form domain Q(q) is a Hilbert space when equipped with

If ¢ is closed and D C Q(q) is dense with respect to the induced norm || - |41, we call D
a form core for q. We say that ¢ is closable if it has a closed extension. If ¢ is closable
and has a smallest closed extension, we call the latter its closure.

Lemma 2.10. Let q : Q(q) x Q(q¢) — C be a semibounded quadratic form. Then g
is closed if and only if whenever (n)nen s a sequence in Q(q) that converges to
in H and is such that q(n — Y, Vn — Um) — 0 as n,m — oo, then ¥ € Q(q) and

limy— 00 Q(wn - 1/}7 wn - ¢) =0.

Proof. Suppose that ¢ is closed and suppose (¢, )nen in Q(g) converges to ¢ in H and is
such that q(¢y, — ¥m, ¥n — ¥m) — 0 as n,m — oo. This clearly implies that (¢, )nen is
Cauchy with respect to the induced norm || - ||+1. By completeness, (¢, )nen has a limit
in Hyp = (Q(q), (+,)11), call it . Since [[¢n — @llg < [[tn — @ll41 — 0 as n — oo, we
conclude that ¢ = ¢ € Q(q) and hence lim,, o0 ¢(V, — 1, Py, — 1) = 0.

On the other hand, suppose ¢ is a form with the property that whenever (1,)nen is
a sequence in Q(q) that converges to ¢ in ‘H and is such that ¢(¢,, — Y, ¥n — Ym) = 0
as n,m — oo, then ¥ € Q(q) and limy, o0 ¢(¢n, — ¥, 1, — 1) — 0. Then suppose that
(¢n)nen is a Cauchy sequence in Hy1. Again, by || - ||% < || - ||+1, we find that (¢,)nen
has a limit ¢ in H and, moreover, ¢(¢n — ©m,Pn — ©m) — 0. Thus, ¢ € Q(q) and
limy, 00 0, = ¢ in Hq, so q is closed. O

Example 2.22. Suppose that A : D(A) — H is a self-adjoint operator. By the spectral
theorem, suppose w.l.o.g. that H = L*(2,B(Q),u) and that A = Aj corresponds to
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multiplication by f : Q2 — R on D(A) = {s € L*(dp) : f1 € L*(du)}. Define
Q) = {v e 22 s [ an(@)If@)v(@)? < oo} (= DA
Q
and q: Q(A) x Q(A) — C by
0¢) = | duta)f () B@pla)

Then q is called the quadratic form associated to A and Q(A) is called the form domain
of the operator A. By slight abuse of notation, we sometimes write q(1, ) = (¥, Ap)y
although Ay need not make sense for all p € Q(A).

Suppose A is semibounded such that q is a semibounded form. Then q is closed.
Indeed, assume w.l.o.g. that A > 0 so that f(z) > 0 for p-a.e. © € Q. Let (¢p)nen be a
sequence in Q(A) that converges to v in H and that is such that

/Qdu(x)f(:c)](wn )@ =0 as n,m — oo

By completeness of L*(u), we see that (fY/%0,)n_ee converges in L?(p) to some ¢ €
L?(dp). Choosing suitable pointwise almost surely converging subsequences, we must
have that o = f1/2%4 p a.s. so that f1/%) € L?(dp), i.e. ¥ € Q(A), and

/ﬂ Apu(@) ()] (Yo — V) @) = 0 as n— oo,

Problem 2.23. Let g : Q(A) X Q(A) — C be the form w.r.t. a semibounded self-adjoint
operator A : D(A) — H. Prove that any operator core of A is a form core for q.

Our first main result about quadratic forms is the following.

Theorem 2.19. Let q : Q(q) x Q(q) — C be a semibounded, closed quadratic form.
Then, there exists a unique self-adjoint operator A : D(A) — H such that q is the
quadratic form associated to A, that is, q(v, ) = (¥, Ap)y as in Example .

Proof. We assume without loss of generality that ¢ is non-negative. As above, we denote
by H.1 the Hilbert space (Q(q), (-,-)+1). We then denote by H_; the space of bounded
conjugate linear functionals on Hyi. Analogously to the usual Riesz representation
theorem, every £ € H_1 is uniquely represented by some )y € H1. More precisely, the
canonical linear isomorphism that sends ¢ € Hq to ®(¢) € H_1, defined by

is an isometric isomorphism of H; into H_;. Finally, we denote by 7 : Hi1 — H the
canonical embedding of H,1 into H and by j : H — H_1 the embedding of H into H_1
that is defined by j(¢)) = (-, %)%. Notice that

@)@ < llllallplln < lPlllell+a
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so that j(¢) € H_1 with ||j(¢¥)||%_, < ||¥|l%. With i and j as above, we have that

Hor UL H
To prove the theorem, we find a self-adjoint operator B : D(B) — H such that
(@, BY)yu = q(p, ¥) + (0. V)n = (o, V)uy = 2(¥)(9) (2.:27)

for a suitable dense domain D(B). Once we find such an operator, it will be simple to
conclude that the quadratic form ¢ is the form associated to A = B — 1.
To find the right operator B, eq. (2.27)) motivates to define

D(B) ={¢) € Hi1 C H: ®(¥) € Ran(j)} = @' (Ran(j)),
B =(j"")ran(j® : D(B) = H,
Indeed, this implies for ¢» € D(B) that

(0, BYyn = j(BY)(p) = 2(¥) ().

B is certainly a symmetric operator, because for all ¥, ¢ € D(B), we have

Let us show next that D(B) C H is dense. To this end, we first argue that Ran(j) is
dense in H_;. For if not, we find some 0 # ( € H*, that vanishes on Ran(j). By duality
(more precisely, using that #H.y; is isometrically isomorphic to H*,), ¢ corresponds to
some 0 # ¢ € Hy1 C H so that in particular

CUW)) = 3 (W) (¢¢)

for all ¢ € H. This means that 0 = j(1)(¢¢) = (¢, ¢¥)n for every 1 € H. But this is
not possible, because ¢ # 0. Thus, Ran(j) is dense in H_; and since ® is an isometric
isomorphism, D(B) = ®~!(Ran(j)) is dense in H1. Since, moreover, || - || < || - |11, we
conclude that D(B) is dense in H.

Finally, we argue that B is self-adjoint. To this end, consider the linear operator
C:®7 Y5 :H = H,o1 CH: it is clearly injective and it is symmetric, because its inverse
B is symmetric. Since it is defined on all of H, it is self-adjoint. By the spectral theorem,
its inverse B = C~! : ran(C) — H is self-adjoint as well (exercise).

Finally, to conclude that A is the unique self-adjoint operator whose form corresponds
to g, suppose that ¢ is also the form associated to a self-adjoint operator A D(A) —H
and_suppose w.l.o.g. that A, A > 1 so that 0 € p(A) N p(A). Then, Q(A) = D(AY?),
Q(A) = D(AY?) (viewing both A2 AY2 as self-adjoint operators in their canonical
form) and in particular A~1/2¢ € Q(A) = Q(A) = Q(q) for every ¢ € H. But then

(W, o) = (AVPAT 2, AVZATI )y = g(A7129, A7)
— <A1/2A71/2w,A1/2A71/2(‘0>H

for all ¢, ¢ € ‘H, which 1mphes that U = A/24-1/2 ig unitary. This means that UU* =
= AY24- 1A1/2 s.t. A~1 = A=1 and therefore D(A) = D(A) and A = A. O
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Example 2.23. In L*(R), set Q(q) = C°(R) and define q : Q(q) x Q(q) — C through

q(f,g) = £(0)g(0).

Clearly, q is a non-negative quadratic form. Does it correspond to a self-adjoint op-
erator? We might suspect that this is not the case, because otherwise q would cor-
respond to multiplication by a Dirac d-function. In fact, q does mot correspond to a
self-adjoint operator, otherwise it would be closed. But choosing a sequence of func-
tions (¢n)nen in Q(q) such that 0 < ¢p, < 1 with supp(pn) C Bin(0) and such that
(SOn)\Bl/4n(o) = 1 while (gon)m\Bl/%(o) =0, we see that lim, o0 ¢n = 0 in L2(R) as well as
limy, 100 4(©n — @m, n — om) = 0, but q(¢n, on) =1 # ¢(0,0). Hence, q is not closed.
The argument also shows that q does not have a closed extension with form core CZ°(R).

Our second main result with regards to quadratic forms introduces the Friedrich’s
extension. In general, one might start out with a semibounded, symmetric operator
A: D(A) — H and it is a priori not clear how many self-adjoint extensions the operator
has and which one to pick. The Friedrich’s extension is a particular self-adjoint extension
with a number of desirable properties, most importantly that the domain of the original
symmetric operator is a form core for the form associated to the Friedrich’s extension.
This implies, for instance, that the ground state energy of the extension can already be
computed (via Theorem based on knowing the domain D(A).

Theorem 2.20 (Friedrich’s Extension). Let A : D(A) — H be a non-negative and
symmetric operator. Define the quadratic form q on D(A) x D(A) through

Then q s a closable quadratic form and its closure q 1is the quadratic form of a unique
self-adjoint operator A : D(A) — H, the Friedrich’s extension. A is a non-negative
extension of A and D(A) is a form core for q. Furthermore, A is the only self-adjoint
extension of A with its domain being a subset D(g) C Q(q) of the form domain of q.

Proof. As before, we set (¢, )11 = q(1, ¢) + (¢, ). Since A is non-negative, (-, )11
defines an inner product on D(A) and we can consider its completion H41. What we
would like to show is that Hi1 — H can be identified with a subset of H. If that’s
the case, it follows that ¢ is closable and we obtain its semibounded closure ¢ with form
domain H4q1 C H. Notice also that D(A) is then a form core for ¢, by construction.

Let’s denote by i : D(A) — H the identity map. Since || - |l < || - ||+1, 7 is
bounded from the dense set D(A) C H4p into H. In particular, ¢ has a bounded
extension i : Hi1 — H. We claim that s injective, showing that Hy; — H. To
see that 7 is injective, suppose that ?(cp) = 0. By definition of i, this means there
exists a sequence (¢n)nen in D(A) such that lim,_, [|¢ — @nll+1 = 0 and such that
limy, o0 [|7(n) || = limp—o0 ||nll% = 0. This implies that

||90H3-1 = lim lim (¢n, Pm)+1 = lim lim (<%0naASDm>H + <‘Pn7%pm>7—[) =0,

mMm—00 N—00 mM—00 N—00
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hence ¢ = 0 € H41. Observe that the non-negativity of A is used to define 7 while the
fact that ¢ is defined through A implies that s injective.

We conclude from the previous argument that H41 < H so that ¢ has a closure q.
As a semlbounded closed form, ¢ corresponds to a unique self-adjoint operator A by
Theorem More precisely, ¢ is the form associated to A _and D(A ) C Q(q) is a form
core. Moreover A extends A. For if ¢ € D(A) and 1 € D(A) C Q(), then

so that ¢ € D(A*) = D(A) with A*gp = Ap = Ap, that is A C A. If A is any other
symmetric extension of A with D(A) C Q(q), then the same argument shows that A
extends A; in particular, if A is self-adjoint, then A=A O

Example 2.24. In L?*(I) for I = (0,1), consider A = —92 on C°(I). Then

1013 = 10013 + 19113

corresponds to the H'(I)-norm. In particular, if limy, oo ¥n = ¢ in Hy1, thenyp € HY(I)
extends to an absolutely continuous function in [0,1] and we have that
Jim ¢y, (2) = 1(2)
for every x € [0,1] so that 1(0) = ¢(1) = 0. This means that the Friedrich’s exten-
sion A of A is the self-adjoint extension of —0% with Dirichlet boundary conditions.
The spectrum of this operator is explicitly given by o(A) = {(nm)? : n € N} and the
eigenfunctions are given by {x — sin(nmwz) € C([0,1]) : n € N} (exercise).
Using g, this implies the so called Wirtinger’s inequality

1 1
/ dz | (0)|? > 72 / dz ()P,
0 0

valid for all ¢ € C°((0,1)), which follows from the lower bound on A. Notice that this
lower bound is also true for the form induced by A.

Notice here that, in general, a self-adjoint extension of A need not satisfy the same
lower bound like the form induced by A. For instance, another self-adjoint extension
of A is the Laplacian —Ay : D(=Ay) — L*(R) with Neumann boundary conditions,
defined by D(—An) = {¢ € H*([0,1]) : ¢'(0) = ¢'(1) = 0}. In this case, the lowest

etgenvalue )\gN) of —ApN corresponds to )\gN) = 0, with constant eigenfunction.

The previous example mentions the Dirichlet and Neumann Laplacians, encountered
in many PDE problems. We finish this section with their definition for general domains
Q) C R™ and with their characterization when € is a box. We refer to the monograph
[61] for more details on self-adjoint realizations of the Laplacian on general domains.

Assume that Q@ C R™ is open. The Dirichlet Laplacian —A% is defined as the
Friedrich’s extension of the non-negative, symmetric operator —A : C2°(Q) — L?(€2, dx).
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In other words, —A% is the unique self-adjoint operator whose form corresponds to the
closure of the form

() o /Q 4z VP (z) - Vo(x)

on C°(£2). On the other hand, the Neumann Laplacian —A%, is the unique self-adjoint
operator whose assocated form is equal to

(4, 0) /Q 4z Vi (x) - Vp(x)

on the domain H'(f2). Note in particular that this form is closed in H! ().

Proposition 2.9. Suppose that Q@ = (—1,1)" C R™ is a cube and denote by —Ap and
—Ap the Dirchlet and, respectively, Neumann Laplacian for this domain. Then:

a) Dp = {f € C®(Q) : flan = 0} is an operator core for —Ap and for such f € Dp,
we have that .
~Apf=-) Of.
=1

b) Dn = {f € C™(Q) : (9f/0n)jpa = (Vf -70)jaq = 0} is an operator core for —An,
where N denotes the outward pointing unit normal to Q). For f € Dy, we have that

~Anf=-) O
=1

Proof. The proofs of a) and b) are similar. We focus on b) and leave a) as an exercise.
Before we start, let us mention why Dy is a natural domain to consider: if the form

(f.9) > (V1. Vg) = /Q 4z Vi(z) - Vg(x) = (f, ~Ang)

corresponds to a suitable self-adjoint operator —Ay that acts like the usual Laplacian

on f,g € C*(), then by Stokes theorem we have that

(f,~Bng) = (V1.V9) ~ [ dSF5E.
o0 n
But this is only possible if (0f /0n)jaq = (0g/0n)9q = 0 whenever f, g € C>(Q) are in
the domain of —Ap and this motivates the definition of Dy.
Now, let A = —>"",0?: Dy — L?(Q). Our goal is to show that A is essentially
self-adjoint and that A = —Ay. The essential self-adjointness can be seen as follows.
Consider the orthonormal sequence (¢ )ken,, defined by

Yo(z) = —=, Yop—1(x) =sin((k—1/2)7z), hop(z) = cos(kma)

Sl
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for x € (—1,1). Then, a basic fact is that (¢x)ren, lies in C°°([—1;1]) and forms an
orthonormal basis of L?((—1,1)). Morerover, each ¢} (1) = ¢,(—1) = 0 satisfies the
Neumann boundary conditions in one dimension. As a consequence, the family

{01 g =V @ jy @ - @Y, 1 j1, ..., jn € No} C Dy C L*(Q)

is an orthonormal basis of L?(Q2) and this set is in fact a subset of Dy (exercise).
Enumerating the functions by (%Z)j)jeNg, we obtain an orthonormal eigenbasis of A with

2 n
s :
Ay = Ay = j['i UERGE
=1

With this notation, we claim that ¢ € D(A) if and only if

> AW ) < oo (2.28)
jeNp
Indeed, suppose that (2.28) holds true. Then (ZIJ\SNWJJ’ 90>¢J')N6N has the property
that (A 2 i< (¥ cp)zpj)NeN = (Z\jISN )\J.Q(wj, SO>1/}j)NEN is Cauchy and we have that

lim Hw - ) (W, s0>1/}jH =0,

N—o0
<N
that is, ¢ € D(A). On the other hand, if ¢ € D(A) and ¢ € C>(Q2) (C Dy), we have

— L )
(A = (AC0) = Jim (¢, 3 My ).
JI<N
By density of C>°(2) C L%*(Q), this means that >lil<n )\j2<¢j,<p)<,pj — Ap weakly in
L?(2) as N — oo. Thus, (2.28) holds true and by the previous argument, this implies

Ap =" Xy, )

jenn

for every ¢ € D(A). In other words, A is equivalent to a multiplication operator with
canonical domain (in the (¢5)jenn basis) and hence, A is self-adjoint.

In order to show that A = —Ap, we need to analyze the form ¢ associated to A.
Here, we first recall that for f,g € D(A), we have by integration by parts that

(.9 = [ deVT(@) - Vo)~ [ asi5E = [ deTF @) V(o)

If we denote by gy the form associated to —Ap, this shows that (qn)pa) = qp(a)-

Since D(A) C HY(Q) is an operator core for A, it is a form core for ¢ and this implies
that Q(A) ¢ H'(Q), recalling that Q(A) = D(A), the closure being taken with regards
to the norm induced by (-,-) 11 =q(-,-) + (-,-) (= (-, ) mr() on D(A)).
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What remains to be shown is that H'(2) C Q(A). So, suppose that f € H(f),
then f € Q(A) follows if we show that

DMy NP < Cl o

jenn

To prove the latter, suppose that g € C*(Q) is such that g(+1,x,...,2,) = 0. Then

(O0f.g) = —(f.019) + /B dS fg% 7= (1. 019). (2.20)

Here, the integration by parts formula is justified, because f € H'(f) admits a trace
floa € L?(09Q), by standard properties of Sobolev functions in the box €.
The reason why (2.29)) is helpful, is because the functions

{&=1j @j, ®--- @ 1j, : j1,...,jn €N} CC®(Q)
for thop_1(x) = cos((k—1/2)7x), oy (x) = sin(kmz) are still orthonormal (ezercise) with
.
0n&; = £551Y5-

Therefore, by Bessel’s inequality for orthonormal sequences, we get

Z ]1 wjv 2 Z | f781§] 2 Z | alf 5_] |2 2||f||§{1(§2)

Jenn Jenn jenn
and repeating the argument for each coordinate, we conclude that

2 (1+*ZL) W, F)2 = D W+ )5 A < CIl I3 oy

jeNg jeng

Problem 2.24. Carry out the proof of part a) of Proposition .

Problem 2.25. For Q = (—1,1)", consider the Laplacian Ap with periodic boundary
conditions, defined analogously as in Example . Show that Ap = A|p,, where Dp
denotes the space of smooth, periodic functions in R™, that is Dp = {f € C*°(R") :

fO)=Ff(+p)VpeZ}(=C>(T").
2.5.5 Tensor Products of Operators

We finish the chapter about applications of the spectral theorem by collecting some basic
properties of tensor products of operators. Throughout this section we assume that A
and B are densely defined operators on the Hilbert spaces H1 and Hs. Let’s denote their
domains by D(A) C H; and D(B) C Ha, respectively. We define the space

D(A)® D(B) = span{p @ ¢ € H1 ® Ha2 : p € D(A),¢ € D(B)}
such that D(A) ® D(B) = H1 ® Ha. We define A® B : D(A) ® D(B) — H1 ® Ha by
(A@ B)(p @) = Ap © By.
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Lemma 2.11. A® B : D(A) ® D(B) — H1 ® Ha is well-defined, and it is closable
whenever A : D(A) — H; and B : D(B) — Ha are.

Proof. Let f = 3 ,cnAigi @ i = 3 ien 1P @ 7;]- € D(A) ® D(B), with coefficients
Ai, ;€ C. By the Gram-Schmidt orthogonalization we can find orthonormal bases
of the closures of the spaces span{yp; € D(A) : i € N} U{p; € D(A) : i € N} and
span{y; € D(B) :i € N}U{¢; € D(B) : i € N}. Let’s denote them by {& € H; : i € N}
and {0; € Hy : j € N}, respectively. Then, for all 4,j € N, we have

0i @i = > (& Q0,0 @ Vi)remnalh @ O =1 Y aly&r ® 0
K IEN kleN

Bi@whj= > (&®0,3; DU memnis @0 =Y 0,5 0
kJEN kJEN

so that, by assumption on f, >, . Aiak, = > jeN ,uj&il . This shows that

D NAp @By = Y Noj A& @ Bl = Y p00,AG @ BO =Y 11;A%; @ Bij;
ieN i,k,leN 4, k,leN jeN

so that A ® Bf is well-defined. To show that A ® B is closable, we only need to show
that D((A ® B)*) is dense in H; ® Ha, by Theorem To this end, we notice that

<A* ® B*g7 f>7'l1®7'[2 = <ga A® Bf>7'l1®7'12

whenever ¢ € D(A*) ® D(B*) and f € D(A) ® D(B). We conclude that
D(A*)®@ D(B*) C D((A® B)*) s.t. D((A® B)*) is dense. O

We define the tensor product of two closable operators A : D(A) — H;, B: D(B) —
Ha, as the closure of A® B : D(A) ® D(B) — Hi ® Hz, and we denote the resulting
operator again by A ® B. Of course, the above generalizes to finitely many tensor
products of densely defined operators A; : D(A;) — H;, i =1,...,n € N. The following
result characterizes the spectrum of tensor products of operators.

Theorem 2.21. Let Ay : D(Ay) — Hi, k = 1,...,n € N, be self-adjoint operators
and let R[X;,...,X,] 2 P = ZjeN{; N Xt XJr denote a polynomial in n variables
with real coefficients and assume that P has degree ly, in the k-th variable. Suppose that
Dy, k=1,...,n, is a domain of essential self-adjointness for A;’“. Then

i) P(A1,...,Ag) = ZjeNg /\jA]f ®A§2®. @A is essentially self-adjoint on Qp_y Dy.

ii) The spectrum of P(A1,..., Ay) is given by

U(P(Al, o ,An)) = P(a(A), ..., 0(A))
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Proof. We leave i) as an exercise (alternatively, see [55], Sections VII.3 and VIII.10]) and
focus on i7). By the spectral theorem we may assume that each Ay is a multipli-
cation operator that multiplies by a measurable function f; on an appropriate domain
in L2(Qx, B(Q), ). It is then straightforward - and part of the proof of i) - to check
(exercise) that P(Aj,..., Ag) is unitarily equivalent to multiplication by

QX Q3 (21, ) = P(fr fo) (@1, mn) = Y N (@) f(zn) €R
JENp

on
D(P(Al,...,An)) - {@eﬁ(gl X ) P(free s fi)p € L2 % - % Qn)}

where L*(Qy X -+ x Q) = L*( x ... X Qp, @F_1B(Q), p = @F_; k). The spectrum
of P(Ay,...,Ay) is given by the essential range of P(f1,..., fx), by Lemma

Now, suppose that A € P(o(A41),...,0(Ay)). If I C R is an open interval containing
A, then P~1(I) contains a product I; x --- x I, C R" of open intervals I, C R with
I, No(Ay) # 0. Since 0(Ay) = ess-ran(f), we have u(f, ' (Ix)) > 0 such that

WP ) 7HD) = (£ 0 ¢ £ (1) = Tl @) > 0
k=1

Since I was arbitrary, this implies that P(o(A4),...,0(4,)) C o(P(A1,...,Ay)) and
thus, by closedness of the spectrum, that P(o(4y),...,0(4,)) C o(P(Ay,...,A4,)). On
the other hand, if A &€ P(c(41),...,0(Ay)), then (P(f1,...,fs) — A)~! is a bounded,
measurable function so that A € p(P(4y,..., 4y)). O

Problem 2.26. Let A : D(A) — H be self-adjoint and let P(A), for some real polynomial
P[X] of degree d € N, as a self-adjoint operator on its canonical domain. Show that every
core D of A% is a core for P(A). Generalize the proof to conclude Theorem i).

Problem 2.27. Consider 2 = (—%, %)” and let Ap, Ay and Ap denote the Dirichlet-,

Neumann- and, respectively, periodic Laplacian, defined on suitable domains in L*(Q).
For each case, determine the spectrum of the many-body kinetic energy operator

i=1

Here, Ay, = 1®...Q A®...1 and A acts on the i-th factor in L*(QV) = ®i\il L2(9).

2.6 Selected Tools for Complete BEC

In this section we introduce some additional tools that are directly related to the concept
of Bose-Einstein condensation. We introduce the trace and the Hilbert Schmidt classes
and summarize some of their basic properties. Equipped with these basics on trace class
operators, we introduce the notion of complete Bose-Einstein condensation.
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2.6.1 Trace Class and Hilbert-Schmidt Operators

The trace class and Hilbert-Schmidt are subspaces of the (Banach) space of compact
operators on a Hilbert space H. Recall that every compact operator admits a represen-
tation in terms of its singular values: defining the absolute value of A by

Al = VA*A € L(H),

and denoting by (A, )nen its eigenvalues, one finds orthonormal sequences (¢p )nen, (¥n)nen

such that
A= § An‘@ﬂ)(d’n’v
neN

where we recall that |¢) (1| denotes the rank-one operator defined by |p)(¥|¢ = (¥, ().

Problem 2.28. Let A € L(H) and suppose A > 0. Prove that its square-root VA is
unique, that is, there exists a unique B € L(H), B > 0, such that B? = A.

Problem 2.29. Let A € L(H) be compact. Show that |A| is compact as well.

The trace class and Hilbert-Schmidt operators are those compact operators whose
sequence of singular values lies in ¢! and ¢2, respectively. To study some of the basic
properties of these classes, we start with a useful lemma: similar to the decomposition
z = |z|e! arg(2) for any complex number z € C, we can decompose bounded operators.

Lemma 2.12 (Polar Decomposition). Let A € L(H). Then, there exists a partial
isometry U € L(H) s.t. A=UJ|A| and U is uniquely determined by ker(U) = ker(A).

Proof. Define the map U : ran(|A|) — ran(A) by setting U(|A|y)) = Ay. We have

Al 13, = (b, A" Ay)y = [ AY |13, = U] Al |13,

so that U : ran(|A|) — ran(A) is well-defined and an isometry. Due to the last fact, we
can extend it to U : ran(|A|) — ran(A). We then set U equal to zero in ml. Notice
that ran(|A\)J_ = ker(|A]) = ker(4), since |A] is self-adjoint. Thus, ker(U) = ker(A4).
Finally, given another partial isometry U s.t. A = U|A| and ker(U) = ker(A4), we have
ﬁ—UzOonMandonker(A):mL,i.e.ﬁ:U. O

Problem 2.30. Generalize Lemma[2.19 to the case where A : D(A) — H is a densely
defined, closed operator. In this case, the difficulty is to construct |A| = V A*A, because
a priori it is not even clear that A*A is densely defined. Use a quadratic form argument
to show that A* A is indeed densely defined and self-adjoint (it suffices to show that A*A
is a symmetric extension of a suitable self-adjoint operator).

The polar decomposition turns out to be useful when studying some properties of
the trace class and Hilbert-Schmidt operators with which we start now. As mentioned
earlier, the trace class is a subclass of the compact operators s.t. their sequence of singular
values lies in #'. To make this more precise, we introduce first the trace of a positive
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operator. Given any A € L(H) s.t. A > 0 and an orthonormal basis {¢, € H : n € N}
of the Hilbert space H, we define the trace of A by

trA = Z(cpn,Agon)H € [0, 00].

neN
The following proposition shows in particular that the trace is well-defined.

Lemma 2.13. Let A, B € L(H) be non-negative, let \, u € C and suppose that U € L(H)
is unitary. Then the following holds true.

i) tr A is independent of the chosen basis {pn € H :n € N}.
ii) tr(AMA 4+ puB) = Atr A+ ptr B.
iii) tr UAU ! = tr A.
Proof. Denote by {¢, € H:n € N}, {1, € H :n € N} any two bases of H. Then

PRCEWENTESY (Z |<1/1l,A1/280k>H|2> = <Z |<A1/27/11780k>7-£|2>

keN keN \ leN keN \ IeN
= (W, A
leN

This proves that tr A is independent of the basis. Linearity of the trace is a simple
exercise and part iii) follows due to the fact that {U 1y, € H : n € N} is a basis of H
U

whenever {¢, € H :n € N} is if U € L(H) is unitary.

We define the trace class J; as the set
Ji={Ae€ L(H):tr|Al < oo}

Below 77 turns out to be a Banach space when equipped with a suitable norm.
Proposition 2.10. [J; is a *-ideal in L(H), meaning that

i) Jh is a vector space.

ii) If A€ Jy and B € L(H), then AB € J1 and BA € [J;.

iit) If A € Jh, then A* € 7.
Proof. i) It is clear that [J is closed under scalar multiplication, since |AA| = ||| A| for
any A € C, A € L(H). To prove that A+ B € J, whenever A, B € J;, we make use of

Lemma Suppose that A+ B = U|A+ B|, A = V|A| and B = W|B]| for partial
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isometries U, V,W € L(H) and let {¢, € H : n € N} be an orthonormal basis of H.
Then, by Cauchy-Schwarz,

[e.o]

tr[A+ Bl = {on, U V|Alpn)n + Y _{pn, U'W|Blgn)u

n=1 n=1
o0

1/2
g(tr|A|>1/2(Z<son,U*V|A|v*U¢n>H)

n=1
)

1/2
+ (tr ]B|)1/2<Z(g0n, U*W|B|W*Ugon>H>

n=1

Now, U, V,W are partial isometries and, by Lemma taking traces is independent
of the chosen basis. Therefore, we deduce

tr|A+ B| < tr|A| + tr|B|

which concludes the proof that 77 is a vector space.

i1) Suppose first that U € L£(H) is a unitary operator. Then |[UA| = VA*U*UA =
|A| and |AU| = U*|A|U (recall here that the square root is unique by Problem [2.28]).
Therefore, UA € J; and AU € [J1, whenever A € 7.

Now, let B € L(H). Such operators can be written as a linear combination of four
unitary operators, which proves ii) by applying 7). To prove that B can be written as
such a linear combination, we note first that B can be written as a linear combination
of two self-adjoint operators. More precisely, we have

B= %(B +BY) + %(iB* —iB)
If 0 # C € L(H) is self-adjoint, on the other hand, it is equal to C' = 6HCHL(H) where
5 Um0 mea2] L LA A2y
C=3[C+i1-c? }+2[C i(1—C?) ]

is the linear combination of two unitary operators.
ii1) We write A = U|A]| for a partial isometry U € L(H), by Lemma IfAen,
then clearly |A| € Ji. But then also A* = |A|U* € Ji, by ii). O

Remark 2.3. One might be tempted to use |A + B| < |A| + |B| in order to show that
tr|A+ B| < tr|A| 4 tr|B|. However, the first inquality is in general not true. Consider
the following example due to E. Nelson (see Problem 16 in [55, Chapter VI]). Define

=) ()

LR ) VRS- B

Then

1 1 0 V2
so that (o, |A+ Ble)cz > (¢, (|A| + |B|)@)cz for ¢ = (0 1) € C2.
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Theorem 2.22. Define ||Al| 7, = tr|A| for A€ Ji. Then (J1,]-|l7) is a Banach space
and |[Allz¢ny) < | All g, for all A € Ji. Moreover, any A € Jy is compact and a compact
operator lies in Jy if and only if the sequence of its singular values lies in (.

Proof. The proof of Proposition has shown that || - || 7, defines a norm on ;. That
Al 2y < |All 7, for all A € J1 follows from the fact that [|A| 2 = ||[Alll£(2) and

Al = sup (o, |Alp) < tr|A]
M, [lplln=1

where we used that |A| € L(H) is self-adjoint. Now, assume that (A, ),en is Cauchy in
Ji. Since the Ji-norm dominates the £(H)-norm, (A, )nen converges in particular to
some A € L(H). Writing A = U|A| and A,, = Uy,|A,| for partial isometries U, Uy, n € N,
by Lemma we have for any orthonormal basis {¢, € H :n € N} and N € N that

N N
> {ons |Alpn)w = lim > (on, U Uk| Agln)n < suptr|Ag| = sup || Agl|z < oo
e k—roo ~— keN keN

Letting N — oo, this proves that A € J;. Arguing similarly for ny:l(gon, |A— Aglon)n
shows that limg_, ||A — Agll7, = 0. Hence, (J1,] - ||7,) is a Banach space.

To show that J; is a subset of the set of compact operators, we show that any
A € Jp is the norm limit of a finite rank operator. To this end, let A € J;. By
Proposition ii), also |A|?> € J1 so that tr|A]|?> < co. Now, given an orthonormal
basis {¢n, € H :n € N} and a state ¢ € {¢1,...,on} with [|¢]| < 1, we conclude that

1AV, = > (W, rdaelons [APe en, ¥

k>N
N
< tr|A]? - Z(‘Pm | AP on)n — 0
n=1

as N — oo, uniformly over ||¢|| < 1. This implies that

N
0= lim  sup  [AY[x= lim sup [JA(E~ D len)lpnl)€
N*)OOwG{cpl,“.,LpN}l, H N—o0 EENH, H ( nZ::l ) HH
[leb]|2 <1 1€]]# <1
N
=t sup (|42 enen el
1]l <1

from which we conclude that A € J; is compact.

Finally, notice that A € J; if and only if |A| € J; and that the singular values of
A are the eigenvalues of |A|, which is self-adjoint. Since compact, self-adjoint operators
admit an eigenbasis which is a complete orthonormal basis of H, it follows that a compact
operator A € L(H) lies in J; if and only if its sequence of singular values lies in ¢'. [
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In analogy to the properties of the Lebesgue-integrable functions, we can now define
the trace of a trace class operator (so far, it was only defined for positive operators).

Proposition 2.11. Let A € J; and assume that {p, € H : n € N} is an orthonormal
basis of H. Then, the sum Y7 | (pn, Apn)u converges absolutely and is independent of
the chosen basis {¢@, € H :n € N}.

Remark 2.4. We call tr : J1 — C where tr A =07 {¢n, Apn)n, the trace.

Proof. We write A = U|A| = U|A|'/?|A]'/2. The absolute convergence follows from

o0 0 1/2 , o0 1/2
> ltom Apw < ( S NAMU"aulB ) (L NAMenlf) <l
n=1 n=1 n=1
The independence of the basis follows similarly as in the proof of Lemma [2.13 O

Problem 2.31. In Proposition we have seen that Ji is an ideal, meaning that
AB € Jy and BAe Jhif A€ Jy and B € L(H). Prove that

tr|[BA| = tr |[AB| < [| Bl z(p)tr |Al.

Hint: Prove first that A > B implies VA > /B using the functional calculus.

Problem 2.32. Suppose that ¢ € L*>(RY), |l¢|| = 1, and v € L®(R?) such that
0 <o e LY(RY) (here, U denotes the distributional Fourier transform of v, viewed as a
tempered distribution). Show that the operator K, defined by its integral kernel

K(z,y) =o(x)v(z —y)e(y),
18 a non-negative trace class operator K € J1 and find its trace.

Problem 2.33. Show that A € Ji if and only if Y o2 [{¢n, Apn)| < o0 for every
orthonormal basis (pn)nen. Find an example of an operator B ¢ J1 and an ONB

(wn)neN such that ZZL ‘<¢n7 B%)’ < 00.

Proposition 2.12. Denote by C(H) the set of compact operators on H, which is a closed
subset of L(H). Then the following holds true.

i) The map J1 > A— tr(A-) € C(H)* is an isometric isomorphism s.t. C(H)* ~ J.
it) The map L(H) > B~ tr(B-) € J;* is an isometric isomorphism s.t. J;" ~ L(H).

Proof. We focus i) and leave ii) as an ezercise. Let f € C(H)*, ¢, € H and define the
compact rank-one operator ly , € C(H) by

lyo = @) (Y]
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The key step is to express f(|p)(1]) as a trace of |p) (1| against some trace class operator.
Here, we use Riesz’ lemma: the map ¢ +— 1, , € C(H) is conjugate linear so that the
map j, : H — C, defined by

P = .7<p(¢) = f(liﬁ#p)

is a bounded, linear map j, € H*. Indeed, we have that ||j,|l3 < [|fllc()-ll¢lla- By
Riesz’ lemma, there exists a unique ¢, € H such that

jgo = <§<p> >”H
with ||Colln = [|Jpllx. Using (,, we define a linear operator B : H — H by
By = (y
such that we have for all 1, p € H

tr (lo) ([ B) = (&, Bo)u = (W, Co)n = flly.p) = f(lo) (V).

It is simple to check that B is indeed linear and from ||Cyll% = ||7pll%: < | fllece)llellaes
we get || Bl < | flle+- Writing B = U|B|, by Lemma we observe that

N N

n=1 n=1

for every ONB {¢y : k € N} of H. Using that U is a partial isometry, we get
N

N N

2

H E (Upn, ) ¢n = sup < (Un, E)n en, E Usom,éywm> <1
=1 LOH)  eet|g)n=1 1 o’ H

n—=

and hence B € J1 with || B|7, < ||fl¢(2)+- Moreover, we find that
#(T) = w(BT)

for all T' € C(H) using that f(|¢)(¢|) = (¥, Be)y = tr(B|e)(¥|) and density of the finite
rank operators in the space of compact operators. This shows that

1Bl < I flley- = sup [ tr(BT)| < 1Bl
TECH).ITllc0=1

and it implies that J; 5 A+ tr(A-) € C(H)* is an isometric isomorphism. O

Before closing this section, we briefly introduce another important operator class, the
Hilbert-Schmidt class. While J; is the operator class analogue of ¢!, the Hilbert-Schmidt
class is the analogue of £?: we call A € £(H) a Hilbert-Schmidt operator if

trA*A<oco = |AP? €.
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Theorem 2.23. Let Jo = {A € L(H) : tr A*A < oo} denote the set of Hilbert-Schmidt
operators. Then the following holds true.

i) J2 is a *-ideal.

i) Defining (A, B)g, = Y oo 1{Yn, A*B,on)y for every A,B € Ja, then (A, B) g, is
absolutely summable and independent of the chosen basis.

i) (J2, () 7) is a Hilbert space and ||Al| ¢y < |Allz, < [|All7 for every A € L(H).

iv) Every A € Jo is compact and a compact operator lies in Ja if and only if its sequence
of singular values lies in ¢2.

Proof. The proof uses very similar arguments as in the proofs of Proposition and
Theorem .22l We leave it as an ezercise. O

Since we typically work in the L? setting, it is useful to observe that Hilbert-Schmidt
operators have a concrete realization in this case.

Proposition 2.13. Consider the Hilbert space H = L*(Q, A, ). Then A € Jo if and
only if there exists an element K € L*(Q x Q, A® A, 1t ® p) such that A is equal to the
integral operator acting on f € L*(Q, A, 1) by

(AN@ = [ Kn)fe) duw)  forpac.sen,

Moreover, in this case we have || A%, = [ q K (2;9)* du(z)du(y).

Proof. Denote by A the integral operator associated with K € L?2(QxQ, A A, p® ).
For any f € L?(f, A, 1), a simple application of Cauchy-Schwarz and Fubini implies

/Q(/deu(w) (/QK(.”L‘;z)f(z) dﬂ(z))dﬂ(x)

< /QXQXQ \K (23 9)| | f ()| K (5 2) || f ()| dpa(z)dp(y)dp(z) < HK”%Z(ng)HfH%z(Q)

Hence, Ak is a bounded operator in L?(Q, A, p) with [|Ax| ) < I K[ z2(0xq)- Now
let {¢, € H : n € N} be an orthonormal basis of L?(2, A, ). Then {¢,, ®%,, € HRH :
m,n € N} is a basis of L?(Q x Q, A® A, 4 ® u) so that

o0
K = Z Kinn 0m @ @ry Kmn = (pm ®¢n’K>L2(QXQ (¥ m,n € N)

n,m=1

Define Ky € L2(Q x QA® A, p® p) by Ky = 3N

m,n=1

the operator kernel of Ag, € L(H), defined by Ax, = Z%m:l Kpnlem) (¢n|. Since

Kpnem ® @,,. Then Ky is
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limy oo [[K—KnN|p2(0x0) = 0, the first step implies that imy o0 [|Ax — Ak y [l £(2) = 0.
This implies that Ag is compact and we find furthermore that

A A =Y NAkealls = Y lom Axen)2lP = Y [(om @ Bn, K) 120x0)|”

n=1 m,n=1 m,n=1

= ”KH%Q(QXQ) <00

This implies that the map ® : L?(Q x Q, A® A, u ® p) — Jo, given by K +— A, is an
isometry. In particular, it has a closed range. Moreover, any finite rank operator can be
represented as an integral operator with kernel in L?(Q x Q, A ® A, ® ), so that the
range of ® contains the finite rank operators. These operators are dense in J2, which
follows for instance by approximating A € J» by the sequence (Ayx)neN

N
AN = Z (Pms Apn)|on){Pml-

n,m=1

2.6.2 Complete Bose-Einstein Condensation

In this section, we define the notion of (asymptotically) complete Bose-Einstein conden-
sation. There are different notions of Bose-Einstein condensation in the literature, but
the one introduced here is the one with which we work in the following sections.

As motivated in Section [I, we consider N bosons moving in some region 2 C R3.
The system is described by a wave function ¢y € LF(QY, B(QN), @) ) = LE(QY) =
HON | where H = L2(2). We saw in Section |I| that Bose-Einstein condensation can
be understood as the property that, in the limit of large IV, a macroscopic fraction of
particles occupies the same one particle wave function. However, typical wave functions
of interest, like the ground state wave function of a many body Schrédinger operator
with non-vanishing interaction potential, are not equal to pure tensor products. So,
we need to specify what we actually mean if we say that a macroscopic fraction of the
particles of the many body wave function occupies the same one-particle wave function.
The appropriate object that gives precise meaning to the latter idea, is the so called
one-particle reduced density matrix. Given a normalized wave function 1y € L2(QV),
the associated one-particle reduced density matrix ’yj(\}) € J1 is the positive trace class
operator with integral kernel

VS)(xay):/N 1T,Z)N($,l'2,,IL‘N)T/)N(ZJ,ZL'Q,,CL'N) d$2d$]\/'
QN-—

It is clear that (¢, 'y](\}) )2 > 0 and, applying Plancherel and Fubini, we also see that
oo
1
o) =30 [ MpwnC 0P X = [ o 013 dX = v =1
n=1
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where we introduced the abbreviation X = (29,...,zy) € QV L.

The one-particle reduced density matrix contains all information of the wave function
that is needed to compute the expectation of observables that measure one-particle
properties. That is, if A®1®---®1 € L(L?>(QY)), then a simple evercise shows that

(UN, A® 1@ ®@LYN)2ny = tr (A%(\}))

If we look for a suitable notion of condensation, then at least (a suitable subclass of)
the one-particle observables should be determined by the one-particle wave function
that describes the condensate. The notion we consider in this lecture, goes back to
a definition proposed by Penrose and Omnsager in [52]. Consider a sequence (¥n)neN
of normalized wave functions in L?(Q") with associated one-particle reduced density
matrices (’y](\}))NeN and let ¢ € L?(Q) be normalized. We say that (¢x)nen exhibits
complete Bose-Einstein condensation into the wave function ¢ € L?(€) if

dim [ = @) ell| ;, = lim trfy = le) el = 0 (2:30)

This definition is a comparatively strong and an asymptotic notion of condensation. It
is an asymptotic definition, because it is a statement about the behaviour of the one-
particle reduced densities in the limit N — oo. It is a strong definition, because it
specifies the condensate wave function as well as the asymptotic fraction of particles

occupying the condensate. This fraction is given by (¢, ’)/](\})QD>2 and (2.30) implies that

1 1 1
1= (g, 100 = tr [}l (1) (el —9§))] < tr ) = ledel| = 0 (V= o0).
More generally, for every bounded observable A € £(H), we have that
[tr Avy — (o, 4¢) | < Al [y — o)l 5 0 (N — o0).

That is, all one-body observables are completely determined by the condensate state .
An important observation is the following equivalent characterization of complete BEC.

Lemma 2.14. Consider a sequence (Vn)nen of normalized wave functions in L2(QN)

with associated one-particle reduced density matrices ('Y](\}))NGN and let ¢ € L*(Q) be

normalized. Then (Yn)nen exhibits complete BEC into ¢ if and only if
lim (1 — (0,7 Pe)s) = 2.31
Jim (1= (.75 9)2) =0 (2.31)

Proof. We claim, first of all, that the compact, self-adjoint operator ’yj(\}) — ) el € N

contains at most one negative eigenvalu Assume by contradiction that ’y](\}) — @) (]
has two negative eigenvalues A1, Ay < 0 with corresponding orthonormal eigenvectors

8This argument goes back to R. Seiringer.
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£1,& € L?(Q). Then we can find a linear combination 0 # ¢ = ¢1&; + c2&o, c1,¢2 € C,
s.t. c1&1 4 c2&s is orthogonal to ¢. This, however, implies that

0 < (6,772 = (161 + eaba, (V) — |0) D) (161 + ca€a))a = [ea]P A1 + [eaPAz < O

Hence, fy](\}) — |¢) (| contains at most one negative eigenvalue. Let’s denote the eigen-

1 : 1 .
values of 7](\,) — @) (] by (fn)nen. Since tr(wj(\,) — ) (el) = Y0 n = 0, either
’yj(\}) — @) {(p] = 0 or we may assume w.l.o.g. that u; < 0 is the only negative eigenvalue

of v = ) (| Since ||v§) — lo) (@Il £z = |pal, this shows that

tr [ = ) el = Il + 3 tin = 2|05 = 1)l 2y 2.3
n=2 '

<2y — le)elll 5, < 2¥2(1 = (0,7 e)a) 2

where we used that H")/](\})HJQ < H’y](\})Hjl =1. O

For practical computations, the criterion turns out to be quite useful. In the
next chapter, we obtain an equivalent formulation of in a Fock space setting which
underlines very clearly the physical interpretation of the convergence .

We close this section with a few further remarks on the definition . As just
mentioned, the definition implies that, asymptotically, all particles occupy the
same one-particle state. Weaker definitions of the concept of Bose-Einstein condensation
can be obtained by saying that asymptotically only a finite fraction of size A € (0, 1]
occupies a particular one-particle wave function. An even weaker notion of condensation
is the statement that liminfy_.o H’y](\})H £y > 0. The original proposal in [52] defines
BEC indeed as the property that the largest eigenvalue of the one-particle reduced
density operator remains asymptotically of order one.

Finally, we remark that, analogously to the one-particle reduced density matrix, one
can define the so called k-particle reduced density matrices, k = 2,...,N. Given a
normalized state vy € L2(2Y), the k-particle reduced density matrix 7](\1;) € Ji(L2(OF))
is the positive trace class operator with integral kernel

%(\’;)(Xk,yk) = / UN( Xk, Tt 1y - - s 2NN (Yis Tht 1, - -+, TN) ATt - . da,

QN-k

where we abbreviate X = (z1,...,2%), Y = (y1,...,%) € QF. One can prove that
complete BEC in the sense of (2.30]) implies also the convergence

. (k) Rk, k|| _
Jimtr [y — [N (e = 0

for every fixed k € N. We refer the interested reader to [32] for a detailed proof.
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2.A The Stone-Welerstrass Theorem

To define the continuous functional calculus, we make use of the complex version of the
Stone-Weierstrass Theorem as stated and proved in [55, Section IV.3].

Theorem 2.24. Let X be a compact Hausdorff space and let B be a subalgebra of
C(X;C) which is closed under complex conjugation. If B is closed and separates points,
meaning that for all z,y € X there exists some f € B with f(x) # f(y), then B =
C(X;C) or for some xo € X, we have B ={f € C(X;C) : f(zo) = 0}. If B separates
points and if 1 € B, B =C(X;C).

2.B The Riesz Representation Theorem

We use the following form of the Riesz Representation Theorem characterizing positive
linear functionals on C'(X;C), the space of continuous, complex-valued functions on a
compact metric space X. A careful proof can be found in [66, Section 1.7] (for real-valued
continuous functions, but this implies the complex version as well).

Theorem 2.25. Let X be a compact metric space and let ¢ : C(X;C) — C be a positive
linear functional such that ¢(f) > 0 whenever f > 0 pointwise. Then, there exists a
unique finite positive Borel measure g : B(X) — [0,00) s.t. for all f € C(X;C) we have

o(f) = /X £(x) dpg () (2.33)

In particular, pg inner and outer regular (as it is finite).

Remark 2.5. It is enough to prove the theorem for real valued continuous functions;
this implies the complex valued case as well by splitting a general f € C(X;C) into its
real and imaginary parts. With a little more work (see [66, Chapter 1, Section 7.2]),
Theorem can be used to show that (C(X;R))* s isometrically isomorphic to the
space of finite signed Borel measures, equipped with the total variation norm. Related to
this, notice that a positive linear functional ¢ : C(X;C) — R is bounded, because

(I flloo = () 20 = [o()] < S flloc-

Remark 2.6. The assumption that X is a compact metric space can be relaxzed. Another
variant of the theorem only assumes e.g. that X is a locally compact Hausdorff space.
The version in Theorem[2.25 is sufficient for all applications in these notes.

Proof. We follow [66], Chapter 1, Section 7.1] and prove the theorem in the setting of real-
valued functions. So, let ¢ be a positive linear functional on C'(X;R). We first construct a
suitable outer measure p, on P(X) with the property that p.(E1UE2) = p(E1)+ps(Es2)
if dist(E1, E2) > 0. This yields a regular Borel measure g by Caratheory’s construction,
see e.g. [65, Chapter 6]. Afterwards we verify the identity for pp.

To start with the outer measure, we need to relate the measure of a set with the
functional ¢. Heuristically, we would like to define u.(F) ~ ¢(xg) where E denotes the
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characteristic function on £ C X. Of course, characteristic functions are not in C'(X;R),
but we can make this idea rigorous through a limiting procedure. We first define

p(U) =sup {6(f) :supp(f) CU,0< f <1} >0
for ) # U C X open and p()) = 0. We then set
i (E) =inf {p(U): ECU, U C X open} > 0.

It is clear that u.(0) = 0 (recall that p(@) = 0) and that p.(E1) < ps«(E2) if By C Es,
by definition of p.. The sub-additivity of pu. follows from standard arguments if we
prove it first for open sets on which we have p, = p. So, consider a sequence (Ug)ren
of open sets U, C X and set U = U2, Ug. Then, if 0 < f <1 and supp(f) C U, then
by compactness, we have supp(f) C U,ivlek for some N € N. Associated to (Uk),ivzl,

denote by ()Y | a standard partition of unity, so that in particular f = Z/ngﬂ fg
with fi € C(X;R), supp(fiox) C Ux and 0 < fooy, <1 for each k =1,...,N. Then

N N 0o
S(F) =D o(fur) <> pUk) <D ua(Uy).
k=1 k=1

k=1

Taking the supremum over all such f, we conclude that . (U) < 377 114 (Uy) as desired.
For the general case of sets (Eg)ken, pick € > 0 and choose (Ug)ren so that

£
i (Uk) < ps(Ex) + o

so that by monotonicity and the previous step

M*< U Ekz) < ZM*(Uk) < ZN*(Ek:) "'EZQ_k-
keN

keN keN keN

Letting € > 0 tend to zero, we conclude that p, is an outer measure.
To see that Caratheodory’s construction yields a regular Borel measure, it is enough
to prove that
px(Br U E2) = pa(E1) + pa(E2)

whenever dist(E1, E2) > 0. Notice that for Ey, F5 open, this statement is true, by the
definition of p and the fact that supp(f) C Uy U Us with dist(Uy, Uz) > 0 if and only if
f = fi+ fo with supp(f1) C Ui,supp(f2) C Us. For the general case, we can choose
U1, Us open such that £y C Uy, Es C Uy and diSt(Ul, UQ) > 0. Then, if Fh U Ey C U for
some U C X open, we have that

11:(U) 2 p(UNT1) U (UNTV2)) = (U NU) + (U NU2) > s (En) + p(E),

which implies that p.(E1 U Ea) > ps(E1) + ps(E2) by taking the infimum over all open
U C X open such that F1 U Ey C U.
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Let us denote from now on by p the finite measure obtained through Caratheodory’s
construction. It remains to prove the formula and to this end, suppose that
f € C(X;R) with 0 < f < 1: the general case can be reduced to this by splitting
g € C(X;R) into the difference of its positive and negative parts and by rescaling. To
relate ¢(f) to g, we split f into N € N continuous pieces according to the open sets

U,={zeX:f(z)>(n—-1)/N} C X.

One has U, 41 C U, for each n and one can check that f = Zﬁf:l fn, where
1/N (ifx € Un+1
fu(@) =14 fx) —(n—1)/N :ifxecU,NUS,
0 s else.

Note that f, € C(X;R) with 0 < f,, < 1/N, supp(fn) C Up C Up—1. This implies that

1(Uni1) = p(Unt1) < @(N fn) = No(fn) < Np(Un-1) = p(Up-1),

= 1 and the positivity

where the first inequality follows from the fact that (N f.)u,.
of the functional ¢. By linearity, we obtain that
1 & 1 &
~ 2 Un41) < 6(f) < = D p(Un-1)-
n=1 n=1

Similarly, we have that
i) = [ dug <N [ fula) nolde) < U,
Upgr X
again by the properties of f,, (and monotonicity of the integral). Thus, we find that
1 & 1 &
N L #(Un) < [ 70 olie) < 3l

and therefore (recalling Uy,,11 C Up,—1)

1 N
o)~ [ s@hnotan)| < Jim Dl 0z < 2 <o

Finally, uniqueness follows by approximating p4(U) for U C X open through
po(U) = lim ¢(fn)
for a suitable sequence (fn)neny in C(X;R) with 0 < f, < 1, supp(f,) C U and

lim,, o0 fn(z) = xu(x) for all x € X, applying dominated convergence. This implies
that ¢ determines 114 uniquely on open and thus (e.g. by regularity) on Borel sets. [
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3 The Bose Gas in the Mean Field Regime

In this section we consider interacting Bose gases in the so called mean field regime.
In this regime particles interact through a weak potential which is proportional to the
inverse of the number of particles. With such a weak interaction, one expects that the
total potential a fixed particle experiences is given by an average or mean field interaction
due to the remaining particles. We either consider the particles moving in R3, trapped
in a region of order one by an external potential, or moving in T? = R3/Z3, the three
dimensional flat unit torus (that is, the particles are trapped in a box of volume one
and we assume periodic boundary conditions). We start our analysis by determining
the ground state energy of the interacting Bose gas up to leading order in the limit
N — oo. Moreover, we show that any approximate ground state of the system exhibits
complete Bose-Einstein condensation into the minimizer of the non-linear Hartree energy
functional. We then go one step further and determine the next to leading order ground
state energy as well as the excitation energies, up to errors vanishing in the limit N — oo.
This rigorously establishes the predictions of Bogoliubov theory in the mean field regime.

The study of mean field quantum systems has a long history. There exists a
considerable amount of important and interesting literature on the topic. Here, we
present only a few selected and simplified results based on the articles [63, [30] 36]. We
refer to the lecture notes [54] for a detailed overview of recent developments on the
general derivation of Hartree’s theory from mean field (and other) systems and for a
thorough list of references.

3.1 Ground State Energy and Complete BEC in the Mean Field Regime

In this section we consider N bosons moving in R?. The Hilbert space describing the
system is L2(R3M) and the Hamiltonian Hy ™ reads

al 1

Hy™ = Z(—Am + Vext (1)) + N Z v(ws — xj) (3.1)

i=1 1<i<j<N
We assume Vet € Lﬁfc(R3) and s.t. Vexg(x) = o0 as |x| — oo. To ignore any regularity
issues related to the interaction, we assume for simplicity that v € S(R?) is a Schwartz
function. Moreover, we assume that v is radial and that v has non-negative Fourier trans-
form ¥ > 0. Under these assumptions H 5 is essentially self-adjoint onﬂ Sy (CR(R3NY),
by Prop. Moreover, by Remark and Corollary o(Hy™) = oq(Hy™).

The scaling factor N~! in front of the two-body interaction in characterizes the
mean field regime. On the one hand, this choice makes the interaction quite weak. In
fact, when N — oo, its strength tends to zero. On the other hand, with such a choice
the kinetic and interaction energies can be expected to be of the same order O(N). This
means that, although the interaction is quite weak, it can not be neglected, but must
have a significant effect on the spectrum and the dynamics of the system.

9Here, Sy denotes the symmetrization operator as defined in Section Notice that
Sn € L(L*(R3Y)) is a bounded orthogonal projection and leaves the Hamiltonian Hy invariant.
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In the non-interacting case v = 0, in the ground state all particles are condensated
into the ground state of the one body operator —A + Viy. In particular, all particles
are distributed in space independently from one another. If we assume that a weak
interaction does not change this picture dramatically, we may hope that the leading order
contribution to the ground state energy can still be obtained by minimizing H}“\l;ap over
tensor product wave functions. Physically, this means that we expect correlation effects
among the particles to be negligible, at least in the context of computing the leading
order contribution to the energy. Assuming this for now, we arrive at the prediction
that the ground state energy En of H]t\l;ap should approximately be equal to

] 1
Eny~ N | ll?f 1/da: (\W\Q + Vextlo|* + 5(0 * \90!2)!@\2>-
ll2=

Before making this statement precise, we first analyze the Hartree energy functional
EF® Dy — R, defined on Dy = H'(R?) N L?(R?; Vixy () dz) by

raj 1
(o) = [ d (196l + Vil + 5 (0 o) o). (32)

In Theorem below we prove the existence and uniqueness of minimizers of . In
order to prove the uniqueness statement, we need two technical preparations. We start
with the convexity inequality for gradients (see [40, Theorem 7.8]).

Proposition 3.1 (Convexity Inequality for Gradients). Let f,g € H'(R%R). Then
JIVVP @) do < [ [V5P@) + VoP (@) do (33)

If moreover g > 0 in the sense that for all compact K C R? there exists an € > 0 s.t.
{z e K:g(x) <e}| =0,

then equality holds true in if and only if f = cg for some constant c € R.

Proof. First of all, \/f2 + g2 € H'(R?) (see [40, Theorem 6.17]) with

L) it (f? + 9%)(2) #0,
2 2 €Tr) = f2+92
(VV 2+ ¢2)(x) N

else
(3-3)) is now a direct consequence of the observation that, for (f? + ¢?)(x) # 0, we have

IVf2(@) + Vgl (x) — |VV 2+ 2] (2)
= |Vf2(x) + V]2 (@) = (f2 + ) AV + PVg? +2fgV [ - Vg)(x)
= (P + ) AV + IV = 2fgVf-Vg)(x) = (f* + %) gV S — fVg|*(x) >0

Now consider the case of equality in (3.3). From the last identity, we see that this implies
(gVf)(x) = (fVg)(z) for a.e. z € RY. We will use this fact to show that f/g € Li_(R?)
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has vanishing distributional derivative which implies f = cg. To this end, consider an
arbitrary ¢ € C®(R%), then /g € H'(R?) with

V(p/g) =Ve/g—¢Vg/g*.

This implies

[r9ve= [ 19619+ [ 165015 = [(0)a)vi+ [eig9vi =0

by integration by parts in H'(R?). We conclude that V(f/g) = 0 in D'(R%). O

When proving the uniqueness of the minimizer for the Hartree function £, we need
to apply the statement about equality in . To be able to apply it, we need in addi-
tion the following result which provides a lower bound on eigenfunctions of Schrédinger
operators. The following proposition is adapted from [40, Theorems 9.9 and 9.10].

Proposition 3.2. Let Q C R? be open and connected, let f € C(Q,[0,00)) be non-

negative and let W € LS (Q). Assume that f satisfies in distributional sense

—Af+Wf>0. (3.4)
Then, for each compact set K C §Q, there exists a constant C > 0, which is independent
of f, such that
f@=C [ fw)dy. VecK (3.5)
K

Proof. Let K be compact, R > 0 and assume that N € N balls B; = Bg(x;), where
z; € K fori=1,...,N, cover K. We define F; = fBi f(y) dy and since

N
/Kf(x) de < ;/B fly) dy < Ni:r{{%?fNFi

we may assume w.l.o.g. that F; > N~} Jx f(y) dy. We then claim that there exists
some 0 < d < 1s.t. foreachi=1,..., N, we have

f(w) > 6F; = / () dy, Ywe B; (3.6)
B;

Assuming this for the moment, let + € K and let v € C([0,1],R%) be a continuous
curve that connects x with ;1 € By. We can cover its trace by finitely many balls

Bj,,Bj,,...,Bj,,, M < N, with the property that B; N Bj, ., # 0. (3.6) implies

ij+1 > / f(y) dy > 5‘Bjk N Bjk+1 ‘F]k
i Bl
Defining o = min (1/2,min{‘Bi N Bj‘ : BN Bj # 0}), we conclude

ij+1 > 5O‘ij
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Using again (3.6) and iterating the previous bound until we arrive at Fy > z;, we
conclude that we have

@) > 8(60)" 1Py = N716(50) M [ pw)a

Since € K was arbitrary, this proves the claim with C = N~16(6a)V~!. Notice that
C depends on K, but it is independent of f.
It remains to prove ([3.6). To this end, let Q' cc Q € R? be open and such that

N
U BgR(xi) C .
=1

Moreover, let p > 0 be s.t. Wgr < 12, As a consequence, the restriction of f to €, that
is g = flor € C(2,0,00)), satisfies in distributional sense
(—A+p?)g > 0. (3.7)

The lower bound on ¢ is based on a comparison argument between g and the positive,
radially symmetric solution J € C*(R?, (0;00)) of

(~A+u®)J =0

with initial condition J(0) = 1. Such solutions exist and they can be expressed explicitly
in terms of Bessel functions. We use this here as a fact and refer the interested reader
to [40, Theorem 9.9] for more details about this. In the special case Q = R3, which is
the only relevant case for us in these notes, one has
7o) Snbls)
||

for all z € R3. Below, we denote by J(r) for r > 0 the value J(z) for some (and hence,
by radial symmetry, for all) z € R? with |z| = 7.

Now, let us prove (3.6). Assume first that g € C°°(R?). In this case holds
pointwise. Let z € R? be arbitrary and define J, € C*(R%, (0,0)) as the translation

Jo(x) = J(x — 2).
Then, by (3.7), the radial symmetry of J and integration by parts, we get

1 1
1S+ (0)] JB,(2)

)l (Jng —gVJ.) - dS = J(1)0r[g]zr(r) = [9]2(r)(OrJ)(r)

for all » > 0. Here, [g]., denotes the spherical average of g over S,(z), recalling that

0>

[Jz(Ag) —g9(AJ)](x) dz =

V- (J.Vg — gV.J.)(z) da

15-(0)] JB, (=

n(
1
180

. = w z e d 1 ' J(TW z w).
/S (@ / D) st = /S Pl 2)dS(0)
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The above arguments show that

[g]z- J(ar[g]z-) — (87“])[9],2-
9 — 9 3 <
o, - <o,
so that the map r — [g],,/J(r) is decreasing. By continuity of g, J(0) = 1 and
1
lim [g],, = lim —— dS(w) g(z + rw) = g(2),
T—>O[ ] r—0 ‘51(0)’ S1(z) ) ( )
we arrive at ]
9lz,r
> 3
g(Z) — J(T)
for all » > 0 and z € Q. Integrating the last bound implies for all w € B; ( = BR(xi))

g(w)2|B2R(0)\/o ! 7(r)

(3.8)
> CZR/ g(y) dy > CZR/ 9(y) dy = CQR/ fy) dy
Bag(w) Br(z:) B;

for Cop = (\BQR(O)\supyeBm(o) J(y))fl. Choosing § = min(1/2,C3r) € (0,1) proves
for g € C°°('), recalling that g = fios. Finally, for a general g € C(Y'), we use
a mollifying sequence and prove the pointwise lower bound first for a.e. w € B;.
Since g is continuous and the lower bound on the right hand side in is independent
of w e By, holds true for all w € Br(z). O

Theorem 3.1. The Hartree energy functional (3.2)) admits a pointwise positive mini-
mizer oy € Dy N {Y € L2(R3) : |[1b||2 = 1} which is unique up to a constant phase and
which satisfies the Fuler-Lagrange equation

(= A+ Ve + v [oul*)on = €0 on (3.9)

in D', where

1 1
€0 =E(pm) + 5(9011, (v*lenl®)en) =en + §<¢H, (v*leul®)em). (3.10)

Moreover, oy decays exponentially at infinity and o € C1(R3).

Proof. The existence of a minimizer follows from the direct methods of the calculus of
variations. For the remaining claims, we argue as in [45, Appendix A].

We start with a minimizing sequence (¢;)jen in Dy, ||¢jll2 =1V j € N, and observe
that supjey ||¢j]|g1 < C for some C > 0. Here, we make use of the fact that Ve
is bounded from below which follows from our assumptions. Hence, we find a weakly
converging subsequence in H'(R3), denoted for simplicity again by (¢;);en. Denote by
© € H'(R?) the weak limit. Since the sequence is minimizing for Sgap, we may assume

Sup/Vextgoj|2 < 00.
JEN
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Using the last bound and that Vex(z) — o0 as |z| — oo, we find for suitable R, R’ > 0

swp [ fpya)fde< g [ Ve(@lgi@P do 0 (R o)
jeN JBr(0)C R jen o> R
Using the compactness of H'(Bg(0)) — L%*(Bg(0)), we may assume w.l.o.g. that the
sequence ((¢;)|p,(0))jen converges strongly in L*(Bg(0)) to @) Choosing R large
enough, this implies that ||¢|la > 1 — ¢, for a given ¢ > 0. Since the L?-norm is
weakly sequentially lower semi-continuous, we also have that ||¢]|2 < 1 so that [|¢]ls =
1. Choosing another subsequence if necessary, we may therefore assume that (¢;);en
converges to ¢ in L?(R?) and for a.e. * € R? (here, we use the fact that in Hilbert spaces
weak convergence and convergence of the norm implies norm convergence).

If Vext Xr3\Bg(0) = 0 and |Vext|XBy(0) < C, the L?-convergence, the pointwise conver-
gence and Fatou’s lemma imply

. . 1
11m1nf/d:c (Véxt|90j|2 + *(U * |‘Pj’2)|$0j‘2)

j—00 2

1
z/ dx Vext|o|* + lim deextle\2+/dw (v * lol*) el
R3\ Br(0) 700 JBR(0) 2
1
— [ do (Vesslol? + 5 0o o).

Since the H!-norm is also weakly sequentially lower semicontinuous (and [|¢;||2 = 1 for
every j € N), we conclude that ¢ € Dy is a normalized minimizer of Egap, because

inf () = liminf E5P(p;) > ERP(p).
weDm =1 () e CH (pj) = Ex ()
The fact that ¢ satisfies the Euler-Lagrange equation (3.9)) follows from differentiating
: : : trap _ ettty
the continuously differentiable map ¢ +— &, (py¢), where ¢y, = Tottols and where
Y € CX(R3), at its minimum ¢ = 0.
Next, let us prove that the minimizer is unique, up to multiplication by a constant.
Using Corollary and Proposition we first show that any minimizer is pointwise
positive after multiplication by a constant phase. In fact, the inequality

/ V(@) de < / V()2 di

implies that E5°P(|¢|) < £ (). Hence, if ¢ is a minimizer, also || is a minimizer
and therefore satisfies the Euler-Lagrange equation (3.9). But this implies that [¢|
must be equal to the unique, positive ground state wave function of —A + W where
W = Vgt + v x [p]? € L (R3). If it was not the ground state wave function, |¢| would

be an eigenfunctiorm orthogonal to the positive ground state of —A + W. But |¢| is

ONotice that D(—=A+W) = D(—A+Vexs), because v#|p|? is a bounded perturbation. Since —A+ Vexs
is essentially self-adjoint on D, the Euler-Lagrange equation (3.9)) implies that |¢| € D(—A + W).
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non-negative and normalized, so it can not be orthogonal to a strictly positive function.
Since ¢ also satisfies the Euler-Lagrange equation , it follows that ¢ must also be a
ground state wave function of —A 4+ W. Hence, by Corollary ¢ is equal to ||, up
to mulitplication by a constant of modulus one.

Let us remark that |p| is in fact positive in the sense of Proposition For elliptic
regularity and the Euler-Lagrange equation imply that |p| has a continuous rep-
resentative (see [40, Theorem 10.2]). Thus, we can apply Proposition [3.2] which shows
that |p| is positive in the sense of Proposition

Now, to prove the uniqueness of the minimizer, let’s assume we are given two
pointwise positive minimizers \/p1,/p2 € Dy with ||\/p,|l2 = 1 for i = 1,2. Then

also @)y = (%pl + %pg)l/Q € Dp with ||®; 5] = 1. If we can show that the map

p = EP(\/p) is strictly convex for positive p > 0 with ||p|l1 = 1, we deduce from

raj ra 1 ra 1 ra raj
EqT () < EP(P1y2) < SEF(01) + 5 (p2) En (),

in = inf
YEDg,|[Y|2=1 YeEDw,||Y|2=1

that \/p1 = ,/p2, that is, uniqueness of the minimizer of £;;*". To prove the convexity,
define for t € (0,1) the function ®; by ®; = (tp1 + (1 — t)pg)l/Q. We then have trivially

/V;axt(:v)q)?(x) dx = t/Vext(x)pl (x) de+ (1 —1) / Vextp2 () dx.
By © > 0 and the convexity of y — 32, we also find

(B2,0% B2) = (v, 82(=.) * D7) = (3, |(®7)[2)
<5, [A2) + (1= )@, |3]2) = t(or, v % p1) + (1= £){pa, v % po)

for smooth compactly supported functions p1,ps. By density of C°(R3) in L}(R3),
we conclude the convexity of the interaction term on all of L'(R3). Finally, the map
p [|Vy/p|* is convex by Proposition which implies that

[ vVt G=0mP <t [[9yaP+ -1 [ 19

On the set of strictly positive p > 0 with ||p||s = 1, it is strictly convex, because in this
set equality in Proposition holds true if and only if p; = cps for some ¢ > 0. The
normalization ||p1||1 = ||p2|li = 1 implies ¢ = 1 so that p; = p2, proving uniqueness.

From now on, we denote by ¢y the unique, positive and normalized minimizer of
Egap in Dy. It remains to show that ¢x has exponential decay at infinity. Once this is
proved, the Euler-Lagrange equation implies that Apy € L (R3), which in turn
implies i € CH(R3) (see [40, Theorem 10.2]).

To prove the exponential decay, fix some ¢ > 0 so that

(—A+ o = —(W —eo — %) pom
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where W = Vgt + (v * |0]?) € LS (R3). This equality holds true in D’. Recalling that

W(z) — oo as |z| — oo, it follows that in D' we have

(A + )y < —XBr) (W — €0 — %) on

for some sufficiently large R > 0 and, by continuity, this inequality remains true in S’.
Now, for ¢ > 0, the operator (—A + t?) has a bounded inverse whose integral kernel
is given by the Yukawa-potential Y; (see [40, Theorem 6.23]), defined pointwise by

Yi(x) = (4r|z)) ™" exp(—tlz])

for x € R3. Moreover, (—A +t2) and its inverse leave S invariant (why?) which implies

0 < @pg(z) < —/B o Yi(z — y)(W(y) — 0 — ) en(y) dy

for a.e. x € R3. The r.h.s. of the last equation can be estimated by

sup [ —expfal) [ Vit )V 0) ~20— )gu) o

zeR3
= exp((|z| — |z — y[)t)
e - /BR(()) g VW) e 2)en(y) dy|

exp(2Rt) Y2 ) 1/2
< CRrie sup[/ ——=dy i (y) dy <(C <o
b0 R Br(0) 4|z — Y|? BRr(0) 1)

for some constant C' > 0, which is independent of € R3. In the last step, we have used
that W € L (R3). Hence, 0 < pp(z) < Cexp(—|z|t) for a.e. z € R3. O

Problem 3.1. Show that (—A +t2)~! acts as convolution with Y;, defined by
z = Yi(z) = (4r|z)) L exp(—t|z|).

Problem 3.2. Let Q C R, n > 3, be open and bounded with O of class C*. Let p > 2
and assume that f € L*(Q). Show that, in the sense of distributions, there exists a
solution u € H}(Q) to the boundary value problem
—Au+ [uP2u=f inQ,
U|aQ =0.

Having established the existence and uniqueness of the minimizer of Sgap, the rest of
this section is devoted to the proof of the following theorem about mean field systems.

Theorem 3.2 (Ground State Energy and BEC). Let (¢Yn)nen, ||[Un|2 =1V N € N,
be a sequence of wave functions in the domain of Hﬁap defined in (3.1)), such that there
exists a constant ¢ > 0 so that for all N € N

(Y, Hy™yn) < Neg + C.
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Then (Yn)Nen exhibits complete BEC into the minimizer oy € Dy of Egap.

More precisely, denoting by ('7](\}))N€N the one-particle reduced density matrices of

(YN)Nen, there exists a constant C' > 0, independent of N € N and { > 0, such that

1~ (om, 7Y em) <C(L+ N (3.11)
Moreover, the ground state En of H]t\ﬁap satisfies
En = Neyg + O(1). (3.12)
Remarks:

1) Equation (3.12)) of Theorem |3.2/implies in particular that every ground state of H Eap
exhibits complete BEC into the minimizer ¢ of the Hartree functional Egap.

2) In view of the ground state energy asymptotics (3.12)), we call a sequence (¥n)neN
of normalized wave functions with the property that (¢, H]t\l;apr> < Neg+(Ca
sequence of approximate ground state wave functions.

3) It is clear that the threshold ¢ > 0 on the energy may depend on N € N, that is,
¢ =C((N). As long as ((N) = o(N), the bound (3.11]) implies complete BEC.

4) The rate of the condensate depletion of order O(N~!) in (3.11)) is optimal. This can
be proved, for example, with the methods explained in the next Section

5) The validity of Hartree’s approximation Exy = Negy + o(N) is valid under much
less restrictive assumptions, compared to those of this section. In particular, the
assumption v > 0 is not needed. We refer the interested reader to [34, [35, [54].

Proof. The proof follows [63, B0]. Using the positive definiteness of the interaction v,
we give a lower bound on the many body interaction in terms of the Hartree interaction
energy. The lower bound implies complete BEC into ¢p and that Ex > Ney + O(1).
The upper bound on E follows by using a simple trial state (a product wave function).

Before we bound the many body interaction from below, let us notice that the Min-
Max Principle and its Corollary imply that the one body operator

h:—A—l—Vext—i—(v*ap%{)

has purely discrete spectrum o(h) = {e; € R: j € N} = 04(h) with the ground state
energy €g defined in . We may order the eigenvalues s.t. g < €1 < eg < ... where
the strict inequality €y < €1 follows from the uniqueness of the ground state ¢ of h. In
the following let’s denote by {goj €L?R3):j¢€ N} , o = @, a complete orthonormal
eigenbasis of h such that hy; = €;¢; for all j € N.

With these preliminary observations, we start to prove the lower bound on Ey. To
get the right lower bound, it is natural to try to compare H]t\ﬁap with a non-interacting
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Hamiltonian whose ground state vector is @?N and whose ground state energy is given
to leading order by Nepg. Such an efffective Hamiltonian is given by

N N
1
HY =) (hxj - §<‘PH’ (v* \¢H\2)<PH>> =Neg + ) (ha; — o),

Jj=1 j=1

recalling the Euler-Lagrange equation solved by ¢g. Now notice that the potential energy
can be written as

1

N N
1
N Z U(mi—:pj)%m/dmdyv(:v—y)(Zé(:n—m))<Z5(y—xj)>
1<z;<z; <N i=1 j=1
and, similarly, that the mean field interaction contribution to Hf\;f can be written as
N N
D (v pp) () = /dwdy (Z Sz — a?j))@(w —y)ea(y).
j=1 j=1

To connect the two expressions, we can use the positive definiteness of v and complete
the square to obtain a lower bound on the total potential energy:

N N
0< 2(x) — e §(z — i) Jv(z —y) | pa(y) — e oy — x;) | dad
/(900 NZ: ) y<<ﬁoy N; y > v
() - 2 e S ol )+ o0
i=1 1<i<j<N

This implies

N
S Y a2 Y e - Sk o s @) - 5000)

H
A
A
A
<.
A
2
i
(A

(3.13)

> ) (vxg)(@i) = 5 (b v 9g) + O(1).

M\Z

s
Il
i

To make the argument rigorous, we replace the J-functions by smooth (fe)eso, fe(z) =
€3 f(z/e) Vo € R3, for some radial 0 < f € C°(R?) with [ps f(2) dz = 1 and use that

i:: (z — xz)>v(w ) <<P0( ;,év: — :cz)> dxdy
N

%
- [ (e ﬁ (2 =) Yol — ) 0) - }VJZ(S =) dody

=1

0 < lim <<p3(

e—0
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The lower bound (3.13) implies

N
HY™ > Neg + > (ha, — €0) + O(1) = Hi + O(1).
=1

Now, notice that in L?(R3) we have the operator inequalities

h—co =) ¢jloj)eil == (ej — @)lp){pjl = (e = e0)(1 = o) (wol) = 0.
=0 j=1

Hence, we have for any normalized 1y € D(HyP) the lower bound

(N HTPyr) > Neg + N(er — e0) (1 — (00,7 0)) + O(1).

If we assume to have an approximate ground state, that is (¢, HﬁapzﬁN) < Nepy + (,
we obtain (3.11). To prove (3.12]), we use that 1 — |pn){pm| > 0 and obtain

Ney +0(1) < Ey = inf  (n, HyPon) < (o38N, HyPoSN) = Neg.
YNED(H TP,
l¥n(2=1
This shows that Exy = Neg + O(1). O

3.2 Excitation Spectrum of Bose Gases in the Mean Field Regime

In the previous section, we saw that the leading order term of the ground state energy
of a mean field Hamiltonian of the form (3.1]) is given by the minimum of the Hartree
functional, defined in (3.2)): Theorem shows that

Ex =Neg +O(1)

and that any approximate ground state exhibits complete BEC into the minimizer ¢y
of the Hartree energy functional. A more ambitious question is to ask whether we can
find an explicit expression for the contribution O(1) in Theorem valid up to errors
that vanish in the limit N — co. Moreover, we may also ask for an approximation of
the eigenvalues lying above En (the excitation spectrum) and, moreover, for an approx-
imation of the ground state wave function in L2(R3") (and not only in the trace class
sense). The rigorous derivation of these approximations is the goal of this section.

We work in this section in L2(AY), where A = T3 = R3/Z3 denotes the three
dimensional unit torus. The Hamiltonian Hpy of the system is given by

N
1
Hy = Z(—Am) + N Z v(z; — xj). (3.14)
i=1 1<i<j<N
We assume that v € C2°((—3, 3)?) is radially symmetric and such that o(p) > 0 for all

p € A* = 277Z3. Note that, by slight abuse of notation, we identify v in the following
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with its periodic extension to a function in C°°(T?) (similarly, in the difference
x; — x; denotes the distance on the unit torus).

Observe that Hy is self-adjoint in H2(A"), which follows from Theorem and
Theorem Notice, moreover, that the spectrum of Hy equals o(Hy) = oq(Hpy) by
the Min-Max Theorem and the fact that Hy > SN (=A,,). On the domain

D= {p e LX(A): Y P15 < oo} (= H'(A)),
pEA*
we define £ : Dy — R by
~ 1. T 2
En(e) =Y (IpP18ol® + 59| (1l * [eD[)- (3.15)
peEA*
The analogue of Theorem reads in the translation invariant setting as follows.

Proposition 3.3. The Hartree functional Eg admits, up to multiplication by a constant
phase, a unique, normalized minimizer in Dy. The unique positive minimizer o € Dy
is giwen by the constant wave function g = 1)5.

Proof. We may assume without loss of generality that ©(0) > 0, otherwise there is
nothing to prove. Let ¢ € Dp. Since |¢| is real-valued, we have |¢[,[¢|_, = H<p|p’2 s.t.
. ~ ~ T 2

Eu(p) ZplenAf*(|P|2|90p|2) +50(0)| (] * [l)o]

— inf 21~ 12
plenA*(lpl @pl) +

N = N =

P 2
50 X P, ) 2 570 = ulon)

qeEN*

where ¢ = 1p. Hence, ¢p is a normalized minimizer of £y in Dy. Moreover, the
bound is strict unless @, = 0 for all p € A*\ {0}, that is unless ¢ = Py is constant.
In that case we have |@g| = 1, by normalization, which proves the claim. O

The last proposition shows that, in the translation invariant setting, the role of the
condensate is played by the constant wave function py = 1), € L?(A). Before we
determine the excitation spectrum of Hy, we first introduce a Fock space setting which
enables us to focus efficiently on the orthogonal excitations around the condensate.

3.2.1 Fock Space and Excitations around the Condensate

Recall from Example [2.1] that the bosonic Fock space F = Fy(L?(A)) is defined by

[e.e]
F=CaPLiAh).
k=1
Given a wave function ¢y € L2(A") that exhibits complete BEC into some normalized

condensate wave function ¢y € L?(A), we know that in the sense of the trace class
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topology, we have ¥ ~ QOSQN . Instead of considering the part of the wave function ¥y
that describes the condensated particles, we would now like to find a precise description
of the fluctuations or excitations around the condensate. Here, we follow the approach
introduced in [36] (see, in particular, [36 Section 2.3]) which yields a natural description
of the fluctuations of 1 around cp%@N as a Fock space vector.

Suppose 1, € L2(A¥) and ¢ € L2(A!). Then we define ¢y, ®; ¢ € L2(AFF)

U @ (21, . . $k+l)

m 2. il o) V1 (To(k41), -+ To(ht))

0€6k+l

for a.e. (w1,...,254;) € AFTL. Now, let {¢; : j € Np} be a complete orthonormal basis of
L?(AY) and denote by Liw (A) = span{pg}~+ the orthogonal complement of the space

spanned by ¢g € L%(A), as well as by F,, = Fs(L? 1o (A)). Then, given ¢y € L2(AN),
we can find a unique decomposition

oy = EQ PPN 4 BN M) L @20 @ 4 18 e,en 0 +D) (3.16)

where £) ¢ LLDO (A)®sF for k = 1,...,N and & € C. Indeed, following [32, Section

3.3], let us denote by p = p(¢o) = |¢0)(po| € L(L?(A)) the orthogonal projection onto
¢o and denote by q¢ = q(po) = 1 — p(¢o) € L(L?(A)) the projection onto its orthogonal
complement. Using these projections, we define the operators py, qx € L(L?>(AN)) by

pk((pi1®...®<pik®...®<pm)=<pi1®...®(pkg0ik)®...®<pm
and gy = 1 — pg, for k=1,..., N. Given any vy € L2(A"), we then have

YN ( 2 (pk+qk))¢zv > (X)p1 N

k=1 Te{o 1N k=1

> Y @i

7=0 T14+-+7Nn=] k=1

By the deﬁnltlon of p and ¢, we certainly have that (1 (Z) U )) = 0 for all i # j. Then,
defining £0) (Liﬂo(A))&] by

g(j)(ﬁ’_‘_,xj) < N j, m1,...,xj7 ')>L§(AN—J')

\/7

for a.e. (1,...,24) € A7, we conclude that
N .
_ Zwu) — Z i il Z o(q192 - - - 4jpj+1Pj+2 - - - PNUN)
Jj=0 Jj=0 ce6n
N . N ' ‘
Z — Z (QO(?N J 5(])) _ ZSO?N_J s g(ﬂ)
=0 - ]) sE6y =0
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where o € Gy acts on wave functions in L?(AY) as defined in Section This proves
(3.16). The representation (3.16)) enables us to study the excitation vector

(&1,...,¢éN) € .7:1@0 = Flyos

describing the fluctations of ¥ around the pure condensate <,06®N . Here, we introduced
the notation .Fffp\; for the subspace of F |, in which each element ¢ = (¢ © ¢ )
has components ¢(*) = 0 for all k > N. We notice that

<906®N_j 9, €0 @?N_k s 5(k)> 'N' Z N—j ® f(j)),T(SOE)@N_j Q g(]’))>
o,7eESN

54,@ . .
:ﬁ > 1€ = 4l

ceGyn

In particular, (3.16]) enables us to define the unitary map Uy (go) : L2(AY) — ]-"ii\g

Un(po)¥n = (5(0)75(1)7 e af(N)) € fiﬁa\g

In view of Proposition and the fact that we consider the translation invariant case,
we choose for the rest of the section the basis

{ep:p€ 2173, () = P Va € A}

so that g9 = 1)z plays the role of the condensate wave function. We also abbreviate
Un = Un(po) and F o, = Foq, Fiﬁ;\g = .F_EN (the + indicates that we consider particles
with strictly positive kinetic energy).

When working in the Fock space, where the particle number is not necessarily fixed,
it is convenient to introduce the bosonic creation and annihilation operators. For f,g €
L?(A), we define the creation operator a*(f) and the annihilation operator a(g) by

(a*(f)C)(n)(xlv R ,l'n) _\}ﬁ Zf(xj)c(n_l)(xh sy Lj—15 Lty - - - ,[En),

(a(9)¢) ™ (@1, .. 20) =V T 1 / D (22, ),

for all n € N and

N
C= (O, ¢ ¢ g, U FSN = U Princr

N=0 k=0

For n =0, we set (a*(f)()(o) =0.
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It is useful to illustrate the action of a*(f) and a(f) on product states of the basis
elements @, p € A*. For ¢ = S, (¢p, ® @p, @ -+ @ @p, ) € L2(A™), we have that

n+1

(Soq) n + 1 ' Z Z ‘ppau) " ® (pl’a(j—l) ® ¥Pq ® ‘ppa(j) ... SOPJ(N)
ceG,, j=1

=Vn+18n41(90g ® pp, @+ @ p, ) € Lg(AnH) c Fentt

and, similarly, that
a’(@q)( \/> Z @qv@}h)? S'n, 1(<Pp1® Spp] 1®90p] 1® ®§0n) € L2(An 1) C .F<n 1

In words, a*(pq) creates a particle with momentum ¢ € A* and a(yp,) annihilates a
particle with momentum g € A*. As a consequence of the last formulae, it follows that

a*(pq)alpg)C = K,

where 0 < k£ < n denotes the number of the momenta p; in ¢ such that p; = ¢. Hence,

a*(pq)a(pg) : L2(A™) — L2(A™) counts the number of particles with momentum q € A*.

This connects the creation and annihilation operators to the number of excitations.
Basic properties of the creation and annihilation operators are

(@™ (£)¢: ) = (¢ a(f)E)

for all ¢,& € Uxo F=N 5o that, at least on a formal level, a*(f) is the adjoint of a(f).
Furthermore, they satisfy the so called canonical commutation relations

[a(g),a*(f)] = (9, f)2, [a(g),a(f)] =0 (3.17)

for all f,g € L?(A). We leave the verification of these properties as an exercise.

In the full Fock space F, wave functions can have an arbitrarily large particle number,
so it is clear that the creation and annihilation operators are unbounded operators in
F. Let us mention that they naturally extend to densely defined, closed and unbounded
operators in F. In these notes, however, we restrict our attention to the truncated
Fock spaces F=N and, more specifically, on the excitation Fock spaces ffN — FSN,
Restricted to such truncated spaces, the creation and annihilation operators are bounded
and therefore we can ignore the unboundedness issues in the full Fock space F.

Creation and annihilation operators are convenient for computations in the bosonic
Fock space, because they implicitly keep track of combinatorial factors due to the sym-
metry of the wave functions. For computations it is particularly useful to represent basic
observables on the Fock space in terms of the creation and annihilation operators. This
amounts essentially to nothing more than computing expectation values of observables
in a particular basis. Since we work with the standard Fourier basis, let’s abbreviate

ap, =a(pp) and aZ =a"(pq)
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for all p,q € A* = 27Z3. A particularly important operator in this chapter is the number
of particles operator A/ which is defined in J3_, F <N through

WOM =n(™, vee F=N

It measures the average number of particles. Observe that [ N|zz<nv) = N so, in F= N

N is a bounded operator. Since N is a multiplication operator, N is self-adjoint in F <N ,
for every N € N. By N, we denote its restriction to (J3_, ]:fN

Let’s express AV in terms of the creation and annihilation operators ay, ay. From our
earlier considerations, we may suspect that in |J3_, F <N we have that

= g a;ap.
peEA*

Indeed, to verify this, we can consider w.l.o.g. ¢ € L2(A™) (why?) and find that

N{znézzlxﬁ:z\rz\f\@p 9010 C—ZG%C

j=1 pEA* peEA*

and similarly, we find that

_ k
Ny = Z apap.

peA\{0}

The following two lemmas are simple, but they are frequently applied in estimating
the expectation values of operators in the Fock space.

Lemma 3.1. Let f € L*(A). Then we have for all ¢ € UJ—, F<N that

la(HCH < IFIINYZC, Nl (F)ET < IFI2IV + D)2
Proof. Pick w.l.o.g. ¢ € F<N. We apply Plancherel and Cauchy-Schwarz to obtain that

¢, a" Z/Akdxl da () (o, ... @p)

XZ :Z:] /dyf C(k (yvxla" Y Lj—15Lj41y- 5L k‘)

=1
N

sym. — (k)
kzzok [ ax| [ aTaeio.x)
Z fp/ dy p(y k)

qeEN*

2

= 3 RfulC azagl)

p,gEN*

(IFolllagCl) (1FalllapCl) < 1FI3 Y (G apapC) = IF13(¢,NC).

peEA*

Akl

g

The second bound follows by noticing that a(f)a*(f) = a*(f)a(f)+|/ 113, by (3.17).
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Lemma 3.2. Let f € (*(A*) and define Ag )(f), Apy(f) and A y(f) by

Z foap P —p’ A(*,-)(f) = Z fpa;apy A(.,.)(f) = Z fpapa_p

pEA* pEA* pEA*

Then, A (f), Ay (f) and A ) (f) extend to bounded operators in F<N and we have

1A G (FICN 1A (DS TACH(HCIE < V2 fll2ll(V + 1)¢
for all ¢ € FSN. If, in addition f € £*(A*), then also A0 (f), defined by

f)= Z fpapa;

pEA*

extends to a bounded operator in F=<N with || A, o) (f)CI < V2| fll2l NV + D¢+ £l 1<)
for all ¢ € F=N,

Proof. Consider first A, ,)(f). Then we have

A G (FCP = D FofelC apa—paga® Q)

p,gEN*

<Y Fofal¢ (aia” yapa_y + dakagdpg + 4)C) < 2| £13(¢ (N + 1)%0)

P,gEA*

by Cauchy-Schwarz. The bounds for A, .y(f), A(..)(f) are analogous. For the non-
normally ordered operator A ,(f ), we only notice that apay, = apap + 1, by (3.17)).

The previous two lemmas illustrate that the creation and annihilation operators
are quite convenient for operator bounds as long as an upper bound in terms of A is
useful. Below, we also need the kinetic energy K for certain estimates. The operator
K:Uyv_oCa® @;@\;1 HZ(AF) — UX_o F=N is the self-adjoint operator defined through

n

(K:)|N:n = Z(_Arz)

i=1
and with Kjnr—g = 0. We denote the restriction of K to UN—o ]:EN by K, and we have
Ky = Z ’p‘za p-
peA*\{0}

The verification of this identity is left as an ezxercise. Similarly, you can check that
K =3 ,ea- Ip[*aja, on a suitable dense domain.

Now, coming back to the Hamiltonian Hpy defined in , we note that
L? (AN ) = F= <N We can also express Hy in terms of the ap, ay operators yielding

HN = ( Z ‘p|2a*ap+ 2N Z p+r qapanrT) . (318)

peEA* p,q,rEN* N=N
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Indeed, for the potential energy, we have by symmetry

Z / dzy...deyv(z; — z;)®(z1,. .., oN)U(21, ..., 2N)

1<i<j<N

N(N -1 _
= ()/ dX (/ dxidzov(z1 — $2)<I>(m1,:n2,X)\I'(x1,x2,X)>
2 AN—2 A2

for every ®, ¥ € L2(A") and we can expand this in Fourier space into

N(N -1 _
()/ dX dridxav(zy — 22)P(21, 22, X))V (21, 22, X)
2 AN—2 A2
=N(N-1) /AN L 4X > ), s @ @r) 12(a2)(Pp ® Pg, (-, - X)) 12(a2)

D,q,S,tEA*

X / dzridxav(z) — xQ)@i(p*S)mlJri(Q*t)xz
A2

= > 05— p)ogursp(® aiaiapag) = Y B(s — p)(¥,alafapar s pt))

D,q,8,tEA* p,s,tEA*

= Z o(r )<(I)7ap+r qap(IQ+T‘ll>a
PgrEA*

where, in the last step, we renamed the variables to r = s —p and g = t.

Problem 3.3 (Second quantization of operators). Let h be a symmetric operator on
L%(Q2) and let (¢;)jen be an orthonormal basis in the domain D(h). Show that

oo N
DD by = D (m hthn)a* (m)a(vn)
N=1j=1 m,n€EN

in the sense of forms on |J¥_, EB;CV:O ®’;ym D(h). Similarly, assume that V' (real-valued)

is a multiplication operator in L*(Q x Q) with the property that V(x,y) = V(y,x) for
a.e. (x,y) € Q x Q. Show that

@ Z Viiz, = Z (Vm @ P, Vibp @ hg)a™ (Ym)a™ (¥n)a(vp)alyy).

N=21<i<j<N m,n,p,qEN

Since we want to focus on the orthogonal excitations of low-energy states, motivated
by (3.16)), we need to compute the unitarily equivalent excitation Hamiltonian

Ly = UvHNUY.

This is a simple exercise once we know how Ux acts on the a,, aj operators.
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Problem 3.4. Check that Uyn and its adjoint Uy, are given by

®q®k< aév_k wN>
(N —k)! ’

Uz ((¢9,¢W . ¢y

(3.19)
C(k)

Zm

for all Yy € L2(AN) and ¢ = (¢, ¢M, ... ¢ ¢ ]:EN. Here, we remind the reader
that ¢ = 1 — o) {wo| € L(L2(A)) (the details can be found in [36, Section 4]).

Given p,q € A* = 27Z3\ {0}, the fact that layaq, ao] = |aj,

“ N
»0q, ap] = 0 now implies

Unaya Uy = apaq, UNNLUN = Z apap = Ny
pEA’,
AS a consequence
UnaiaoUsy = Un(N = N)UY = Un(N = N)UG = N — Ny (3.20)
Finally, for p € A%, we find with for any ¢ = (¢, ¢M, ... ¢M) e F=V that

)N k N-1 (a*>N7k71
Una,aoUNC = Una, aoz C(k) =Un Z —2 /(N - k:)a;x(k)
k=0

/(N —k)! VN =k —1)!

—UNZ\/W«/N Ny +1a: Q)™ = UnUi (/N = N7 ©).

This means that

UnayaoUy = apy/ N — N4, UnagagUy = /N — Niaq (3.21)

for all p,q € A%. That is, what the map Uy effectively does is to replace any creation
or annihilation operator ag,afy by (N — Ny)Y2.

We can use the above results to express the property of complete BEC in the Fock
space setting. By Lemma E Eq. implies that complete BEC of a sequence
(Yn)Nens [¥nl2 =1, in L2(AY) into g € L?(A) is equivalent to the condition that

S

1= fenaonle =1 [ ax [ dadygate)on(e X X)pl)

_ —%Z /A X (O X, (o)l o (s X ey B2
1

=1—- NN, ajaotn)2 = N~ (Unyn, NyUnton) — 0

as N — oo. That is, the expected number of excitations around the condensate is
negligible compared to the number of particles in the condensate, in the large N limit.
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Finally, having computed the action of Uy on the creation and annihilation operators,
a tedious, but straightforward calculation shows that Ly = UnHyUjy; is given by the

sum Ly = /LS\?) + L’S\?) + L’S{?) + E%), where

N 1 Ny NZ
+ -

£y = S0(0) — 58(0) + F(0) - F3-9(0),

2= 3 [Iolajay + 5(w)ajap(1 ~ N /)

peAi
1 ~ " *
) [apu — N /N)2a% (1= NNV ¢ h.c.],
2 = (3.23)
peAJr
3 1 ~ * *
EEV) = N7 Z v(p) {ap+q(1 - /\/‘+/N)1/2a7paq + h.c.}7
P,q€AY :pF—q
@ _ 1 N ek
Ly = IN Z V(1) a4 Qg apagr.

rEAN*, p,gEAY ip,gF—T

This follows by splitting the potential energy into a sum of different terms according to
their number of zero modes it contains (why is there no linear term in the ay,a;?).

Problem 3.5. Verify the identity (3.23)).

In the following, we write Vy = [,53) for the potential energy of the excited particles,
so that £ contains in particular the Fock space Hamiltonian Hy = K4+ +Vy, measuring

the energy of the excitations in different sectors.

3.2.2 Heuristics: Bogoliubov’s Method

So far, the introduction of the Fock space setting and the excitation Hamiltonian Ly is
only a translation of the usual L2(A) setting into a different language. Its advantage
is that the following heuristics, proposed in a more general setting by N. N. Bogoliubov
in [9], becomes particularly transparent.

Suppose we want not only to derive the leading order contribution %5(0) to the
ground state energy of L = UyHyUjy;, but also the next to leading order contribution
as well as an approximation of the higher eigenvalues of L. How can we proceed? First
of all, Bogoliubov assumed that any low-energy wave function 5 exhibits complete
BEC into the constant wave function pg = 15 € L?(A). In accordance with , this
implies that the expected number of particles with momentum p € A%

<¢N7 (1;;(1pr> = <UN¢N7 (I;;CLPUN¢N> < N

is negligible compared to N, while (YN, ajaon) = N. As a first approximation, Bo-
goliubov therefore proposed that the operators ag, a in Hy should be replaced by the
number N/2. This step is called c-number substitution and it amounts to replace any
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factor (N — N+)1/ 2 in Ly simply by N'/2. The resulting Fock space Hamiltonian con-
sists of a sum of a constant plus several other terms which are either quadratic, cubic
or quartic in the creation and annihilation operators of excitations, similar to (3.23]).
Arguing again via BEC, the cubic and quartic terms should be negligible compared to
the remaining contributions, because they are of the order

1 ~
N1/2 Z U(P)[ p+qa aq+hc NO(./\/'B/Z/Nl/?)
P.gEAY ipF—q
1 R ..
2N Z U(r)ayrgapagr & O(NZ/N).

rE€A*, p,qENY p,qF—T

If we simply drop these terms, assuming e.g. that /\/'42r < N, what remains is the operator
N/\ 1/\ 2 % ~ * 1/\ * ok
On :50(0) - 51}(0) + Z [|p\ ayap + V(p)aya, + §v(p) (apa®, + apa_p)}. (3.24)
peAi

Notice that Qn does not map from }"_EN to itself anymore, but nevertheless we may
hope that its spectrum is close to the spectrum of Ly.

Why is the approximation useful? The point is that Qx can be diagonalized
explicitly: the tool which we need is called a Bogoliubov transformation. This is an
operator exponential with exponent quadratic in the creation and annihilation operators.
Given (7p)penr € (2(A%), we define T : Fy — Fy by

1 k%
T, =exp [2 Z Tp (apa_p - apa_p)] = exp(4,). (3.25)
pEA:

Let’s compute the action of T on Qp without worrying about domain and conver-
gence issues (a more careful analysis follows in the next Section 3.2.3). A simple Taylor
expansion together with the canonical commutation relations (3.17]) implies

1 1
TrapTy = ap,+ / ds (Dse*A ape’7)(s) = ay +/ ds e~ [a,, A ]esA
0

=ap+7pa’, / d51/ dso 652A [[ap, A7), Ar]e —s24r (3.26)

= cosh(7,)a, + sinh(7,)a”

The key of the argument is that a commutator of af, with a quadratic operator is again
linear in the creation and annihilation operators, by the commutation relations (3.17)).
Choosing 7, = 1 tanh ™' (3(p)/[p* + ?(p)]) and conjugating Q with T, we find

T QNT: = S 5(0) — 55(0) — = 3 [Ib + () — /I + 20P30)]

2 2 2
pEAT
+ 3 VIl 2pP0) aja, = Coy + Y gagay.
PEAL peEAT
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Hence, the resulting Fock space Hamiltonian is diagonal and we can read off its spectrum.

Indeed, we have that
N

UNT;QNTUn = Cay + ) b,
i=1
where the one body Hamiltonian h acts as a Fourier multiplier in L?(A), multipliying
the p-th Fourier component (for p € A*) by

e =V Ip|* + 2|pl?v(p).

The ground state energy of UNTrQNT} Uy is given by Cg,, and, by Theorem the
eigenvalues of UNTXQNT Uy above the ground state energy are given by finite sums

Z npep (np € No and n,, # 0 for finitely many p € A*).
pPEA*

Physically, this means that the interacting Bose gas is (up to second order in the energy)
equivalent to a non-interacting Bose gas of quasi-particles, via the unitary transformation
T,Uy. For this reason, one calls the system quasi-free. Instead of the usual one particle
kinetic energies |p|?, p € A%, the modified excitations have energies

ep =V |p[* + 2[p|?0(p), p € AL

This incorporates the mean field interaction v through its Fourier transform (’ﬁ(p))p cAxr

Let us mention that Bogoliubov’s heuristics can be found in many standard physics
textbooks on condensed matter (see for instance [41]). From a physical point of view,
the important insight from [9] was to provide a microscopic justification of superfluidity
which is related to the specific form of the excitation energies ¢,,.

On the other hand, turning the heuristics into a rigorous proof in specific scaling
limits has been an active research field in mathematical physics in recent years, see for
instance [63] 30, 36, 5, 6, 12, 50, [15).

3.2.3 Rigorous Derivation of the Excitation Spectrum

The goal of this section is to turn Bogoliubov’s heuristics in the mean field regime into
a rigorous proof. We follow essentially [63], which provided the first rigorous proof of
Bogoliubov’s effective theory for mean field bosons, and combine the proof with a few
useful arguments from [5] [6].

Let’s recall that we assume for simplicity v € Cg° ((—%, %)3 ) to be radially symmetric
and such that v(p) > 0 for all p € A*. Our starting point is the excitation Hamiltonian
Ly, defined in . To implement the first step of Bogoliubov’s strategy, we need
to show that the cubic and quartic contributions, [,53) and Lgé), are small on suitable
subspaces of low energy vectors. As a first step in this direction, recall that we have the

following strong form of complete BEC.
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Lemma 3.3. We have for all N € N that

Ly > gﬁ(O) + 3 Pty — 20(0) = S5(0) + Ky — 20 (0) (3.27)

2 2 2
pEAi

Let (YN )nNen be a normalized sequence in D(Hy) and define (Ex)neny = (UNYN)NeN as
the corresponding excitation vectors in ]:_EN. Assume there exists some ( > 0 s.t.

(e, L) < S0(0) + €
Then, by , there exists a constant C = C(v,() > 0, independent of N € N, s.t.
(4n?)~Hen, Neén) < (En, Kién) < C (3.28)
In particular, (Yn)Nen exhibits complete BEC into @o € L*(A), by (3-22).

Proof. The bound (3.27)) follows by writing out ZpE A% @\(p)‘ Z;V: | €PTi ‘2 > 0, implying

1 N _. 1
N Z v(z; —xj5) > 51}(0) - 51}(0)
1<i<j<N
Conjugating Hy with Uy and using the previous lower bound implies (3.27]). O

The previous lemma shows that the kinetic energy of excitation vectors associated
to approximate ground state wave functions of Hpy is bounded uniformly in N. To get
rid of the cubic and quartic terms in £y, we need, however, stronger a priori bounds.

Proposition 3.4. Let (Yn)nen be a normalized sequence in D(Hy) such that for some
¢ > 0 we have PN = X(_ oo, Ng(0) 4 (HIN)YN- Also, let (En)nen = (Untn)ven. Then,
there exists a constant C' > 0, independent of N € N, s.t.

(En  NeKyén) < (C+¢)° (3.29)

Proof. Let’s observe first of all that AV leaves D(Ly) invariant. In fact, we have that
D(Lny)=D(Ky) = C@@gzl H2(A*)NL2 (A)®+* and the claim follows by noticing that
N, acts simply as multiplication by k in the k-particle sector of FEN, k=0,...,N. It
is clear that N} K has the same domain and the operator bound ([3.27) implieﬂ that
NiKy = (Ve + DYV N+ D)V2 < NV + DY2Le(VE + DY2 4 OV, +1)
= (N} + DLy + Vs + D2V + 1)Y2, Ly] + C WV + 1),

(3.30)

where we defined N
Ly=Ly— 5 0(0).

"¥rom now on we typically denote generic constants, which may depend on fixed parameters and
which may change from line to line, by the symbol C.
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Observe that pulling /:'N to the right in the last step has the advantage that we can
control it on low-energy states {N = X(—ooy(] (Ln). In fact, for such &y, we use Lemma
3.3l and bound

(En, (N + DLENEN) < (En, (N + 1) (L + C)en) + Clén, N + 1)En)
(En, Ny + 1)(Ly + C) NG + DEN 2 (en, Lxen) 2 + C
(En, Wy + 1)Ly + O) MWy + DENY2(C + 0P + (C+)

IN N

where we chose a sufficiently large C > 0 ensuring Ly +C > K+ +1>1, by (3.27).
Next, we use the operator monotonicity of the resolven@ to conclude

(En, N + DLNEN) < (En, Wy + 1)K+ 1) TN + DEN YO + )2 + (C + )

< {En, Wy + DENYAC + 0P+ (C +¢) < (C+¢)?
(3.31)

This bounds the expectation of the first term on the r.h.s. in (3.30)). Let’s consider next
the commutator term in (3.30]). To bound this term, it is convenient to use the identity
1 1 [/~ 1 1

= — — ——dt
\/g ™ Jo ﬁ t + s
for any s # 0. Using the continuous functional calculus, we write

~ 1 /1 1 ~ 1
1/2 S [t -
(N4 +1)"7%, L] =\ \/{&t+/\/'++1(N++1)£N(t+N++l)t+N++ldt
1 [ 1 1 ~ 1
=/ %m(t+N++1)£N(N++1)7 dt

t+ Ny +1
1 [ 1 ~
:ﬂ/o ﬁt+N++1[N+’£N]

1
t+ Ny +1

To continue further, we need to have some information on the commutator [N, EN]
Going back to , we notice that N, commutes with all, but two contributions to
L ~, namely the non-diagonal quadratic contribution and the cubic contribution. Given
En = X(—oo;q(ZN)a these can be estimated with Cauchy-Schwarz by

Y Up)En [ap(L = N /N)V2ak (1= N /N2 + h-C-]§N>’

pEAi

1/2
< 2ol (N + 1>1/25N||( S (e azat (Vs + 1>—1apapsN>)

pEAj
< [[oll2{€n, N+ +1)éN)

2For 0 < A< B, we have 1 < A~2BA~"/2 and hence AY/?B~1A'/? <1 so that B~! < A™'.
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as well as

1 R ) *
’]\71/2 Z U(p)(ENs [apyq(1 — N+/N)1/2a_paq + h-C-}§N>'

p,gEA] :pF—q

1 1/2 1/2
(3 T aaemn) (X 0o gum)

P.aEAY :pF£—q P,aEAY :pF—q

< Julla(Ens (N + 1)En):
In particular, the previous two bounds imply that
—C(Ny +1) < iN|, Ly] < C(NV; +1)
for some C' > 0. It follows that the operator
A=Ky + 1) YEHIN LN Ky +1)7 Y2 e £(FEN)
is bounded in norm by some constant C' > 0, and we conclude that

Ens Vs + D)2V + DY2, Ly]en))|
(Ky + 1)1/2A(’C+ +1)1/2

< [T vinw + 1)y, dt
_/0 Vi [N+ 1)V v t+N++1§N>‘ 55
<0 [ PRI + 1) 4 ) 0 + 1)
o (t+1)
< O(EN NI LEN) + 071 Cen, (K + 1)én) < 6(En, NpKién) +071(C + )
for any 6 > 0. Putting , and together, we have shown that
(N NLKpEn) < 0(EN, NLKpEn) +67H(C +¢)?
Choosing 0 < 6 < 1/2, this proves (3.29)). O

What Proposition [3.4] shows is that on spectral subspaces of low enough energy, the
expectation of any operator that is dominated by the product of the number of particles
N, and the kinetic energy K. is bounded uniformly in N. Let us now define for all
p € A% the modified creation and annihilation operators by, by, € E(]—'EN) by

by = (1 — N /N)Y2a,, b =ai(l— Ny /N2 (3.33)

We notice that Uxb,Un = a?jap/Nl/2 and Uy byUy = a;ao/N1/2, so that, on the level of
L2(AYN), the modified creation and annihilation operators either excite a particle from
the condensate ¢ into an excited state ¢, or vice versa. One readily checks that,
up to errors of the order Ny /N, which is small on low energy subspaces in view of
Proposition (and expected to be so in view of Bogoliubov theory), the modified
creation and annihilation operators satisfy the canonical commutation relations .
Using these modified fields and estimating the different contributions to £y similarly as
in the previous proof, we deduce the following corollary.
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Corollary 3.1. Ly, defined in (3.23)), is given in form sense on Un(Dy) by

5 0(0) + > [p* +5(p) ]y, + 5 > B(p) [bpb*, + bpb—p] +Ecy  (3.34)
peAi peAj_

Ly =

where the self-adjoint operator ¢, is such that for all £ € D(K) N ]:_EN, we have
—CNTV2(E,NLKC4€) < (€, E0,€) < CNTV2(E NLKE)

for some constant C = C(v) > 0, which is independent of N € N. In particular, for
low-energy wavefunctions § = X(—oo;c](LN)E € ffN, we have that

—NTVHC 4 0O)? < (€,E0,6) < NTV2(C +¢)?

We observe that Corollary is a rigorous version of the approximation , pre-
dicted by Bogoliubov theory, with explicit error estimates. The only difference between
the quadratic contribution in and the quadratic operator in is that the
usual creation and annihilation operators are replaced by the modified ones, defined in
. The strategy of how to proceed now should be clear from Section We want
to modify the Bogoliubov transformations in such a way as to obtain unitary
transformations on the excitation Fock space ]-"_EN with which we can approximately
diagonalize the quadratic contribution to Ly, in .

Comparing with , the natural guess to approximately diagonalize Ly is the
generalized Bogoliubov transformation

1 % 7 %k
B — exp [2 > nbpht, — bpb_p)} (3.35)
pEAj_

where (7,)peas € (2(A%) is defined by

T = —% tanh™! (3(p)/(p” +0(p))) = —% log [1 + 26}55)] ~ (3.36)

To verify that is indeed a good approach, we proceed as follows. First of all,
we need to check that the conjugation of £, with ePr yields an error term, similarly
as in Corollary Once this is checked, we can proceed to make a rigorous series
expansion of e~ 57 bpeBT, in the spirit of , keeping track of the error terms. Using
the expansions of the conjugated modified creation and annihilation operators, we may
expand the quadratic contribution to £y to conclude the approximate diagonalization.

Before we start, let us remark that eBr leaves D(Ly) = D(K.) invariant. This
follows from Lemma, the identity

Z pZQ;‘,ap B, = Z pQTp(b;b*,p +bpb_p) + B~ Z anZap
peAi pEAY pEAj

and the fact that ZpeAj P2 < v} < .
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Lemma 3.4. For every l € N, there exists C > 0 s.t. for all { € D(K4) and s € [—1,1]

(€ e (N + D)e’Pre) < 08, (Mo + 1)),
(6,75 B (N + 1)Ky + 1)eBre) < Cle, (W + 1) (K + 1)6),
(& e P (N + Dagap(Ny +1)e*P7¢) < ClE, (W + Dagap (N +1)8)
+ Clmpl (€, (M4 +1)°€).
Proof. We prove the second inequality in , the proof of the other two estimates

being similar. For £ € D(K,), we consider

[0;1] 3 5+ fe(s) = (£, e P (Ny + 1) (K4 + 1)esP¢)

(3.37)

and our goal is to apply Gronwall’s lemma. We compute
(D5 fe)(s) = (& e P [N, Br] (g + 1)e”P7€) + (€, e P (N + 1) [+, Br]e*Pe)
Let us bound the second term on the r.h.s. of the last equation. We have

(K4, B = > p*rp(bjb*, + byb—y)
peAi

so that by Cauchy-Schwarz
(&, e P (N + 1) [y, Br]ePre)|
<

23 Iplmplliplbop(Ni +2)M2e P | [lop (A +2)2e P |
peA:

< 2|03l (ks + NG + 1)esP7g ) < Cfe (s).

Arguing analogously for the commutator term containing [J\/+,BT], we conclude that
(0sfe)(s) < Cfe(s). for some C' > 0. Notice that the constant C' = C(v) is independent
of the vector & € ]:_EN. Gronwall’s lemma implies

(€ e Pr NG + D)4 + 1)e*P7E) = fem(s) < € fe(0) = 7 (€, (V4 + DKy + 1)€),
which proves the second bound in . ]

It follows from the previous lemma that the error operator £, in (3.34) is still of the
order O(N~1), in the form sense, after conjugation with e®7. The next lemma expands
the bounded operator e~ 57 bpeBT into a norm-convergent operator series.

Lemma 3.5. For all p € A%, there exists a bounded operator d,, € E(]-"fN) s.t.
e Brb,ePm = cosh(r,)b, + sinh(7p)b”, + d, (3.38)
and there exists a constant C > 0 such that for all £ € }'EN, we have that

ldp€ll < ONTH(ING + Dag€l] + 7|V +1)%%¢])). (3-39)
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Proof. Recall that B, = %Zpe AL Tp(bpb~, — bpb_p) is bounded. We first compute

p

1 * 7 % * — * — *
(b Brl = 5 D 7albp, by ) = mpb, = NTINGmpbt, = NTH Y b agay
qEA’, ueA?

By Taylor expanding the function [0,1] 3 s + e~ P7b,e5P7 | this implies
_BTb eBr = by, + 1pb" / dsl/ dsy e~ SQBT pr*p, ] SQBT,

where the bounded operator dz(, ) is defined by

il = — /1 dsie” 1P |N [ TN, N DY bt aka ] 1P
0 ueA”,
Using that |7,| < C for all p € A%, and applying Lemma and Lemma we obtain
laVEl < CNTHIW + Dagg |l + 7l (V- + 1))
for any £ € ]-"_EN. Now, we iterate the above procedure. We arrive after k € N steps at

Lk/2] 2 [(k=1)/2]  2j41

e Prbpel = Z Z b + Z(:) (2;+1v —p Zdj

/ dsl/ dss / dsp41 e~ Sk+1Br [Tzl;cbgpaBr]eskHBT,

where (f,b) = (%,—) if k is odd and (8,p) = (-,+) if k is even. Moreover, the operators

dy’ are given by

1 S21-1 1 1
dfl) = Tgl/o dsy .. ./0 dsy e~ 52 Br [Nbp./\@ + N Z Tub—_uaya” p] g2 B

uEAT
1 s
d(2l+1) _ 20+1 d 2ld —s9141Br 1 N b* 1 b so141B+
D =—1, S1... So141 € N +,p+ﬁ Ty aape .
0 0 uEAi

Applying once again Lemma and Lemma we have for all € € ]:EN

k k
> ldye Z% (INs + Dapé]l + ml V5 + 1)¥2¢]))
j=1 =1
for some fixed C' > 0, independent of k and N. Similarly, it is simple to see that
/ dSl/ d82 . / dSk 1€ —Sk+1Br H[ kbt1 ] 5k+1BT|| < Ck;{:\il/Q —0 (k’ — OO)
Letting £ — oo and defining d,, = Zjo’;l d(j ) , this proves and - O

113



We are now ready to approximately diagonalize the Fock space Hamiltonian L.

Proposition 3.5. The excitation Hamiltonian Gy = e B LnePr, with Ly defined in

(3.23)) and B, defined in (3.35)), , is given in form sense on Un(Dy) by
N—1_ 1 P
Gy = 2(0)— = Z [p2+v( )—/p*+ 2p%0(p ] Z vVt 4+ 2p%0(p) apap +Egy

2 2
pEAi peA*

(3.40)
where the self-adjoint operator Eg,, is such that for all £ € D(K41) N ]:_%N, we have

— ONTY2(E NeK48) < (6, €6 €) < ONTY2 (6 N K4 8) (3.41)

for some constant C' = C(v) > 0, which is independent of N € N. In particular, for
low-energy wavefunctions § = X(—oo;c)(GN — NV(0)/2)¢ € }'_EN, we have that

~ NTVHC+ Q) < (6.8,8) < NTVAC+ (), (38.42)

Proof. The proof follows from Corollary [3.1, Lemma[3.4)and Lemma[3.5 Let us indicate
the main steps by analyzing first the operator

BT( Z p2b;bp> ebr.
pGAi

By truncating the sum over p € A% first, analyzing the resulting bounded operator via
the expansion and then removing the truncation using the monotone convergence
theorem (recall that p2a’ »ap > 0 for all p € A%), we find that

—Br ( Z p2b;bp> eBr = Z p? (’ypb; +opb_p + d;) ('ypbp +opb”, + dp)

pEAi pEAi
= > 22 [00pby + o2yl + 200 B, + b )| (343
pEAT
+ 3 p [ (pbp + opb", +hc} 3 pAdid,,
peEA’ PEAT

where we defined ~, = cosh(7,) and o, = sinh(7,). By normal ordering, we find

> pPorbby = > propbib,+ Y pPos(1- N /N) =N~ Y p*olara

pEAj pEAj pEA* pGA*

Using that ZpeA* pPol < CZ;)EA* p*72 < Clvll3, it is clear that

‘N Z D a (&, N &)+ N1 Z po 57%%9' < ONHE (VG +1)6) (3.44)

PEAT pEAT
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for every € € D(K,). Similarly, the two contributions in the last line of (3.43|) are error
terms. We have for instance for every £ € D(K ) that

S e [ by + opb,) +h.c.}s>' <O S Pl (llbpgll + opll (N + 1))

pEA* peA*

<ONT' Y PP (NN + Dapll + mpll Ve + 1326 (1BpE1 + mll (W +1)1%¢]))

pEA*
< CONTV2ENKLE).

Similarly, we bound the remaining terms in . Proceeding in the same way for the
remaining quadratic contributions to Ly proves after a tedious, but straightfor-
ward calculation. The bounds and are a direct consequence of Lemma
(applied to —B; instead of B., but it is clear that the proof of Lemma does not
change when we switch the roles of the operators B; by —B;). O

The following theorem and its corollary constitute the main results of this section -
a rigorous derivation of the excitation spectrum of the mean field Hamiltonian Hy and
a norm approximation for the ground state vector of Hy, valid up to errors that vanish
in the limit N — oo with explicit rates of convergence (cf. [63} [30]).

Theorem 3.3. Let Hy be as in (3.14) and let En denote its ground state energy. Then

N—-1_ 1 ~ = -
By = =5=0(0) = 5 3 [P +0(0) - VP +2%00)| + OV (3.45)
pGAi

Moreover, in the limit of large N, the eigenvalues of Hy — En below a given threshold
¢ > 0, are given by finite sums of the form

> mpep + O(NTV2(14¢?), & =+/p*+2p%0(p) (3.46)
pEAT
where 0 # ny, € N for finitely many p € A7

Remark. Theorem can be extended to the inhomogeneous setting, analysing the
spectrum of H]t\?ap as defined in (3.1)) describing trapped particles, see [30].

Proof. The proof follows from Proposition [3.5] and the Min-Max Theorem [2.17] Since
H is unitarily equivalent to Gu, defined in Prop051t10n it is enough to compare the
min-max values of Gy with those of the diagonal operator Qp, defined by

on =Y L00) 5 X [P+ o) — VT 2R + Y Vit T 2P00) ey

2
pEAi pEA*

As already indicated in Section QO is self-adjoint on D(K;) with purely discrete
spectrum, given by finite sums of the form

MR00) -5 X [P+ 00— VI 80| + Y ey

pEAi peA*
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This follows from Theorem Note that a complete ONB of eigenvectors of Qp is

M
{ H (np!)_l(a;)”PQ :np € Ng with Z ny < N}

peAj_ pEA*+

and that this set is also a complete set of eigenvectors of K. To prove the theorem,
we compare the min-max values of Gy with those of Qn. To this end, let’s denote by
(Ak)ken, the min-max values of Gy and by (pr)ken, the min-max values of Qp, counted
with multiplicity. The theorem follows if we can show that

Ak — ] < CN7V2(14¢?) (3.47)

for some C' > 0, which is independent of V.
Let us start to prove that A\p > ur — C’N_I/Q(l + ¢?). First of all, it follows from

equations (3.40) and (3.42)) that
N —1_ 1 - — _ _
By =X = =5—0(0)=5 Y [p*+0(p) =P +2070(0) | +ON"1/2) = po+O(N~1/2)

peAi

Indeed, the upper bound can be obtained by testing Gy with the vacuum €2 € ]-'EN, and
the lower bound follows then directly from (3.42)). To bound the higher eigenvalues A
from below by pg, k € N, we use that A\, < ¢ and (3.42)) to deduce

Ak = inf sup  (§,9NE
dim(V)=k, geV,IIfSH=1< >
V:X(foo;C] (gN)(V)

> inf o sup (§,Qn€) = ONTVP(14¢%) = m — ONTP (14 (%),
dim(V)=k gev||¢||=1

where we defined §N =GNy — ENn.

On the other hand, to prove that \; < up + CN~'/2(1 4 ¢2), we notice first that
the previous bound implies pp < ¢ + C for N sufficiently large. Then, since we have
NiKy < N(Qn — o) < (Qn — po)?, we easily deduce Ay < pp + CN~Y2(1 + ¢?)
from and , by testing Gy on a suitable k-dimensional eigenspace of Opn
corresponding to its k-th eigenvalue py. O

Corollary 3.2. Let Hy be as in (3.14) and denote by ¥n a normalized ground state
Uectoﬁ of Hy, which is unique up to multiplication by a constant phase. Then, there
exists some w € [0,27m) and a constant C > 0 s.t.

[y — e“Ukel Q|5 < CATINTY2, (3.48)

where \1 denotes the first eigenvalue of Hy — En above Ay = 0.

13 Assuming N to be sufficiently large, uniqueness of the ground state vector follows from Theorem
by noticing that the gap of Hy — En is positive.
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Proof. We remark that the proof can be extended to eigenvectors with higher eigenvalues,
see [30]. We choose w € [0,27) s.t. e (¢, UneP Q) = [(vn,UieBrQ)|. Then (3.48)
follows if we can show that

C

& N2

1— 02 <
|(En, )] S o

where &y = eBrUnyy € ffN. To prove the last bound, we simply observe that

ONTY2 > (en, (Qn — En)En) = (En, [(Qn — EN)IN(Q] + m (1 — [2)(Q])]éw)
> A (En, (1 — [(Q)EN) — ONTY2 = N (1 - (v, ) ?) — CN7V2,

4 Basic Results in the Thermodynamic and GP Limits

The mean field regime considered in the previous section is characterized by very weak
interactions. This enables us to obtain strong quantitative statements about BEC and
the ground state energy (assuming v to be sufficiently regular). The original paper
of Bogoliubov [9], on the other hand, dealt more generally with the usual setting in
quantum statistical mechanics of N particles confined to a box A = [—%, £ of side
length L. In the thermodynamic limit, one is interested in basic properties of the gas
in the limit where the particle density p = N/L? is fixed while the particle number N
and the volume V = L3 are both sent to N,V — oo. This limit is the natural limit in
the setting of quantum statistical mechanics, which takes into account temperature and
which aims to give precise meaning to the concept of phase transitions.

In these notes, we focus on the ground state energy, which in the language of quantum
statistical mechanics corresponds to the setting of zero temperature. For sufficiently
small density, one can obtain e.g. the leading order approximation of the ground state
energy in the thermodynamic limit. Some aspects of this problem are discussed below.
Proving BEC of the ground state in the thermodynamic limit, on the other hand, is
a major open problem in mathematical physics. Instead of going into this direction
further, we focus on deriving BEC in another scaling regime called the Gross-Pitaevskii
(GP) limit. Here, one chooses L = N so that p = py = 1/N? — 0 as N — co. One
can interpret the GP limit as the simplest simultaneous infinite volume and low-density
limit, where interactions have a non-trivial effect. In this section, we describe basic
results in these two limits: in the thermodynamic limit, we derive an upper bound on
the ground state energy (which turns out to be correct to leading order in p) and in the
Gross-Pitaevskii limit we derive a result on the ground state energy and BEC that is
comparable to Theorem in the mean field regime.

We start with some heuristics on the ground state energy of the Bose gas and discuss
afterwards the proof of the upper bound in the thermodynamic limit. We work in L? (A]LV )
where Az, = [—£, L]3 denotes the box of side length L > 0 and the Hamiltonian of the
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system reads

N
Hy=> (-DN)a+ > i@ — ). (4.1)
i=1 1<i<j<N

To focus on the main ideas, we assume for simplicity as before that v € C2°(Bg,) C
C2°(R3) is radial and we also assume that it is pointwise non-negative. Here, Ry > 0 is
a fixed parameter (in the thermodynamic limit, notice that L ~ N /3> Ry for N large
enough). Our goal is to understand the leading order contribution to the ground state
energy En at low density p. Following our experience with mean field systems, it may
seem tempting to conjecture that

1 P 1/2
@Z}N = SD?N S Lz(Ag)v for Yo = 13/2 = (N) S LQ(AL)

yields the right energy to leading order. In other words, we might expect that

Jim B (g, Hy) = 5 p7(0) +o(p). (4:2)
Here, 0(p) = [gs doe~"P"v(x) denotes the Fourier transform of v. This naive mean field
prediction turns out to be wrong: to obtain the right energy, we need to replace the
constant v(0), describing the influence of the potential v to leading order, by another
quantity which is called the scattering length a of v. This is motivated in the next
section. The next theorem follows from [19, 46].

Theorem 4.1. The ground state energy En of Hy, defined in (4.1)), satisfies

E
lim WN =dmap+ €,

N—o0
for an error & = E(pa3) with the property that lim 43,0 & = 0.

Remark. In view of Section it is worth to note that Bogoliubov’s method can be
used to predict the second order correction to the ground state energy, which turns out
to be of order O(p%). The formula is called Lee-Huang-Yang formula [39, [38] and was
recently proved in [68, [28]; see also [2, [29] for related improvements.

In the following subsections, we introduce the scattering length a and the related
solution of the zero-energy scattering equation, collect some of its properties, relate it to
the two-body problem and prove the upper bound in Theorem |4.1} For the lower bound,
see for instance [46], 44 16, 27]. The last section of this chapter discusses an analogue
of Theorem [4.1] and outlines a proof of BEC in the Gross-Pitaevskii limit.

4.1 Heuristics: Scattering Length and Two-Body Problem

Suppose we consider two particles moving in R3 and interacting through v, the two-body
Hamiltonian acting in a suitable dense subspace of L2(R°) as

Hs = _Azcl — Am + U(.’L‘1 — 1‘2).
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To solve the Schrodinger equation, it is suitable to change to relative and center of mass
coordinates. The latter coordinates are defined by

1
R= §($1 +x2), r=ux]— 9.

Problem 4.1. Let ¢ € C%(R%) and let ® : R® — RS denote the diffeomorphism defined
by (z1,z2) — P(x1,22) = ((R(:L‘l,azg), r(xl,a:g)). Verify that for all z1,xs € R3

(~Bey = Bu)( 0 ®) 1, 2) = (= SARY — 2800 (B(a1,22)).

In other words, solving the two-body problem with interaction v is the same as
solving a one body problem with external potential v (the center of mass dynamics is
trivial). So, let’s look at the Schrodinger equation for the one body Hamiltonian

1
h=-A+-v,
2
acting on a suitable domain in L?(R3?). On a heuristic level, we would like to find a
complete set of eigenfunctions of h. Under our assumptions, this can only be understood
in a generalized senselﬂ like in the free case, where v = 0. Indeed, in the latter case the
plane waves = +— &,(z) = e*™P% p € R3, solve the Schrodinger equation

for energies E = 472|p|?, and any v € L?(R3) can be expanded in the sense that
v = [ B Do) = [ dee )
R3 R3

Although the (&,),cps are not elements in L?(R?) (so that we can not speak of eigen-
functions in the usual sense) they are eigenfunctions in the distributional sense that

/ dx efZﬂipx(_Aw)(x) _ (fA\w)(p) _ 4772\p|2121\(p) = 471'2‘])’2/ dx 6*27ripm¢(x).
R3 R

Curiously, it turns out that there is an analogous (generalized) eigenfunction expan-
sion for L?(R?) functions in terms of a complete set of eigenfunctions of the one body
Hamiltonian h with potential v. This is a topic in scattering theory, discussed in depth
in [57] (including the heuristic discussion of this subsection and its rigorous justifica-
tion). Physically, the intuition is that for a short range potential v, the state f, of the
interacting system with energy E = 472|p|? should look far in the past like a free state
(the so called incoming wave function) of the same energy, that is

—ith it A
e’ fp%el gp

“The discrete part of the spectrum of h is empty, see e.g. [31].
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for t &~ —oco. Equivalently, f, = lim;_,_o, ePe®¢, = QF¢,. Now, noting that QF =
P QFesA for every s € R, it follows that QT (—A) = h QT and we obtain that

. t
fp(m) ~ e—itAe—it(—A+v/2)fp(x) + <;/0 ds e—isA ,Ue—ishfp) (.%')
~ 627rz'pa: + (3 lim/ ds e—isA—i547r2|p|2+ss ’Ufp) (IL‘)
2 0

TIPT 1 3 i) !
~ e (i (A= 4w —i0) o, @)

| e2mip(z—y)
R 2T — v(Y) fo(y)-

B B
87 Jr3 Y |z — y|
In particular, the state f, behaves for large |z| > 1 (to leading order in v) like

627r7,p$

() e i

STl s dyv(y). (4.3)
Physically, this is interpreted as saying that a wave function of the interacting system
with energy E = 472|p|? consists of the sum of an incoming plane wave and an outgoing
spherical wave, the latter describing the scattering effect of the obstacle v (in physics
textbooks, is commonly the starting point for the discussion of elastic two-body
scattering processes, see for instance [37, Chapter XVII]).

How is this discussion useful for the many body problem? Well, at low density, the
collision of two particles should be quite rare and it is therefore natural to think of the
ground state wave ¥y of Hy to look like a wave function of the form

dnmedN T flai— ).

1<i<j<N

The key question is then what correlation factor f we should use. Motivated by our
heuristic discussion above and the fact that we consider the ground state wave function
Yy of Hy, we would like to use the solution f of the zero energy scattering equation
(—2A+0v)f =0 inR® with lim f(z)=1. (4.4)
T—>00
One can define f rigorously based on the theory of ODE, but here we follow the varia-
tional approach as in [44, Appendix C] (valid for a much larger class of potentials v as

discussed in these notes, see [44, Appendix C] for the details).
To state the main result on f, we fix some R > Ry. Then for ¢ € H'(Bg), we set

Er(9) = /B dz (2IVo(@) 2 + v(a)|6(x) ). (4.5)

Recall that by the trace theorem for Sobolev functions, we can assign L?(Sg)-boundary
values to any ¢ € H'(Bpg), where here and in the following Sk = dBg.
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Proposition 4.1. The functional (4.5 admits a unique non-negative minimizer in the
set H'(Bgr) N {¢ € H'(Bg) : P|sp = 1}. Denoting the minimizer by fr, then fr is a
radially symmetric function, 0 < fr < 1 and it satisfies in distributional sense

—2Afr+vfr=0.

For |z| € (Ro; R], fr is given by

a a
fr(@) = (1~ W/(l - =) (4.6)
for a number a (= a(v)), the scattering length of v, which is independent of the choice of
R (> Ry). Furthermore, we have that

Er(fr) =8ma/(1 —a/R), and  0(0) = /]1@3 dxv(z) > 8mra (if v #0). (4.7)

Proof. We use the direct methods of the calculus of variations. We start with a minimiz-
ing sequence (¢;)jen in H'(Br)N{¢ € H'(BRg) : ¢|s,, = 1}. By Prop. we can assume
that the ¢; are non-negative (if not, we can replace each ¢; by |¢;| which only lowers
the energy). Furthermore, by replacing ¢; if necessary by min(¢;,1p,) € H Y(Bgr), we
can assume that ¢; <1 for all j € N, and noticing that 15, —¢; € Hg(BR), we can also
assume w.lo.g. that 15, — ¢; € C°(BR), by density of C°(Br) C H'(Bg). Finally,
using once again the convexity of the map p +— HV\/ﬁH%, we can assume that each ¢; is
radially symmetric, replacing it by the spherical average

1
Bro>z— dw |¢;]?
1S|z(| Js

|z

if necessary. Next, we notice that the sequence (¢;) is bounded in H'(Bg) and has
a weakly convergent subsequence, denote its limit by fp € H'(Bg). By the compact
embedding H!(Bg) <+ L?*(Bg), we can also assume that ¢; converges to fg pointwise
almost surely so that in particular 0 < fg < 1. Furthermore, since 1|5, — ¢; € C2°(Bg)
for all j € N, we must have that 15, — fr € H¢(BR), that is, (fr);sp = 1. Now, the
functional £ is weakly sequentially lower semi-continuous (ezercise), so that

Er(fr) = inf Er().

 GEH (BR)N{¢EH (Br):d)s, =1}

That is, fr is a minimizer of £g. The Euler-Lagrange equation follows as usual by
differentiating ¢ — Er(fr + t£) at t = 0, for a given £ € C2°(Bpg). This implies that

—2Afr+vfr =0.

By elliptic regularity, fr is continuous and since vfr > 0, fg is subharmonic (for the
definition and basic properties, we refer to [40, Chapter 9]). Subharmonic functions
satisfy the maximum principle (see [40, Theorem 9.3]) which tells us that either fr <1
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in Bg or frg = 1 in Bgr. Since we exclude the trivial case that v = 0, we must have
fr < 1in Bg. That fr > 0 follows as in the proof of Prop. and then, the uniqueness
of fr follows from the convexity inequality for gradients, Prop.

The specific form of fr can be seen as follows. In the annulus |z| € (Ro; R], fr
is a harmonic function, i.e. Afg = 0 (in particular, fg is smooth in this annulus). The
only smooth, radial solutions in R? to this equation are of the form z + ¢; + co|z|™*
(why?), where one of the constants is fixed by the boundary condition on Sr. This
means fr can be written as in for some a, which may a priori depend on R.

Let’s check that a is independent of R. If not, we would find R < R and solutions
[r, [ both having the form in the regions where |z| € (Ro; R] and || € (Ro; R,
respectively. Defining a new function gz € H'(Bjg) via

R
ooty = IR RRG) il <R
& fr(@) if R < |2 <R,

we can only have that E5(g5) < E5(f5) (why?), so by the uniquness, we conclude that

g5 = f which also implies that a(R) = a(R) = a.
An important observation implied by the previous argument is that the function

z+ (1—a/R)fr(x)

is independent of R > Ry. In particular, we can define the solution f : R? — R of the
zero-energy scattering equation (4.4]) as the limit

f(z) = lim (1 —a/R)fr(x).
R—o0
Then f clearly solves (4.4) and it equals
a
f(‘/l‘i) = T
|z|

for |x| > Ro so that lim,_,~ f(x) =1, as desired.
Finally, let us explain (4.7). The energy formula follows from

T 1 8ma
enlfn) =2 [ Ve / da fa(@)( = 2Afr(@) + 50 frl@)) = 1=
while the bound on ¥(0) follows from v(0) = Eg(1|p,) > Er(fr) > 87a. O

Problem 4.2. Let f denote the solution of (4.4)). Prove that

8ma = drv(z)f(x).
RS

Problem 4.3. Show that the solution f of (4.4) is increasing in |z|. Moreover, show
that for all xz € R3, we have that

f(x) > max {1 - ﬁ,O]
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Hint: Use the mazimum principle for subharmonic functions.

Problem 4.4. Let v = )\XBRO(O) be a box potential of strength A > 0 and range Rg > 0.
Compute its scattering length a explicitly in terms of A and Ry.

The scattering length has the following interpretation. It follows from Proposition
[4.1]that a < R, the range of v. On the other hand, if one considers a hard core potential

oo if |z| < R,
Vhe =
0 else,

one can check that the solution of the scattering equation (4.4)) is given by
0 if |z| <R,
fhc = { ‘ ’

1 —ahelz|7!  else.

In particular, by continuity, we see that a"® = R. The interpretation is that if two
particles interact via v and we want to ignore the details of v, but replace it for simplicity
with a hard-core box potential, the best range to choose is the scattering length a(v).
We close this section with a basic result that explains why cannot expected to
be correct. To this end, consider two bosons moving in Ay = R3/LZ? and interacting
through v € C2°(BRr(0)), v > 0 for some small R > 0. Thus, the state of the system is
described by a wave function in L2 (A%) Denote by Fs 1, the ground state energy of

Hyp = -0y — Ay, +0(z1 — 22).
Then, we have the following asymptotics for Ey 1, = inf o(Hy 1), as L — oo.
Lemma 4.1. There ezists an error o(1) that satisfies limy,_o 0(1) =0 so that
By =8maL (1 +o(1)). (4.8)
Proof. To use the same notation as in Section note that is equivalent to
ea,, =info(— Ay — Ay, + L*v(L(zy — 13))) = 8ral ! (1 +0(1)) (4.9)

for a system of two bosons moving in T? and interacting through the rescaled potential
L?*v(L.), by a simple change of variables. Let’s abbreviate in the sequel

h = _Aan - Amg + vr,

where vy, denotes the multiplication operator L?v(L(x1 — x2)) in L2(T3 x T3).
The proof of (4.9)) is based on some recent ideas introduced in [I7, Section 2]; see
also [I1]. It uses the Schur complement formula and it consists of three main steps:

(1) Prove BEC of the ground state 14 through a simple energy upper bound.

(2) Use the a priori information on BEC to prove the correct energy lower bound.
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(3) Construct a related trial state to derive the correct energy upper bound.

To prove an a priori bound on the number of orthogonal excitations, notice that

v(0
<@Z}gs,N+7;Z)gs> < <¢gSa (_A;rl - Aa:g)d’gs) < €2 L < <<P0 & 0, hQOO ® @0) = é) (4'10)
The bound (4.10|) implies that for the ground state 1), the number of particles in the
condensate state o = 13 € L?(T?) is bounded from below by

<7/1g5a a?iaowgs> =2- <¢gs:N—|—¢gs> >2-— L :‘7(0)-

Now, define the projections Iy = [po ® @o){po ® ¢o| and II; = 1 —IIy. By the Schur
complement formula from linear algebra, it is straightforward to verify the identity

h=(1+ s*)( — Ay, — Ay, + HovpenIlp + H+ULH+) (1+s), where

-1 . (4.11)
s =11, (Il hI1y) " Tl vpMy, vren = v — vl (I h L) T Thvy.

Notice here that II;hII; > 472, (using that v > 0 pointwise) so that II,hII, is
invertible as a map from I1; L2(T3 x T?) to itself. Note, moreover, that IIos = s = 0.

On a heuristic level, we may expect that hs ~ vy, which should be compared to the
zero energy scattering equation, which is equivalent to (—2A+wvr)(1— fr) = vr. In other
words, we may expect that s, a translation invariant operator on L2(T3 x T3), is close
to the multiplication operator sz, that multiplies by (1 — f(L(z1 — z2)) in L%(T3 x T3).
Below, we use this observation. Before doing so, note first that implies

1 * ok
h> Ipvrenlly = *<<PO ® ©0, Vreno & 800>a0a0a0a0-

2
Using (4.10]) and the identity ajag = 2 — N, we obtain
1
W)gs, hq/}gS> > §<900 ® 0, VrenP0 ® ©0) W)gs, (2 - N+)(1 - NJr)wgS) (4.12)

> <900 ® ©0; Vrenpo & 900>(1 — CL_I).

Based on the above heuristic remark on s, we now expect that

(0 ® @0, Ureno @ @0) = (Yo ® o, V(1 —s)po ® @o) ~ /dﬂ? L*(vf)(Lz) = 8ral ™,

and our next task is to make this rigorous. To this end, let f denote the solution of
({4.4), let x € C°(B1(0)) be a non-negative, radial bump function s.t. x|z, (o) = 1 and
2 1

fr(z1,z2) = x(x1 — x2) f(L(z1 — 22)), sp(z1,22) = (1 — fr)(21, 22).

In particular, both fr,s; € L2(T? x T?) are in the domain of h (which is the same as
the domain of —A,, — A,,). Viewing sz, as a multiplication operator, we have that

(Ax)(z1 — z2)
|71 — 22|

r1 — T2

hs;, =v, —4L ta (Vx)(x1 — 29) — 2L a

21 — o]

= v + LN (z1 — x2).

124



for L large enough. Notice that x € C° (B% (0) \ B% (0)). Identifying X with the
multiplication operator X(x1 — x2) in L2(T? x T?), the last identity implies that
s0 @ o = Iy (T W L) T TLivrp0 ® 9o
= I (M1 hILy) Mihsppo @ o — LML (T4 hILy) ML X0 ® o
= 5100 ® o — I (IL;h L) " T hilo 10 ® o
— Hoszpo ® po — L™ (I h H+)_1H+%<P0 ® o
and thus
{0 ® $0, VrentP0 @ ¥0)
= 8maL ™" + (po ® o, v 114 (11 h H+)71H+h ©0 ® o) (o ® Yo, 5.0 ® Po)
+ L715(0){p0 ® w0, sLp0 ® wo) + L™ o ® @o,vr 1Ly (1 h H+)_1H+i900 ® o).
Based on Problem we conclude that

N _ dxid B
0 < L7'%5(0) {0 ® @0, 5590 ® o) < CL 2/ SN o2

ToxTs |71 — T2| T
Using this bound and Cauchy-Schwarz, we obtain that
0 < (o ® @o, v 114 (T4h H+)_1H+h ©0 ® o) {po ® Yo, SLPo R Yo)
< CL*1<U%¢O ® o, H+U%H+ (IL4h H+)‘1H+U%H+ v%gpo ® cpo>
+ CL—1<U%<P0 ® o, HOU%HJr (Il4h H+)71H+U%HOU%¢0 ® <Po>
< CL™%%(0) + CL*1<v%<p0 ® o, H()ULH()U% 0o ® <po> <CL2
Finally, we use that vroo ® po = heo ® ¢g so that
L7 {po ® o, vy (1 h H+)_1H+>?<P0 ® ¢0)| < CL7s]lop
and arguing similarly as in the previous step, we find
Is]125 = {0 ® o, vrIly (M1 h H+)72H+ULSOO ® o) < CL™L.
Collecting the above estimates and inserting them into shows that
esr > 8mal (1 — CL™2).

This proves the correct energy lower bound. To finish the proof, it remains to prove
the corresponding ground state energy upper bound. To this end, we need to find a
suitable trial state. Motivated by the above computations, it should be obvious that

b= (1 —8)po ® wo
(1 —s)po0 @ wol|
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is a good candidate. Indeed, ||(1 —s)¢o ® @of > 1 — CL™2 and using that

h (1 —s)po ® wo = (o ® o, Vreno ® o) (1 +8")po ® o,

it is straightforward to show that es f, < (¥, h)) < 8raL~* (1 + CL_I). This proves the
ground state energy formula (4.9)) for an error which is bounded by |o(1)| < CL 3. O

Problem 4.5. Let f denote the solution of the zero energy scattering equation (4.4) for
v as above. Show that w =1 — f satisfies for some C > 0 the bounds

C C

w(z)| < , |w < —.
wle) € e 190 <

What Lemma demonstrates is that the naive conjecture is not even correct
for a system of two particles that interact in a large volume through a regular short range
potential v. Two body correlations that are caused by the interaction lower the ground
state energy in a non-trivial way and we should not expect that this picture becomes
simpler in case of N interacting particles. Indeed, a more reasonable conjecture than
is that the ground state energy En of the N-body system equals to leading order
in the density p = NL™3 the two-body ground state energy times the number of pairs of
particles that can be formed from N particles. This provides a possible interpretation
for the formula in Theorem which turns out to be correct for dilute systems.

4.2 Ground State Energy Upper Bound in Thermodynamic Limit

Following the heuristic discussion from the last section, we now switch to the proof of
the upper bound for Theorem following [44, Theorem 2.2]. We denote by a the
scattering length of v and consider Hy in (4.1)) with periodic boundary conditions.

Theorem 4.2. If the diluteness parameter Y = pa3 is small enough, we have that
E
— Sdmap(1+0(Y3)).

Remark. The parameter p%a is a diluteness parameter for the gas: p_% corresponds to
the average distance between two particles and a to the effective range of v.

Proof. The theorem follows by constructing a suitable trial state. We will construct a

vector which is not symmetric under permutations of the particles. The reason why this

is no problem is that the positive ground state ¥ of Hy on all of LQ(AiV ) is unique, and

since Hy commutes with the symmetrization operator Sy, the symmetrization of ¢

must be equal to ¥y itself. Therefore, the ground state energy of Hy on all of L? (Ag )

is in fact the same as the ground state energy on the symmetric wave functions Lg(Ag ).
The construction of the trial state is based on an idea from [19]. We set

V(1. .. 2n) = Fi(z)Fa(zr,22) . P (21, ..., 2w),
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where F; = 1 and where F; for ¢ > 1 is of the form
Fi(z1,...,2) = g(t;), ti=min{|lz; —a;]:j=1,...,i—1}.
In words, Fj; is a function that only depends on the distance of x; to its nearest neighbor

of the previous particles z1,...,z;_1. Heuristically, one should have in mind to insert
the N particles one by one into the system. The function g is defined by

_ =D/ f) el =7 <0,
g(?“)—{l Dz > b

for some b = p~1/3 (f denotes the zero energy scattering solution).
We now need to estimate the kinetic and potential energies of our wave function. For
the following computations, it will be useful to introduce the notation

1 :for i =k,
€ik(1‘1,...,x]\1): -1 : for ti:\wi—xﬂ,
0 : else.

Furthermore, let us denote in the following by n; the unit vector

LTi = Zj) _ *i— Tj)
n’i = = s
t; |z = 2]
where j(i) € {1,...,i — 1} is chosen such that |z; — z;(;)| = t;. We then find
1 1 al 1 Al
—Vip = ———Vi H — g (te)nk + Z —VkF Z —eanig (t),
¥ [z B i B i b pcli

which implies after summing over k that

QZ!WW Z Fy U F e jens - nyg' (6:)9' (1))

i,j,k=1
= Z Fled (t)?+2 Y FUF lenejini - ng (t)g' (1)
1<k<i<N 1<k<i<j<N
<y (F b Y EERG@) 2 S R sl () )
1<i<N 1<k<i<N 1<k<i<j<N
<2 > F7J)+2 Y FUUF ewenld (t)g'(t).
1<i<N 1<k<i<j<N

The factor 2 for the ﬁrst sum comes from the observation that, for fixed ¢, we have
F[Qg’(ti)2 = 1<wei Fi lkg '(t;)2. The energy of the trial state is thus bounded by

(¢, Hnp) . al 2f¢2Fj_29,( [2o(x; — x5)
[ = ; e ZN ]2 )
S |ewnen | FUF g (4)d (1) '
+2 :
WZQSN ]2
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Next, we show that the first two contributions on the r.h.s. in can be combined
using the scattering equation, once we suitably isolate the dependence on z; and x; in
the integrands. After that, we show that the third term in is an error term.

To combine the first two terms, let us denote by F},;, for ¢ < p, the value of F), if x;
was omitted as possible nearest neighbor, i.e.

Fpi(xi,zo,...,2p) = g(tpi), tpi :min{\azi—mﬂ ij = 1,...,i—1,z’+1,...,p—1}.

Then F),; is certainly independent of x; and we define analogously Fj,;;, for i,5 < p,

removing the points x;,x; as possible nearest neighbors. We will use these functions

to get upper and lower bounds on the factors F; that appear in both numerator and
denominator in the terms in (4.13]).

By the monotonicity of the scattering function f and since 0 < f < 1, we have that

2 2 : 2 2

Fp,ig (|$p —zi]) < (mm(Fp,i,gﬂva - ﬂfz|)) < Fp,z’a
2 2 2 . 2 2
Fyii9°(lzp — xil)g® (|zp — a5]) < (min(Fpij, g(|zp — i), g(|2p — 250))" < Fpyje

To isolate the dependence on the coordinates x;, x;, for i < j, we then bound

Fh . FP O FP FN<Fhy;.. . FP i Fl- Fri (4.14)
as well as
Fz‘Q ce F]%f ZFiQ-i-l,i . "Fj2—1,z‘Fj2+1,ij . F]%fz] H92(|$i ) H 92(|$s — zi])
r<i 1<5<]g
< [T 9=y = zl) ] % (lww — zih) g (J2u — 251)
t<j u>j

:Fiz—l-l,i o Fj2—1,iFj2+1,ij ce FJ%MJ H 92(|$k — i) H92(|$l — zjl).

ki k] I#j

Using for 0 < ¢; < 1 the elementary inequality

H(l—ei) Zl—Zei,

i i
which follows easily by induction (ezercise), we arrive at the lower bound

2 2 2 2 2 2
Fi...FNZF'JFI’,L'-..F‘il’iFjJrl’ij...FN’,L']'

i J
><<1— > <1—gz<|xi—xk|>>>(1—2(1—g2<|xj—:cl|>>). (4.15)
k#i,k#£j I#3

Now, let’s use (4.14)) to control the numerator in the sum of the first two terms in (4.13))
from above. Together with

gt <D g (lwi —x50)?,

1<j
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we get for fixed ¢ < j that
[ (20220 o = )+ wPo(as )
< / (20w = 2% + v(@i = )9 (s — 2,1)%) / Foyre e BB PRy,
where the first factor on the right hand side is equal to
21 [ da (9@ + o(a) (1)) = SmaL?(1 — a/t) !
b

The denominator 9|, on the other hand, is bounded from below by
/¢2 / Pt R FR g FRg

< (1= ga - al) (1= X (=gl -a)).

I#£j ki, k#j

Here we can ﬁrst integrate out the z; and x; variables and then remain with the factor

f PR Joi ZFJ 1g FJ%M n which cancels the factor from the numerator. With
/ dz; (1 - > (=g (- xk\))) =L°— (N~ 2)/ dz (1 — g*(|2|))
A ki k] A

and the pointwise bound f(z) > max [0,1 — alz|~!] from Problem we get

de (1— g?(2]) < b3+47r/ dr(r— a)? = b3(1— (1 - a/b)?).
AL

Choosing b = p~ /3 and putting the previous bounds together, we conclude that

12 1!}2%"29’(%)2 [P — ;)
N(Z T o] )

1<i<j<N

(4.16)

wh—‘

IN

150D sma <dmpa(l+0
V&I Gah g0 aoehy SO

This controls the first two terms in (4.13)) as desired. To finish the proof, one can proceed

))-
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similarly for the third term in (4.13]), we follow the arguments from [62]. We bound
i
Z/1112|5ik€jk:|F¢_1Fj_19/(ti)9,(tj)
< Z / |5zk53k|9 ) ( i)g (tj) drdx; / i+1li- sz—l,iF]'2+1,ij <o F]%fl]

2
< QZ (/ dz; (|7 — wx])g (]w, —xk‘)> /Fl-i-lz F]'Q—l,isz—i-l,ij"'F]%f,ij

2
—2<z‘—1>( [ araahg o) [P B PR
L

for every fixed i < j, where in the first step we used once more the upper bound (4.14)).
The factor [ F? 1 F2 1iF j2+1 i - F]%“] will cancel with the same factor from the
denominator, which we bound exactly as in the first step of the proof. Thus, it only
remains to control the integral [ A, 4z 9(|z])g'(|z]). Using again Problem integration

by parts and that f < 1, we find the simple upper bound

/ de g(lz))g' (|z]) < 47r<;b2 - /ab drr(1 — a/r)2> < 127ap=1/3.

Ar
Inserting this into the previous estimate, summing over ¢ and j and using the same

bound for the denominator as in the first step, this yields altogether that

2 3 J ¥ leine il FTF g (t:)g' (1))

2
1<k<i<j<N ol (4.17)
N2 1502 1 1 1
< O (ap7 %) (14 0(Y'5)) = 4mpa O(Y5) (1 + O(Y 5)).
Inserting (4.16]) and (4.17)) into (4.13)), this concludes the upper bound. O

4.3 Ground State Energy and BEC in Ultra Dilute Regimes

In this section, we consider the Bose gas in the Gross-Pitaevskii regime with Hamiltonian

HN_Z Ay + Y NW(N ;). (4.18)

1<i<j<N

This operator is self-adjoint on a suitable dense domain in L2(AV) for A = T3. As in
previous sections, we assume for simplicity that V' € C2°(R?) is radial and non-negative.

The Gross-Pitaevskii regime is characterized by the specific scaling N2V (N.) of the
two-body potential and it is equivalent to what is called an ultra-dilute regime. This
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is meant in the following sense: by a change of variables (similarly as in Lemma {4.1)),
studying the spectrum of Hpy is equivalent to studying the spectrum of the Hamiltonian

N
Hyrp = Z —Ag, + Z V(zi — ;)
i=1

1<i<j<N
in L2 (Ag), for the side length L = N'=* with parameter £ = 0, where
Ap =R3/L7Z3.

Notice that the number of particles density p = py of N particles moving in Ay for
L = N'7% a box of volume N373% is equal to py = N3*72. So, if k < %, we have that

li =0.
Ngnoo PN

In other words, the limit N — oo corresponds to a joint thermodynamic and low-
density limit in which the asymptotic number of particles density limy_ .~ px vanishes.
Heuristically, one thus considers a system in which the infinite volume limiting theory
should resemble a free, non-interacting theory. One might therefore expect that proving
BEC in such regimes is simpler compared to the usual thermodynamic limit. This
interpretation also suggests that the larger the parameter x, the faster the density tends
to zero as N — oo and the closer the theory should be to a non-interacting theory.
What is the simplest scaling regime in which a proof of BEC for the ground state
becomes non-trivial? Notice that for L = N7 x < 0, ¢x denoting the ground state

of Hy 1, and goéL) —L 3¢ L?(A1), one has the trivial upper bound

(N, Np4¥n) < L*(Wn, Hy pon) < L2<(906L))®N, HN,L(¢8L))®N> = N'%5(0) < N,

where NiL) =3 LpeonT? /L apap denotes the number of orthogonal excitations in the

setting of L2 (Ag ) Thus, for k < 0, complete BEC is trivially true for the ground
state (in fact, for every state with energy sufficiently close to the ground state energy).
Clearly, the previous argument breaks down at x = 0, the Gross-Pitaevskii scaling.
The GP regime can thus be viewed as the simplest ultra dilute scaling regime in which
correlation effects have a non-trivial impact on the spectrum and the dynamics of the
system. Increasing the diluteness parameter x > 0 further towards % interpolates from
the Gross-Pitaevskii to the thermodynamic scaling (at density one).

Before discussing the GP scaling in more detail, note also that the mean field systems
discussed in Section 3| can be viewed as further simplifications of GP systems. Indeed, in
view of and the previous discussion, the mean field Hamiltonian in describes
equivalently a system of IV bosons moving in the large volume Ay and interacting with
the long-range potential N 3v(N~1.). This potential ranges essentially over all of Ay
and one may think of it as a weak, approximately constant interaction potential. It is
therefore not very surprising that a proof of BEC is comparatively simple.
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Let us now present some basic results in the GP regime (at the cost of slightly more
technical proofs, the following results can also be generalized to ultra-dilute regimes with
sufficiently small, but positive £ > 0). For notational convenience, we consider systems
of N bosons moving in T? and we analyze the Hamiltonian Hy, defined in . In
terms of the creation and annihilation operators, Hy takes the form

* 1 i * *
Hy = Z ]p\2apap + N Z V(r/N)ay,,a;_,apqq. (4.19)
peA] Dyg,rEA*

The following result is an analogue of Theorem

Theorem 4.3 (Ground State Energy and BEC). Let Exy = info(Hy) and let ¢n be a
normalized ground state vector. If a denotes the scattering length of V', then

Exy =4maN +o(N) and (¢Yn,Nin) < o(N) (4.20)
for some error o(N) > 0 that satisfies limy_oo N to(N) = 0.

Remark. The GP regime has been analyzed in great detail in the past two decades.
The first proof of BEC was obtained in [{2]. Later, BEC was proved for a larger class
of approzimate ground states [43, [49] and optimal bounds on the number of excitations
were obtained in [, (7,48, [14)]. Analogous results were proved in parallel in the dynamical
setting [23, (24, 26, (25, [53, [3, [13]. Bogoliubov’s theory was recently derived in [6] with
generalizations to the trapped [50, [15] and the two dimensional setting [18]. For further
results on the GP regime, see for instance the review paper [60)].

Proof. We follow [I1] and present some key steps of its proof. We refer the interested
reader to [11] for the complete details. The proof is a generalization of the arguments
in the proof of Lemma from the two-body problem to the N-body problem.

Note first that the ground state energy upper bound follows from Theorem [4.2] More
precisely, by a simple change of variables, Theorem implies that

Ey < 4maN + O(N).

So, let’s focus on the lower bound and the proof of BEC. Here, we would like to mimic
the overall strategy of the proof of Lemmal[4.1] Recall that in Lemma[4.1] we first proved
BEC based on simple a priori energy bounds, then we deduced the ground state energy
lower bound and finally we concluded the upper bound. The key difficulty in the proof
of Theorem is that simple a priori bounds do not directly imply BEC. We therefore
need to find a good replacement for the first step. To this end, let ¢ > 0 and define

No¢e = Z ara.
reA*:|r|>¢

Analogously, we define the operators N>¢, N¢ and N<¢; note that Ny = N5g. Recalling
that £y =3 ¢ A% |r|?ata,, our key observation is that, although we do not know a priori

that (Y, Nyyn) = o(IN), we can use the simple form bound
Noys S NPK <N PHy (4.21)
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to conclude at least that for every o > 0, we have that
(N, Nonathy) < CN'2% = o(N).

In other words, the number of particles of very large momenta (of size greater than N¢)
is small compared to the total number N of particles. In view of the strategy of the
proof of Lemma this suggests to define the low momentum set

P, ={peA*:[p| <N} (4.22)

We then let IIy, : L?(A%) — L?(A?) denote the orthogonal projection onto

span(py, @ ¢ : k,l € Pr)
and set Il = 1 — II,. Substituting the Schur complement identity

Vn =1+ N9 (= Agy — Agy + NI VienITy, + Mg Vv IIy) (1 + N 7'y)
+ Az + Ay,
= I VienIlL, + N 7'0* (= Ay, — Agy) + (—Ag, — Ay, )N '
+ N7 (=Ag, — Apy)N '+ (1 + N ™)V TIa(1 + N 'y),

where we set Viy = N2V (N (z1 — 2)) as well as

= Ny [ (—Agy — Ay, + Va)g] TeVyTly,
Vien = N(Vn — VyIlg [Hu(—Ay, — Agy + V) g | _IHHVN),

into Hy leads to the identity (ezercise)

1
— 2 x * *
Hy = Z r["crer + ON E , (Pptr ® ©g—r; Vientp @ 9q) Uy 0g_rapaq
reAl p,q,TEN*:
p,q,p+r,qg—T€PL

1

n n -

+on 2 (rer @ g (14 )TV (1 + ) p © 94)051,51apag — RN
D,q,rEN*
(4.23)
Here, we recall that A% = A*\ {0} and we introduced the operators
]' * *
Cr = art Z (Lprg—r @ Pr,NPp ® ©g)ay g rapag (V7 € AT),
(p.a)€PT,
1 4.24
By = N2 Z ’T|2<77 Pp @ Pgs Pptg—r @ Pr){(Pstt—r @ Pr, N Ps ® Pt) ( )
T\D,q;8,tEA”
X Ay ity Qptq—rasQi.
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By the positivity of Viy > 0, we can lower bound the r.h.s. in (4.23]) by

1
2 x * *
Hy > Z Ir[*crer + ON E (Pp+r ® ©g—r, Vienp @ Pq)ay pay_rapag — Ry
reA’ p,q,rEA*:
p,q,p+7,g—TEPL

(4.25)

To control the r.h.s. in (4.25)) further from below, we use several bounds that are proved
in detail in [IT] (see also [17]): a careful and elementary analysis shows that

’<90k1 & Phys ‘/rencpkg ® Spk4>‘ <C,

4
C _
(Ph1 @ Phas VienPhs © 1) — 870t < N (NO‘ + Z N a!kz’\2>, (4.26)
C(Sk1+k2,k3+k4 1

[(or © rar 1wy © o] < =B

2ye (K1, k2))1pz (K3, ka))
for some C' > 0 and for all k1, ks, k3, kg4 € A* that satisfy k1 + ko = ks + k4. On the other
hand, it is a straightforward observation (ezercise) that Vie, is a translation invariant
operator so that (Y, ® Yy, Vienhs @ @r,) = 0 1f k1 + k2 # ks + ky.

Now, let’s use the bounds in to control the r.h.s. in further. First of
all, we notice that the leading order energy contribution is hidden in the renormalized
potential energy term. This follows from the mean field type estimate

1 " i} i}
N (Pptr @ Pg—r, Veentp ® ©q) a1 apag
p,q,rEN™:
p»q,p+7'7€I*7"€PL

4ma
* * a—2 2
> E Uy Oy Opag — ON"?|PLINZ g na

N eN*

p7q7r :

p.a:p+r,g—TEPL (4.27)
4ma * 47TC[
* * 4o
N > 40 > 40 > Gpirtpir = CN
q€ePr, q€ePr, preA*
p,p+reEPL

4
> %a(z\r None)? = CNY > draN — ON 720K, — CN@.
Similarly, we can control the renormalized kinetic energy. Recalling (4.24) and setting

K
dr = ‘N Z <(Pp+q—r & Pr, N Pp @ (pq>a;+q—7"apaq’
(P.a)ePt,
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so that ¢, = a, + d;-, we lower bound

Z [r|?cte, — 4n® (N_ys — ajao)
reA

> Z dricte, — Z 4mata,

rEAY0<|r|< NP TEAL:0<|r|< NP

=Y (@t ald, + didy)
rEAL0<|r|<NP

472
> N Z (Pptq—r @ Or,NPp @ Pg)arayyq_rapaq +hc.,
p,q,rEAN*:0<|r|<NPB

for some B < a. Together with (4.26) and Cauchy-Schwarz, we obtain for & € LZ(A™)

1
FED DI VR P PR Ay
p,q,rEAN*:0<|r|<NP
C
< yirm > larapsq—rélllapaqé] (4.28)
(p,q,r)EP}:

0<[|r|<N?,|p|> % N, p+q—reP§

< ON2P=3%¢ N S1nad) SCNTHEKLE)

Notice that due to the constraint p + ¢ —r € P{ and the condition |r| < NB for B < a,
at least one of the momenta p and ¢ has to be larger than lN @ for large N.

Now, combining (4.25)), (4.27) and - for the choice ﬁ %) with the fact
that (1/JN, Kivn) < C’N for the ground state 1 of Hy, we obtam the lower bound

(YN, Hytpn) > 4maN + ¢ (Yn, Nobn) — (Un, RNn) — CN5.

for suitable C,c¢ > 0. Using similar arguments as in (4.27)) and (4.28]), one can finally
show that (Y, Rytn) = o(IN) (see [11] for the details) so that

4maN + o(N) > (n, Hyon) > 4waN + ¢ (Yn, Nown) + o(N).

This proves (4.20]) and finishes the proof of Theorem O
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