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Problem 1 (Barenblatt solutions 0 < m < 1, 6 points).
Find u : [0,∞)×R→ R+ to be a positive self-similar solution u(t, x) = t−αΦ( x

tβ
) to the fast

diffusion equation

∂tu− ∂2x(um) = 0 in (0,∞)× R and u(0, ·) = δ0 in the distributional sense.

Problem 2 (Quasi-stationary, 6 Points).

Consider 1 < m <∞ and the following Ansatz u(t, x) = U(x)
(T−t)α to be a solution to

∂tu− ∂2x(um) = 0 in (0, T )× R.

a) Find an α ∈ R and the ODE that U has to satisfy.

b) Transfer the ODE into the form Φ′′(x) = cΦp(x) for p ∈ (0, 1) and c ∈ R.

c) Use the ODE to find a solution that satisfies U(x) = 0 for x ∈ [0, 1] and U(x) > 0 for
x ∈ [0, 1]c. Hint: Multiply the ODE Φ′′(x) = cΦp(x) with Φ′(x) and use the fact that
solutions of the respective ODE are not unique.

Problem 3 (Self-similar solutions with boundary values, 4 points).
Find a self-similar positive solution u(t, x) = tαΦ( x

tβ
) to the problem

∂tu− ∂2xu = 0 in (0,∞)× (0,∞), u(0, ·) = 0 in [0,∞) and u(t, 0) = t for t ∈ [0,∞).

Total: 16 points
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