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Problem 1 (Galerkin method and Céa’s Lemma).
Let H be a real Hilbert space, ' : H — R a linear and continuous functional, and let
B : H x H— R be a symmetric, bounded and coercive bilinear form:

B(u,v) < C|lull||v]l, B(u,u) > aful? for every u,v € H.
Let (H,) be a sequence of finite dimensional subspaces such that H, C H,41 for every n and
ux H, =H.
a) Show that for every n the equation
B(u,v) = F(v) for every v € H),

has a unique solution w, € H,. Moreover, show that the sequence (u,), converges
weakly in H to the unique solution u to

B(u,v) = F(v) for every v € H.
b) Prove the following estimate for the error between the real solution v and the approxi-
mate solution u,: c
lun —u| < Einf{”u — vyl + vp € Hp}

(up, is, up to a constant, as close to u as the best approximation in H,,).
Hint: show that u, — u s orthogonal to H, with respect to B.

Problem 2 (Exponential decay).
Let © C R™ be open and bounded with smooth boundary, g € H}(£2). Assume that u is a

smooth solution to
up—Au=0 in Q x (0,00),

u=20 on 99 x [0, 00),
u=g on Q x {0}.

Prove the exponential decay estimate

Ju(-, t)llz2e0) < e gllr2@) -

where A; > 0 is the principal eigenvalue of —A in £ (with zero boundary conditions).

Problem 3 (A nonlinear parabolic equation).
Let Q C R™ be open and bounded with smooth boundary, g € H} () and f : R — R Lipschitz
continuous. Consider the initial/boundary value problem
u— Au= f(u) in Qx (0,7),
u=20 on 082 x (0,7),
u=g on Q x {0}.
Show that a weak solution exists for every T > 0.
Hint: used the linear theory discussed in class, combined with Banach’s fized point theorem.




