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Problem 1 (Condition for Hölder continuity, 4 points).
Let Ω ⊂ Rn be open and u ∈ L∞loc(Ω). For x ∈ Ω and r < dist (x, ∂Ω) define the oscillation
of u in the ball Br(x) as

ω(x, r) := ess sup
Br(x)

u− ess inf
Br(x)

u .

Prove that, if there exists σ ∈ (0, 1) such that for every x ∈ Ω and r ∈ (0, 1
4dist (x, ∂Ω))

ω(x, r) ≤ (1− σ)ω(x, 4r),

then there exists ū ∈ C0,α
loc (Ω), for α = log4

1
1−σ , such that u = ū almost everywhere in Ω

(that is, u has a locally Hölder continuous representative).

Problem 2 (Limit of Lp-norm, 2 points).
Let u be a measurable function in a bounded open set Ω ⊂ Rn, u > 0. Prove that

ess sup
x∈Ω

u(x) = lim
p→∞

(∫
Ω
up dx

) 1
p

, ess inf
x∈Ω

u(x) = lim
p→−∞

(∫
Ω
up dx

) 1
p

.

Problem 3 (Maximum principle, 4 points).
Let Ω ⊂ Rn be open and bounded, and consider the elliptic operator

Lu = −
n∑

i,j=1

aijDiju+

n∑
j=1

bjDju+ cu ,

where aij , bj , c ∈ C(Ω), aij = aji,

n∑
i,j=1

aijξiξj ≥ α|ξ|2 for all ξ ∈ Rn , c ≥ 0 .

Let u ∈ C2(Ω) ∩ C(Ω) satisfy the inequality Lu ≤ 0 in Ω.

a) Assume c = 0 and show that
max

Ω
u = max

∂Ω
u .

Hint: consider first the case Lu < 0; then consider u+ εeγx1 for suitable γ > 0.

b) If c ≥ 0, show that
max

Ω
u ≤ max

∂Ω
u+ .

Please turn over.



Problem 4 (Weak formulation of the maximum principle, 6 points).
Let Ω ⊂ Rn be open and bounded. For u ∈ H1(Ω) set u+ = max{u, 0}, u− = max{−u, 0}.

a) Let Lu = −
∑n

i,j=1Di

(
aijDju

)
, where the coefficients aij ∈ L∞(Ω) are elliptic. Assume

that u ∈ H1(Ω) is a (weak) subsolution for the operator L, that is Lu ≤ 0 in the sense

n∑
i,j=1

∫
Ω
aijDjuDiϕdx ≤ 0 for every ϕ ∈ H1

0 (Ω) with ϕ ≥ 0.

Prove that, if (u−M)+ ∈ H1
0 (Ω), then u ≤M almost everywhere in Ω (M ∈ R).

In particular we have the comparison principle: if u, v ∈ H1(Ω) satisfy Lu ≤ 0, Lv ≥ 0,
and (u− v)+ ∈ H1

0 (Ω), then u ≤ v almost everywhere in Ω.

b) Define
H1
−(Ω) =

{
u ∈ H1(Ω) : u+ ∈ H1

0 (Ω)
}
.

Show that u ∈ H1
−(Ω) if and only if there exist um ∈ H1(Ω) and compact sets Km ⊂ Ω

such that
um ≤ 0 in Ω\Km , um → u in H1(Ω).

Hint: note that u = u+−u−. You can use without proof that fm → f in H1(Ω) implies
f+
m → f+ in H1(Ω).

c) Show that, if u ∈ H1(Ω) ∩ C(Ω) and u ≤ 0 on ∂Ω, then u ∈ H1
−(Ω).

(Therefore this means that the condition (u−M)+ ∈ H1
0 (Ω) is a “weak form” of writing

that u ≤M on ∂Ω, when we don’t have sufficient regularity of u and ∂Ω).

Total: 16 points
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