Nonlinear Partial Differential Equations II University of Bonn
Summer term 2016 Prof. Dr. J.J.L. Velazquez
Problem Sheet 10 (due Monday 27.06.2016)

Problem 1 (Shallow water, 8 points).
Consider the shallow water equations

{¢t + (U(b):p - 07 (1)

vt‘{'(%‘i’ﬁb) =0,
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which is a system of conservation laws with flux function F(z1,29) = (z1 29, %2 + zl). Recall
from exercise 2 in Problem Sheet 9 that r(z1, 22) = (1/z1, 1) is a right eigenvector of DF.

a) Solve the ODE v(s) = r(v(s)) with initial condition v(0) = 0.
b) Compute, for s > 0,

Gls) = /O A dt,

where A(z) is the eigenvalue of DF(z) corresponding to r(z).

() 0 ifxz <0,
Xr) .=
g 2 ifz>0.

c) Let

Find the entropy solution to the Riemann’s problem

{wt +G(w)y =0 (2,t) €R x (0,00),
w(z,0) =g(x) z€R,

and use the solution to find a continuous integral solution of with initial conditions

o(,0) = 0 ifx <0, 6(x,0) = 0 ifx <0,
)2 ifx >0, )1 ifz>o.

Sketch the graphs of ¢ and v for a few values of ¢ > 0.

Problem 2 (Entropy for shallow water, 4 points).

Suppose that ® is an entropy for the shallow water equations . Prove that
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Problem 3 (Entropy for barotropic Euler equations, 4 points).
Consider the barotropic Euler equations

{pt + (pv)m = 07
(pv)i + (pv* + p)a = 0,

where p = p(p) is a smooth function, p’ > 0. Show that ® = pv?/2 + P(p) is an entropy
for this system, provided P”(p) = p'(p)/p, p > 0. Confirm that ® is convex in the proper
variables. What is the corresponding entropy flux ¥?

Total: 16 points



