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Problem 1 (N-wave)
Let u be the entropy solution to

-t 0u([uf) =0 in R x (0,00),  u(z.0) = g(a) on R,

where p € (2,00) and

-1, if —1<2z<0,
glx)=<+1, if0<z<1,
0, otherwise.

Find the asymptotic shape u(-,t) as t — oco.

Problem 2 (Long time asymptotics for periodic initial data)
Let u be the entropy solution to the initial value problem

Oyu + %8m(u2) =01in R x (0, 00), u(x,0) = g(z) on R,

where g is the periodic extension of

(2) 0, if —1<x<0,
xTr) =
g 1, fo<z<l1.

Show that
Ju(-,t) = gllc =0 ast — oo,

where g = % f_ll g(x)der = %, and determine the rate of convergence in t. Describe
the shape of u(-,t) as t — co.

Problem 3 (Strong vs weak solution)
Consider the conservation law

1
(9tu + §ax(u2) =0
1. Show that every strong solution also solves
2y, 2 3
Op(u”) + g@x(u ) =0,

which is a conservation law for u? with flux f(v) = 2v%2.

2. By considering a Riemann problem with w; > u, or otherwise, show that the
two equations have different weak solutions.



Problem 4 (A linear example)
Consider the system of conservation laws

Oyu + 0, (Au) = 0, (1)
where A € R"*" is a diagonalisable matrix with real eigenvalues and = € R.

1. Find the Rankine-Hugoniot condition along a shock curve. What does it
mean?

2. By a linear transformation or otherwise, show that (1) decouples into a
system of n independent equations.




