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Problem 1 (Conservation)
Let u € CO(R x [0,00]) be an integral solution to the conservation law

Owu + 0, F(u) =0 in R x (0, o0,
u=g on R x {t = 0},

where g € C?(R) and F' € C*(R), F(0) = 0. Show that

/Ru(t,:lr)dx:/Rgdx

Problem 2 (Non-uniqueness in Burger’s equation)
Consider the initial-value problem for Burger’s equation

for all ¢t > 0.

2
8tu—|—(“72) =0 in R x {t > 0},
u(0,2) = g(zr) on R x {t=0}.
1. It was already shown that

1 ife<t,0<t<lorz< i t>1,

u(t,r)=¢ % ift<ax<1,0<t<1,
0 ifz>1,t<lorz>1t¢>1,

is a solution in case

1 it z <0,
glz)=q1—2 f0<z <1,
0 if x> 1.

Define v(t, z) to be u(t,z) for 0 <t < 2, and

1 fz<3+o(t—2),t>2

v if34ot—-2)<z< i t>2
v, fHE<e<t—3t>2

0 fe>t—3,t>2

v(t,x) =

Use the Rankine-Hugoniot condition to find o; < %, vy # 1 and v, # 0 such
that v is an integral solution of (1). Sketch the curves of discontinuities of v
together the projected characteristics.

2. Use a similar construction to find a nonzero integral solution of (1) for g = 0.
(Hint: construct a solution with three curves of discontinuities starting at
x=0)



Problem 3 (Travelling waves as solutions of regularised Burgers’ equa-
tion)
Let 09 € R and let )

UO(Z) = m

1. Under what conditions on a curve o(t), o(0) = oy is

x—o(t)

ug(t,x):Uo( ), 0<ex<l

a solution to the regularised Burgers’ equation
1 2 2
Oyu + iax(u ) =edi u?

2. Find
u(t,z) = ll_r}(l) uc(t, )

and the asymptotic problem that is solved by u. In what sense does u solve
the problem?




