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A usual example of explicit solutions of some PDEs are those of self-similar solutions. These correspond
to solutions that are invariant under rescaling of its variables. They arise as a consequence of the fact that
the corresponding equations are invariant under these transformations. A typical example is that of the
heat equation

dyu = Au, for (t,z) € (0,00) x R% (0.1)

It is straightforward to check that, if u solves (0.1), then uy = A*u(A?t, Az) solves (0.1) for any o € R
as well. Then, if we looked for a solution of the form u(t,z) = f(x//t), we would obtain that uy = u, i.e.
we would obtain a solution that is invariant under the transformation (t,z) — (At, A2z). The resulting
solution is the well-known Gaussian profile

1 a2
= 4t
u(t, ) \/Tm‘e .

These kind of solutions are much more than a mere mathematical curiosity, as they appear constantly
when describing the asymptotic behaviour of solutions of PDEs. They are also very useful in order to
study the form of solutions near singularities.

In this seminar we will study the use of self-similar solutions by means of different examples from
different PDEs. We will study how they are useful to describe the asymptotic behaviour of solutions of
the Heat Equation, the Vorticity Equations [5], the Porous Medium Equations [13] or even free boundary
problems like the Stefan Problem [1, 11] when ¢ — co. On the other hand, we will also study how to use
self-similar variables to describe the behaviour of solutions for non-linear equations when we approach a
singular point, as in the semilinear Heat Equation [0, 7] or the Mean Curvature Flow Equation [5]. If time
allows, we will also study one famous case of a situation where the self-similar blow up is excluded, as in
the case of the 3D Navier-Stokes Equations [10].

These ideas can also be applied to other non-parabolic equations, as in the Schrédinger’s Equation [2]
and kinetic equations [1, 9, 12], or in order to analyze the behaviour of solutions for the Laplace’s Equation
near a corner [3, gJ.

Prerequisites: Functional Analysis and basic notions of PDE.

Preliminary meeting: Wednesday 15th of July at 14:15 in room 2.040.

References

[1] A. V. BoBYLEV AND C. CERCIGNANI, Self-similar solutions of the Boltzmann equation and their
applications, Journal of Statistical Physics, 106 (2002), p. 1039-1071.

[2] T. CAZENAVE AND F. WEISSLER, Asymptotically self-similar global solutions of the nonlinear
Schrédinger and heat equations, Mathematische Zeitschrift, 228 (1998), pp. 83-120.

[3] J. EGGERS AND M. A. FONTELOS, Singularities: formation, structure and propagation, Cambridge
Texts in Applied Mathematics, Cambridge University Press, (2015).

[4] A. FRIEDMAN, Partial Differential equations of parabolic type, Dover Publications, 2008.



5]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

M.-H. Gica, Y. GiGA, AND J. SAAL, Nonlinear Differential Equations. Asymptotic behaviour of
solutions and self similar solutions, vol. 79 of Progress in Nonlinear Differential Equations and Their
Applications, Birkhaduser, Boston, Basel, Berlin.

Y. Gica AND R. V. KOHN, Asymptotically self-similar blow-up of semilinear heat equations, Com-
munications on Pure and Applied Mathematics, 38 (1985), pp. 297-319.

Y. GIGA AND R. V. KOHN, Characterizing blowup using similarity variables, Indiana University
Mathematics Journal, 36 (1987), pp. 1-40.

V. A. KozLov, V. G. MAz’YyA, AND J. ROSSMANN, Spectral Problems Associated with Corner
Singularities of Solutions to Elliptic Equations, vol. 85 of Mathematical Surveys and Monographs,
American Mathematical Sociey, (2001).

M. KREER AND O. PENROSE, Proof of dynamical scaling in Smoluchowski’s coagulation equation
with constant kernel, Journal of Statistical Physics, 75 (1994), pp. 389—407.

P. G. LEMARIE-RIEUSSET, Recent developments in the Navier-Stokes problem, vol. 431 of Research
Notes in Mathematics, Chapman and Hall/CRC, (2002).

A. MEIRMANOV, The Stefan Problem, vol. 3 of de Gruyter expositions in Mathematics, de Gruyter,
Berlin, New York, 1992.

G. MENON AND R. L. PEGO, Approach to self-similarity in Smoluchowski’s coagulation equations,
Communications on Pure and Applied Mathematic, 57 (2004), p. 1197-1232.

J. L. VAZQUEZ, The Porous Medium Equation: Mathematical Theory, Oxford University Press, 10
2006.



