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2 JENS FREHSE

1. THE DIRECT METHODS IN THE CALCULUS OF VARIATIONS

Let 2 be a bounded domain of R” and g : 02 — R be a continous function. We start by
considering the classical example of a multi-dimensional variational problem:

Find a function u : Q — R such that
u€ C(Q)NC*N),
(1.1) u =g on Jf,

/|Vu|2dm§/\Vw|2d:1:

Q Q

for all w € C(Q) N C?(Q), w = g on ON.

In other words: Find the minimum of the ”

variational integral” [ |Vu|?dz in the class K of
O

”admissible” functions where

K={weC(Q)NC*Q)|w=gondQ; /|Vw|2dx§oo}.

If g is smooth, say g € C'(R"), the class K is not empty.

During the last century the famous mathematician Riemann made the famous error of assuming
that the minimum of the variational integral ”always” exists. This was later criticized by
WeierstraB, but it took a long time until satisfactory results on this question were found.

We first want to show that with the above formulation of the problem it may happen, that
(1.1) has no solution. A simple example is the following: Let

n 1/2
Q={zeR"|z| <1, z#0} where |x|:(zxf) . and
i=1

g(z)=0on {z € R"||z| =1} and g(z) =1 forz = 0.

Obviously, g : 92 — R is a restriction of a C*'(R")-function and the admissible class is not
empty. We intend to show that for this example

(1.2) 1nf /|Vw|2d:v —0

Therefore if there existed a minimum v € K then [ |Vu|?dz = 0 and thus u = const since
Q

is connected. This contradicts the fact that v € K and thus u = 0 on {|z| = 1} , u(z) =1 for

xz =0, i.e. u # const. So there is no solution to problem (1.1).

In order to prove (1.2) we construct a sequence w; € K such that [ |Vw;|>dz — 0. We define
0

2 1
wj(x):;arctg( lnln<| ‘)> e=exp(l), 7=3,14....
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First note that w; € K. In fact, w;(z) = 0 for |z| = 1 and w; € C?*(B; — {0}). For z — 0,
By ={|z| < 1},In ln(ﬁ) — oo and arctg(...) — 7, hence w;(0) = 1 by continuous extension
and w; € C(Q).

By a simple calculation

B (2) = 21 1 JR—
M) T Bnln(5)P () [a?
and
4 1 1 1
[Vw;(z)” < =

=2 2 ()P [«

Using polar coordinates, it is simple to show that

/|1n|i||x|2

1 4
/|ij(:v)|2dx§j—290—>0asj—>oo.
Q

is finite. Hence

Thus we obtain (1.2) and the knowledge that (1.1) is not solvable in general.

We want to analyze why this happens, and for this purpose we look at what happens if one
minimizes a function f : R* — R: A possible way of trying to prove the existence of a minimum
is the following:

(A) Consider a minimizing sequence, i.e. a sequence u,, € R* such that f(u,) — inﬂ{ fv).
veER™

(B) Try to prove that the sequence {u,,} is bounded. Usually, this is done via a coerciveness-
condition:

flu) = o0 if |u| = oco.

(C) Use the fact that bounded sets in R™ are compact and select a convergent subsequence
Um; = U (i = 00).
(D) Try to prove that f is continuous or at least lower semi-continuous, i.e.

lim inff () > f(u).

Since f(um;) — inf f(v) we have

veR?
f(u) < inf f(v),

vER?

and thus f(u) = gﬁ{fn f(v) and this means that f has a minimum.

This method, consisting of steps (A)—(D) applied to variational integrals [ F'(z,u, Vu)dz, is
o)

called the direct methods in the calculus of variations.



4 JENS FREHSE

This method does not work if one does not choose the set K of admissible functions (and it is
topology) in an adequate way. For example if

K={ueCQ)nC*Q)|u=gondQ; /|Vu|2dx<oo}
Q

is equipped with the norms

lulloo = maxlu(z)]  or
€N
1/2 1/2
lullz = / wPde | + / Vul do
Q Q

respectively then the steps (B)-(C) or (C) are not possible. To see this, we define
ve(r) =In(In(ev/1 +eva2+¢)), e >0, z € Q= {r € R?||z| <1}. Then

ClePte (.
V&2 +e)

||ve]| o0 — 00, /|Vvs\2dx§Kase—>0.
Q

Vv, = and

On the other hand, [|Vv;/?dz = 1 and it follows that the variational integral [ |Vu|?dz is
Q Q

not coercive with respect to the maximum norm. Note, however, that f |Vu|*dz is coercive
Q
with respect to the ||.||; 2-norm if we fix the boundary values. So, we have seen that step (B)

fails if we use the wrong norm. Step (C) fails if we use as norms ||.|| or ||.||1,2 since bounded
sets in infinite dimensional spaces are not compact. This leads us to the idea of using the
weak topology. This, however, does not work if we take the spaces C(Q) N C%(Q) as the set of
admissible functions since they are not complete (and reflexive). So, the appropriate method is
to use the completion of C(2) N C?(Q) with respect to the norm ||.||; 2 as the set of admissible
functions. The completion of C(2) N C?(Q) with respect to ||.||12 is denoted by HY2(Q), i.e.
the Sobolev space H'?, and its correct definition is:

H'“2(Q) is the quotient space H'?/N where H'? is the set of Cauchy-sequences (u;)%

— j:17
u; € C(Q) N C*AQ), ({\Vuj|2dx+£\uj\2dx < o0, |luj — ugllie — 0 if i,k — oo, and

where NV is the set of elements (u;)22, of H"? such that [|uj||12 — 0.

Since the elements of H?(Q) are classes of Cauchy-sequences we have to ask whether the
variational integral [ |Vu|?dz can be defined in a reasonable way if u € H'?. Indeed this

Q _ _
is possible: If v € H'?, then there is a Cauchy-sequence (u;) € u, u; € C(Q) N C*Q),
[luj — wel[1,2 = 0.
Since Vu; is a Cauchy-sequence in L?, the numbers [ |Vu;|> dz converge to a limit, which we
Q

define as the value of [ |Vu|>dz. It is easy to see that this definition of [ |Vu|?dz does not
Q Q
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depend on the above choice of (u;) € u. Since Vu; is a Cauchy-sequence in L? we can associate
to each u € H'? a generalized gradient Vu € L? which is defined up to a set of measure zero.
Similarly, to every u € H%? one can associate a function u € L? which is defined up to a set of
measure zero. Interestingly one can say even more, namely one can prove that to each u € H 1,2
one can associate a function which is defined up to a set of capacity zero. The capacity of a set
E of points € R" is defined in the following way: Let @ and @’ be cubes C R™ such that @ is
contained in the interior of ). Let E be a closed set C Q). Then the capacity of E is defined
by

capF = inf{/ng\de\go €CE(@), ¢ >1on E} :
QI
If F is an arbitrary set contained in ) i.e. not necessarily closed, then we define the (inner)
capacity by

cap E = sup{cap K|K C E, K is closed }.
One can define the p-capacity of E by

p—capE = inf{ / |VolPdz| ¢ € C(Q"), ¢ > 1 on E}
o

if F is closed and extend the definition to arbitrary E in the above way.
Note that a point in R”, n > 2, has 2-capacity zero.
If u € H%? then every Cauchy-sequence (u;) € u has the property, that it converges to a
function % up to a set of capacity zero. A different representative of u may converge to another
function u up to a set of capacity zero, and @ and wu will differ at most at a set of capacity
zero. So, the space H'? may be considered as equivalence classes of square-integrable functions
which differ only on sets of capacity zero and to which one can assign generalized derivatives
€ L? in the preceding sense.
Note that a ”function” u € H%? "forgets” sets of capacity zero. This is another reason why
we could not prove the existence of a minimum in our example at the beginning. We had
prescribed boundary data at an isolated point - which has capacity zero - and since H'? is the
natural class of admissible functions - the boundary data may be violated in sets of capacity
ZET0.

In order to preserve the boundary data, we need also the space Hé’Q which we define as the
closure of the space C5°(f2) of testfunctions with respect to ||.||, 2. Clearly, Hy'> ¢ H'? and one
can prove that H(}’Q consists of all HY2-functions which vanish on 092 up to a set of capacity
zero and vice versa. This seems to us the best way to understand why one uses the space Hé’Q
to express generalized zero boundary conditions.

So, the linear manifold g + H,” where g € H'? (or, say, g € C'(Q)) consists of all functions
which are equal to g at the boundary up to a set of capacity zero and this is our set K. H'?
can be equipped with the inner product

(u,v)lz/uvdx-l—/WWda: for u,v € H"?
Q Q
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where @, 7 and Vu Vv are the representatives of u, v, Vu, Vo in the sense described.

H'? is a Hilbert-space with respect to (.,.);. Since the variational integral is coercive with
respect to the norm in H%? and since bounded sets in H? are weakly compact we have found
a space and a topology where the steps (B) and (C) of the direct methods of the calculus of
variations work. It is a famous theorem that step (D) works as well, i.e. the variational integral
is lower semi-continuous in the weak topology of H“?. The weak convergence u; — u in H'?
is defined by (uj, w)12 — (u,w); 2 for all w € HY?(j — o).

Theorem 1.1 (Lower-semi-continuity theorem). Let u; € H"?(Q) and u; — u weakly in
H2(Q)(j = o). Then

/|Vu|2dx < liminf/|Vuj|2da: =: LINF .
J—00

Q Q
Proof. We may select a subsequence which we still denote by (u;) such that

/\vuj|2dx—>L1NF (j — 00).
Q

Then for every ¢ > 0 there is a j(¢) such that

/\Vuj|2 dz < LINF +¢, j>7j(e).
Q

By the theorem of Banach-Saks there is a subsequence (u;;) , j; > j(¢) such that the arithmetic
means

K

1

174 Zuji — u strongly in H?, (K — o0).
i=1

Since quadratic functions are convex
K
1
? E :Vuji
P i=1
From Fatou’s lemma we obtain

K
1
2 .. L _
/|Vu| dzx ghﬁggf/‘K El Vu,,
Q =

Q

K

2 1 2 ) )

deE El/‘Vuji‘ dx < LINF +¢, j; > j(e) -
i=1 g

2
dx ,

K
since % Y. Vu;, = Vu in measure and the integrals are non negative. So, we conclude
i=1

/|Vu|2 dx < LINF +¢
Q

and passing to the limit ¢ — 0, we obtain theorem 1.1. O
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Since we have established coerciveness and weak compactness (by the choice of the basic space),
the direct methods of the calculus of variations give us

Theorem 1.2. There is a function u € H&’Q +g, g € HY? such that

/|Vu|2da:=min{/|Vw|2dx|w€H&’2+g}.
Q Q

bf Remark: Uniqueness follows by strict convexity.

We want to extend this method to the case of the variational integral [ F(Vu)dz where F is
Q

continuous and convex and non negative. We first remark that it is more general to formulate
this problem in the Sobolev space H!(€2), which is the closure of C'(2) N C'(Q) with respect
to the norm |jull1; = [ |u|dz + [|Vu|dz. The reason is that the variational integral may

Q Q
be coercive in the ||.||;;-norm but not in the ||.||; 2-norm. An example is the minimal-surface
integral

/\/1 + |Vul?2dz,
Q

which is convex and coercive with respect to the ||.|;,;-norm in Hy'.

Since we did not impose any growth condition for F' we have to allow +oo as an admissible
value for the variational integral (observe F' > 0). However, since bounded sets in H>! are not
necessarily weakly compact, we have to impose an additional condition on F' which guarantees
the weak compactness of minimizing sequences. This condition is given by the following

Lemma 1.1. Let F': R* — R be continuous, non negative, and assume the condition

M—)oozj"\n\—)oo.

7]
Then every sequence (u;) C H“'(Q2) with the property [ F(Vu;)dz < K, j=1,2,..., has a
Q

subsequence such that (Vu;) converges weakly in L'(Q).

Proof. By the above condition we can find an I, € R such that Ein) > N for any given N

||
provided that |p| > L = L(N). Since F > 0 we conclude

Kz/F(vuj) dz > / F(Vu;) dz> N / ‘vuj dz .

L {z€Q[|Vu;[>L} {z] |Vu;[>L}

If ¢ is given and we choose N such that % < 5 we obtain

/ ‘VUJ

{z]Vu;|>L}

E
de < —.
T3
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Now, choose d > 0 such that 6 < 5=. Then for every measurable set e C (2 with the property
u(e) (= measure of ) < § one has

/‘Vuj dx < / \Vu;|dz + / |Vuj|d:v<g+L,u(e)<g+%=s
e eN{|Vu;|>L} en{|Vu;|<L}
uniformly for j.
This es exactly the well known criterium for weak compactness in L'.
Cf. Dunford-Schwartz, Linear Operators I. O

With this tool we can prove

Theorem 1.3. Let F' : R® — R be continuous, convexr and non negative. Then the integral

[ F(Vu) dz is lower semi-continuous with respect to the weak topology of H'(Q), i.e. if u; — u
)

weakly in H', then [ F(Vu)dz <liminf [ F(Vu;) dz.
Q J70 g

Proof. We select a subsequence still denoted by (u;) such that

/F(Vuj) dr — lign inf/F(Vuk) dr =:liminf  (j — 00).
—00
Q Q

Thus we have for given € > 0

/F(Vuj) dz < lim inf +¢, Jj>jle).
0

By the theorem of Alaoglu-Bourbaki there is a subsequence of convex-linear combinations of

K

Vu; which converge strongly, i.e., there exist numbers C/ > 0 such that >~ C/ = 1 and indices
i=1

Jix > j(e) such that

K
ZCiKV“jm — Vu strongly in L'(1) (K — 00).

=1

By Fatou’s lemma

K
< Timi K )
/F(Vu) dx _hKHi}oIéf/F (201 Vum(> dx
Q Q =

and by the convexity of F'

K K K
/ F (Z ck vu,-m> dr <> CK / F (Vuig) dz <) CF(liminf +¢) =
o i=1 =1 f i=1
= liminf+¢.
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Thus we obtain

/F(Vu) dr < liminf +¢
Q
and the result follows as € — 0.

Combining Lemma 1.1 and Theorem 1.3 we obtain

Theorem 1.4. Let g € HY'(Q), let F: R* — R, F > 0, be continuous and convezr and assume
that

M ' o0
P (In] = o0) .

Then there is a minimum of the variational integral

/ F(Vu) dz

Q
in the class g + Hy™' ().

Proof. We use the direct methods of the calculus of variations.
Suppose that [ F(Vu)dz < oo for at least one u € g + Hy'(Q). Let u; € g+ Hy'(Q) be a
Q

minimizing sequence.

By lemma 1.1, the sequence Vu; is weakly compact and there is a subsequence u;; such that
Vu,, converges weakly. By Rellich’s theorem, which we discuss in detail in the next section, the
functions u;, themselves converge strongly in L'. (Note, that u — g € Hy'(Q).) Thus u;, — u
weakly in H! and by the lower semi continuity theorem we obtain that « is a minimum of the
variational integral.

Note that this theorem is not applicable to the minimal-surface case since then the condition

% — 00 (|| = o0) is violated. In fact, it is known that the minimal-surface integral may

have no minimum if the domain is not convex.

We finally remark that the techniques discribed can be applied to the following problem:
Find v € g+ Hy*(Q) such that u > v (1 given) in Q and

/ \Vu|? dz = min!
Q

However, one has to understand the inequality v > 1) in the ”capacity-sense”.
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2. THE DIRECT METHODS IN THE CALCULUS OF VARIATIONS.
CONTINUATION.

In this section we want to prove the existence of minima of variational integrals f F(z,u,Vu)dz
Q
where F'is convex in Vu but not necessarily convex in u. Note that one cannot expect lower

semi-continuity for integrals of the type [ F(z,Vu)dz where f is not convex in Vu. If u is
Q

a scalar function, then lower semi-continuity in the weak topology of HY implies that F is
convex in Vu. In fact, the lower semi-continuity theorem of section 1 is already remarkable in
view of the theorem that the Nemytski-Operator

(Tw)(z) = F(z,w(x)), T:L'—= LP,

is necessarily linear if T is continuous from the weak topology of L! into the weak topology of
L?. Thus, it is clear that we cannot obtain a lower semi-continuity theorem for f F(z,u,Vu)dz
when f is not necessarily convex in u if we only know that the sequence (u;)$2, for which we
want to show the lower semi-continuity relation converges weakly. We need a theorem which
says that a sequence of functions u; converging weakly in H"'({2) converges strongly in L*(2).
Such a theorem is indeed true if one imposes some mild restrictions on the boundary 02; this
theorem is called Rellich’s theorem. (In fact, for lower semi-continuity we need only convergence
of u; in measure and so we need no restriction on 0f2.)

We state Rellich’s theorem here for the special case of H,”(2)-functions:

Theorem 2.1. Let (u;)32; be a sequence in H,?(), 1 < p < oo, such that u; — u weakly in
H'?(Q). Then

u; — u strongly in LP(Q) .

We will not prove this here. One possible proof uses the compactness criterium in P, which
says that a sequence (u;)$2, in L is strongly sequentially compact if the translation operators
E}, defined by Epw(z) = w(x + h) are uniformly continuous on the sequence (u;) as h — oo.
(This can be proved by representing u; by its derivative.) Using the uniform continuity of Ej,
one can prove that the sequence (u;)2, has a finite e-net for any €. The compactness then
follows from a Lemma of Hausdorff.

Another way of proving Rellich’s lemma is to prove it first in H%? via Fourier-series and then
to extend it to H%?, p > 2, by deducing from the H?-case that u; converges in measure and
from Sobolev’s inequality that (u;) is uniformly bounded in LP**. The LP-convergence of u;
then follows from Vitali’s theorem.

We remark that the following interesting question is open.

Conjecture (Stampacchia). Let u; — u weakly in HP. Then for every € > 0 there is a
set E. of p-capacity p-capE. < ¢ such that u; — u uniformly (j — oo) (possibly only for a
subsequence) in ) — E..

At the present moment we only know (by Egoroff’s theorem) that this holds with an exception
set E. having Lebesgue-measure u(E;) < e.
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For our lower semi-continuity ”project”, we start with the simple example

J(u) :/F(Vu)dm+/F0(u)d:r,

where F' is continuous and convex, Fy merely continuous, and both F' and F; nonnegative.
Then J is lower semi-continuous with respect to the weak topology of H'!.

In fact, the sum of lower semi-continuous functions is lower semi-continuous, and since we
already know that [ F'(Vu)dz is lower semi-continuous, we have to show that [ Fy(u)dz is
lower semi-continuous in the weak topology of H'. But this is true since by Rellich’s theorem
u; — u in measure. Thus Fy(u;) — Fyp(u) in measure since Fp is continuous, and by Fatou’s
theorem and the non-negativity of Fj

/Fo(u) dz < lim inf/Fo(uj) dzx .

j—00
Q Q

We intend to extend this idea to the general variational integral [ F(z,u, Vu)dz. This leads
Q
to the following

Theorem 2.2. Let F: Q x R1*™ — R be continuous, non negative and let F(x,u,n) be convex
inn € R*. Then the integral

ﬂm:/F@%vwm

is lower semi-continuous with respect to the weak topology of H'(Q).

Proof. We shall prove a slight generalization: If u; — w in measure and p; — p weakly in
L'(j — o00), where the p; are L'-functions having n components, then
(2.1) /F(x, u,p)dx < lin_1>inf/ F(z,uj,p;)dz.

Q S
Note that the lim inf on the right hand side of the last inequality may be co.
Then there is nothing to prove.
The theorem will be proved in several steps:
(i) Let u be measurable and p,, — p weakly in L'(j — oco0). Then

/F(x,u,p) dr < liminf/F(a:,u,pm) dz .

m—»0o0

Q Q
This is proved with the same method as in section 1 using the theorem of Alaoglu-Bourbaki
and Fatou’s lemma. One uses the fact that F'(x,u,p) is convex in p.

(i) Let u,, — u uniformly!’ and p,, — p weakly in L' and ||Py||c < C uniformly. Then (2.1)
holds.

Isuch that w € L®
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Let A C {1,2,...} be a subsequence such that

(2.2) /F(x, u;, p;) dr — lim inf/ F(z, U, ) dz =: liminf .
m—0o0
Q Q
By (i)
(2.3) /F(a:,u,p) dr < 1i7n111>i£f/F(x, Uy Prm) A .
meA
Q

Since F' is continuous, ||pm|leo < C uniformly and u,, — u uniformly we have
F(z, U, pm) — F(z,u,pp) — 0 (m — o)

pointwise. Since F(x,Um,pm), F(z,u,pn) are uniformly bounded, we have by the Lebesgue
theorem of dominated convergence

‘/F(x,um,pm)dac—/F(x,u,pm)dx <e

for m > m(e).
Together with (2.3) we obtain

/F(ﬂc,u,p) dxﬁlimrgiggf/F(x,um,pm)dere,

Q meA

and by (2.2)

/F(:v,u,p) dz < liminf+¢.
Q

The statement follows as ¢ — 0.

(iii) Let 4y, — v uniformly, u € L*, and p,, — p weakly in L. Then (2.1) holds.
First we select a subsequence A such that (2.2) holds. Then we define for L € R, L >0

Loy | pm (x) if |pm(z)] <L,
p’"(‘”)‘{ 0 i ()| > L,

Since pZ is uniformly bounded in L?(2) for fixed L (recall 2 is bounded), there is a subsequence
(may depend on L) such that

pl —=p"  (m— oo, meA,CA)
weakly in L?(Q2) and thus in L*(Q).

Since ||p% ||oo < L we may apply (ii) and obtain

(2.4) /F(a:,u,pL) dr < 1imrgi£f/F(m,um,pﬁl) dz .

A
Q mELQ
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Now we observe that
i
/F (2, U, PL) dx = / F (2, Um, pm) dx +
Q2 {zl|lpm(z)|<L}

(T, U, 0) dxz <
since F'>0

\

{z[[pm(z)[>L}
S /F(xaum,pm / CU U’mapm) dz .
Q {z[lpm(2)|<L}

Since ||ty < K uniformly and F is continuous, we have that F'(z, u,,, 0) is uniformly bounded
by a constant K'. Furthermore, for L > L(g) we have that pu{z||p,,(z)| > L} < ¢ (1 = Lebesgue
measure). We prove this below. So, we arrive at the inequality

/F (%, tm; pry) da < /F(:c,um,pm) dr+¢e, L>L(e),
Q Q
and by (2.2) and (2.4) we obtain

(2.5) /F (z,u,p") dz < liminf+e, L > L(e).
Q
We shall show that p” — p strongly in L', L — co. Then by Fatou’s lemma we obtain
liLminf/F (z,u,p") dz > /F(:L‘,u,p) dz
—00

Q Q

and

/F(m,u,p) dr < liminf +¢.
Q
The statement follows as ¢ — 0.

For step (iii) it remains to show that p{z||pm(z)| > L} < ¢/K' and p* — p strongly in L.
The first inequality follows from the inequalities

K" > / Pml2)| dz > / Pu(@) dz > Lufe| [pm(@)| > L}
{z| \pm(x)|>L}

where the first inequality holds because ”weak convergence implies uniform boundedness”
and thus

n

K
plz| |pm(z)| > L} < 7 < g for L > L(g).

For the other statement we use the (equivalent) criterium for weak compactness in L!, i.e.:
For every € > 0 there is a § > 0 such that f |pm(z)| dzx < € for all e C §2 such that ,u( ) < 6,

uniformly for m.
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Since u{z| [pm(z)| > L} < £~ < &' for L > L(e') we obtain that

(2.6) / |pm(2)| dz < € for L>L(e).
{zllpm (=) >L}
Now, for all ¢ € L™ with ||¢|le < 1 we have
‘/(pm _pfn) (Pdﬂi‘ < / ‘pm _pa‘ dzr =
Q Q
= / |pm|dz < € for L>L(e).
{z!lpm(z)|>L}

Passing to the limit as m — oo we obtain

/(p—pL)gpdx<e, L>L(e).

Q

Passing to the sup in the left hand side of the last inequality, we obtain
llelloo<1

/Ip—ledx<6, L> L(e),
Q

i.e. pv' — p strongly in L.

(iv)(Proof of the theorem:) Choose a subsequence A such that (2.2) holds. Choose € > 0. By
Egoroff’s theorem there is a subsequence A’ C A and a set E. C Q with u(FE,) < ¢ such that
U, — u uniformly on Q — E..

By (iii)
/ F(z,u,p)dz < liminf / F(z, Um, pm) dx since (2.2) holds
Q- B, meA” o p,
< lim inf/F(x,um,pm) dr =
sinceF'> %ZAO’O
= liminf .
The theorem follows as € — 0. U

Now, being the proud owner of a lower semi-continuity theorem, we can state the following
existence theorem:

Theorem 2.3. Let F: Q x R1*™ — R be continuous, non negative and let F(x,u,n) be conver
inn €R'. Assume that

F(z,u,n)
7|

— 00 for |n| = oo, neRrR",
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uniformly in u € R. Then there is a minimum of the variational integral

/F(x, u, Vu) dx

Q

in the class K = {U €g+ Hé’l(Q} , with a given function g € HY ().

Proof. Let (u,)_, be a minimizing sequence. As in the proof of Lemma 1.1 we obtain that
(um)2o_, is weakly sequentially compact in H"! and there is a subsequence (u,, )3, converging
weakly to v in HY!. By theorem 2.2, one has
/F(:E,u, Vu)dx < liminf/F(x,umi, V) de = inf
71— 00

Q Q

and the theorem is proved. O

Several generalizations are possible. Using a sharper form of Sobolev’s imbedding theorem? we
obtain the theorem

Theorem 2.4. Let F : Q x Rt — R be continuous and let p > 1 and

/F(x,u,Vu)dx—>00a3 lull1p, — o0, ue€ g+ Hy?.
Q

Furthermore, let K, s be constants such that
np

F(z,u,n) > —-K — K|u|®, s <

ifp<n

and s arbitrary if p > n.

Then there is a minimum of the variational integral [ F(z,u, Vu)dz in the class g + H& P
Q

If p > n one can replace the condition F(z,u,n) > —K — K|u|® by
F(z,u,n) > —K — f(u),

where f is any continuous function.

Theorem 2.4 relies on the fact that the coerciveness condition in LP gives minimizing sequences
which are weakly compact in H'? | p > 1.

By theorem 2.2 the integral

/[F(x, u, Vi) + K + Klu|*] de
is lower semi-continuous since its integrand is non negative, and the lower semi-continuity
of [ F(z,u,Vu)dz follows since the perturbation [[K + K|u|®|dz is contiuous in the weak
Q
topology because of Sobolev’s theorem.
y4

2which states that bounded sets in H'?, p < n are compact in L®, s < e
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Note that it is not hard to remove the condition that F'(x,u,n) is continuous with respect to x
and to replace it by measurability (use Lusin and the non-negativity of F!).

Open problems:

One might expect lower semi-continuity if F'(z,u,7) is measurable in x, lower semi-continuous
in (u,n) with respect to the R"-topology and convex in 7. (If F' does not depend on u, this can
be proved easily with our methods.)

The main open problems arise in the case when u is an r-vector-function since then it is no
longer natural to assume convexity of F(x,u, Vu) in Vu. The natural condition is the so called
Legendre-Hadamard-condition, which we state in the case when F' is twice differentiable. In the
scalar case then the convexity of F' is equivalent to the positive semi-definiteness of the matrix
(Fig(z,u,n)) where
0 0
Fip(z,u,n) = a—nza—nkF(x, u,n) .
In the non-scalar case the corresponding condition is the Legendre-Hadamard-condition:

n T

SO Fum)Aidé€u = 0

ik=1v,u=1
forall \;, 7=1,...,n,and all &, ¢ =1,...,r.
Here F;" is the second derivative with respect to the argument 7! and 7} which stand for
the i-th resp. k-th derivative of the v-th resp. p-th component of u. One can prove that the
lower-semi-continuity of [ F(zx,u, Vu)dz (with respect to weak H'-convergence) implies the
Legendre-Hadamard-condition!

The converse result - i.e. that the Legendre-Hadamard-condition implies lower semi-continuity
in the weak topology of H! - has been proved for important cases but the questions have not
been solved completely.

A complete discussion of the known results can be found in Morrey’s book ”Multiple Integrals
in the Calculus of Variations”, Springer 1966.

Euler’s equation

We conclude this section with the proof that the solutions to variational problems are weak
solutions to Euler’s equation - so our existence theorems also give us theorems for showing that
a certain class of partial differential equations, namely those arising from variational problems,
have weak solutions.

Theorem 2.5. Let F : QxR™™ — R be continuous and suppose that F(z,u,n) is continuously
differentiable with respect to w € R and n € R* and that there exist constants K > 0 and
p € [1,00[ such that

[F(z,u,n)| < K(1+[ulP +nP),
(2.7) Fu(w,u,m)| < K(1+[ul” +[nf?),
|[Fy(z,u,m)| < K (14 |uf” +nl?).
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Then every minimum u € g + Hé’p(Q) 1s a weak solution to Fuler’s equation, namely for all
© € C§°(2) the equality

n

/ZFZ(x, u, Vu)oijpdx =0

Q =0

holds, where Fy = F,,, (Fi,...,F,) = F,, 0y= identity.
Proof. Let g : R — R be defined by

g(t) == /F(m,u+t<p, Vu+tVy)dz.
Q

Since u + tp € H?, and since |F(z,u,n)| < K(1 + |ul? + |n/P), g is defined. We want to prove
that ¢ is differentiable. For this purpose, we consider the difference quotient

g(Hh})l_g(t) :/%F(:v,u-f-(t—i-h)go, Vu+ (t+ h)Vy) —

— F(z,u+ty, Vu+tVy)dz.

Since F'(z,u,n) is continuously differentiable with respect to (u,n) we have

1
E[F(z, u+ (t+h)e, Vu+ (t+ h)Vyo) — F(z,u+te, Vu+tVyp)]

—>Zﬂ(x,u+tg0, Vu +tVp)o; (h —0)

=0

pointwise almost everywhere. We want to show that one may interchange the pointwise limit
and the integration over (). For this, we write

Sn(z) - = %[F(fv,w (t+h)p, Vu+(t+h)Ve) = Fz,u+tp, Vu+itVy)]

h n
:/ZFi(x,u—i-(t—i-T)(p, Vu+ (t+71)Ve) - Oipdr.
0 1=0

For any measurable subset we obtain via Fubini’s theorem

h

1 n
/Shdxzﬁ//ZFi(x,uﬁL(t%—T)ap, Vu+ (t+7)Ve) - Oipdrdr.
Q o =0

0

The integral exists since u + (¢t + 7)p € H"? and (2.7) holds. By (2.7)
|Fi(z,u+ (t+7)p, Vu+ (t+7)Ve)0ip| < K, (1+ |ul’ +|Vul?)

uniformly for ¢,7 € [0, 1].
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n
Since §n — >_ Fi(.,u +tp, Vu +tVp)0;p pointwise a.e. we obtain by Lebesgue’s theorem
i=0

/Shdx%/ZFi(.,u—l-tgo, Vu+tVp)oip dx (h —0)
Q o =0
and we have proved that ¢'(¢) exists and that

qgt) = /ZE(.,u+t<p, Vu +tV)dipdr.
o =0

Since u is a minimum of the variational integral and since u + ¢ € g + H&’p (22) we conclude
that g has a minimum for ¢ = 0. Thus ¢’(0) = 0 and this means that Euler’s equation

/ZE(, u, Vu)oypdr =0, v € CP(N)
o =0
is satisfied. 0

If we knew that Fj(.,u, Vu) € C'(Q), we could perform a partial integration and obtain

/

Q

- Z@Fi(.,u, Vu) + Fy(.,u, Vu) | odx =0, v € CP(2),

=0

and since this holds for all ¢, we would obtain

n
= " 0Fi(u, Vu) + Fo(,u, Vu) = 0 in Q.
i=0
This means that u satisfies Euler’s partial differential equation in the classical sense. If one can
prove that u € C() then u would attain the boundary values in the classical sense. However,
it is a long way of proving this (and not always true).
The next sections will be devoted to these questions (i.e. the question of the regularity of weak

solutions).
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3. THE HOLDER CONTINUITY FOR THE MINIMA OF
[ F(z,u, Vu)dz IN THE TWO DIMENSIONAL CASE
Q

In this section we go through the first step on the way to complete regularity of solutions to
variational problems, namely the Holder continuity of the minima of variational problems.
A function v is called Hdlder-continuous if there exists an a €]0, 1] such that

up 1@ = v(0)]

sty T —Yl® = o < o0

We need a classical tool due to Morrey with which one can show that a function v is Holder

continuous if a certain growth condition for it’s Dirichlet-integral is satisfied:

Theorem 3.1 ("Morrey’s Lemma”). Let u € H"P(Bg(zy)), 1 < p < n, and suppose that
there are constants > 0 and L > 0 such that

n—p+
(3.1) / \Vu|pdx§[/’(g> pup, 0<r<d=R-—|z— x|

B, (z)

for every ball B.(z), x € Br(xg). Then u € C[B,(x0)] forr < R and

)

4
u(§) — u(z)] < ;L517"/”*“F;””|§ -zt E-al <

| S

where T',, is the volume of the unit-ball.

Remark:

The essential statement is
lu(§) —u(z)| < constant |£ — x|*

i.e. the Holder-continuity for u.

Condition 3.1 is called a growth condition for the integral [ |Vu[Pdz. It restricts the degree of
singularity of Vu.

Proof. Tt suffices to prove the theorem for C'-functions.

If w € H'?, then the mollification wy, *u is defined for every ball By, (zo), Ry < R, if h is small
enough and satisfies the same growth condition for the integral [ |Vu[Pdz. From the uniform
estimate for |wy, *x u(§) — wy, * u(z)| we then obtain the theorem as h — 0.

Thus let u € C'(Bg(xo))-
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Let z,€ € Br(zo), p=1§—x|/2, T = (§+ x)/2 and ) € B,(7).

1

By the mean-value theorem (in integral-form) |u(&) < [|Vu(+t(n—¢))| - |n—¢&|dt.
0

Note that B,(Z) C Bgr(x) since | — 2| < /2, 6 = R — |z — xo|.
Since |n — &| < 2p we conclude

u(€) — ()| < 2 / Vul€ + 10y — €)] dt.

Averaging over B,(z) with respect to the variable 7 we obtain

u(€) — Tym)| < 29/B, (@) / /IVU£+t(n &)]|dt| dn,

B,(7) 0

where %p,z) denotes the meanvalue of u taken over B,(z).

We interchange the order of integration and set y = £ + t(n — &); then y ranges over B, (),
where 7, = (1 — t)€ + tz. (Indeed, the center is obtained for = Z which gives the formula for
Zy; the radius tp is obtained by taking half of the distance |y(§) — y(z)|.) Thus we obtain

1

(s, (0) — u(€)| < 29| Bo(@) / /|Vu(y)ldy e = A

0 Btp(it)
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Using Holder’s inequality and then the growth condition (3.1), we obtain

1
A< 20/B, [ |Byl Lt/ et =
0

1
= QP\B,;\_1/pp”/”‘1+“L61‘“‘”/”/t‘”“ dt =

0

= 2L51un/ppn1/ppu% )

Using the same result for x instead of & we obtain an estimate for the modulus of continuity
and thus the theorem. O

The theorem gives rise to the definition of the Morrey space LP*(Q), which consists of all
LP(Q)-functions such that the Morrey-norm

1/p

pA = SUp A" / |ulP dz B, = ball of radius r and center z

rx€eN

|l
B,NQ

is finite. The Morrey spaces are also interesting since they have some ”invariance-properties”
which appear while solving —Au = f € LPA.

We now present a technical lemma which gives a criterium that a function z satisfies a Morrey
condition. The technique of the proof is called the ”hole-filling method”; for the reason see the
discussion below.

Lemma 3.1. Let z : Q — R™ be an L%-function and suppose that for all concentric balls
Br C Q, Byr C QQ, the following condition holds:

(3.2) /|z|2 de < K / |z[*dx + KR®
Br Byr—Br

with constants K and oo > 0. Then there is a § €]0,1[ and o Ky such that

/ 2| dz < KoR? | x€QyCC, Ky depending on € .

BR(.’E)

Proof. We add to both parts of inequality (3.2) the quantity K [ |z|?dz, i.e. we "fill the hole”
Bg
in the integraion [
Bar—Br

This yields

(1+K)/|z\2dx§K 2> dr + KR".

Br Bsgr
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Dividing by (1 4 K) and setting § = "5 we obtain

/\z|2dx§0/|z|2dac+KR“.
Bgr Bar

Note that
(3.3) 0<f<1.

We choose 5 > 0 so small that 2% < 1. Since the domain may be assumed to be bounded we
may estimate K R* < K;R? for all R with Bz C Q.
Thus we may write

(3.4) /|z|2d:c§0/ 2> dz + K, R”
Bpr

Bagr

and by recursion we obtain

/|z|2d:v§92 / 2P dx+ Ky (R +02°RP) <
Bg Bygr
<6 / 2 de + K1 (R? + 02°RP + 6?22 RP) <

Bggr

<N / 2> dz + K1 RP ) (62°) <
=0

BzNR

<N / 2|2 dz + KoRP = (%)
Byng

since #2° < 1. Continuing estimating we get

B
(ﬂg(%) /|z|2dx+K2Rﬂ

Byn g

and setting Ry = 2V R we obtain

B B
_ _ 1
/ |Z‘2d$ S (Rﬂ) / ‘Z|2 dx + KQRﬁ S K()R’B, KO = (;) / ‘Z‘de + K2 y R() Z Y -
0
Bg B B

Ro Ro

On the other hand, given R; such that Br, C € we obtain for all R = Ry2™" the above
estimate and we conclude the theorem. O

Lemma 3.1 is important because of the fact that condition (3.2) can be checked easily for the
gradient of the minimizing function to variational problems. This is expressed by the
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Theorem 3.2. Letu € g + H(}’Q, g € H'? given, be a minimum of the variational integral

/F(Vu) dx
Q
where F' : R* — R is continuous and satisfies

e’ — K <F(n) <Klnp’+K

with constants ¢ > 0 and K > 0. Then there exists a § > 0 and a K, such that

/ \Vul?dy < KoR”?, y €y CC N
Br(y)

for all Br(y) C Q; here Ky depends on €.

Corollary 3.1. Ifn =2 then u € C%8/2, j.e. w is Hélder continuous on interior domains of
Qo with exponent 5/2.

The theorem is also true if v is an r-vector function.

of theorem 8.2: Let Bogr(y) C Q and let 7 be a Lipschitz-continuous function such that
[ 1 on Bgly)
m(z) = { 0 on R — Bygp(y)

and |V7| < R on Byr(y) — Br(y). Let c be a constant which will be defined later. If g € H?
and u € g + Hy”, then u + 7%(c — u) € g+ Hy” and since u is a minimum of the variational
integral we know that

/ F(Vu)dz < / F(V(u+ (c—u)r)) da:

moreover, since V(u + (¢ — u)7?) = Vu on Q — Byg(y) we have

(3.5) / F(Vu) dz < / F(V(u+ (c - u)r?) dz.

Bagr Bar

By the growth condition for F
FVu+(c—u)m) < K|Vu+ (c—u)))*+ K <
< K'|\VulP(1 -2+ K|V lc—u* + K <
< KI(|VU|2+R72|C—U|2)X*R+K on Bap

where y,g is the characteristic function of Byr — Bgr. Here we have used the fact that 7 = 1
on Bpg.

By the coerciveness condition for F' F(Vu) > ¢|Vu|?> — K, and collecting our wisdom, we arrive
at the inequality

/[c|vu\2—K]dx§K' / [\Vu\2+R—2|c—u\2]dx+/de,

Bar Bsr—Br Bsgr
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and thus
(3.6) /}vuﬁmggk"/ VulPdz+ KR m/ o—ul2de + KR,
Br Bar—Br Bar—Br
We now choose ¢ to be equal to the mean value of u on Byg — Bg. By Poincaré’s inequality
/ lc — u*dz < KR? / \Vul*dz,
Bar—Br Bar—Br
and we conclude from (3.6)
/ \Vul|?de < K, / \Vul*dz + K, R?.
Br Byr—Br

Now the hole-filler strikes again: we apply 3.1 and are happy. O

Note that it is not hard to generalize the theorem to the variational integral

/F(w,u,Vu) dx

Q

where F' is continuous and satisfies
Cln> - K < F(z,u,n) < K|n|> + K
|F(z,u,n) — F(z,v,1)] < Klu—v|(1+]n]?).

However it is unknown whether one can prove the Morrey-condition and thus Holder continuity
in the case of two variables, if u is an r-vector function, > 2, which is a relative minimum of
the above variational-integral. ”Relative” has to be understood in the L*® or H'2-metric i.e.
the integral is minimal in a neighbourhood of u.

We want to prove a variant of the theorem 3.2 by considering Euler’s equation for the variational
problem.

Theorem 3.3. Let u € g+ H,?(Q), g € HY?, be a solution of the equation
(3.7) Z/F}(Vu)aigo dx =0, ¢ € Hy*(Q)
i=1 3

where the F; are given continuous functions R® — R which satisfy
[Fi(n)| < KA+ nl), i=1...,n, neR"

and
S FEmm>chf-K, n=(m,...,n) R
=1

with positive constants ¢ and K. Then the conclusion of theorem 3.2 holds.
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Proof. We intend to verify the condition of lemma 3.1 in order to apply the hole-filling technique
and then Morrey’s lemma.

For this, let 7 be defined as in the proof of theorem 3.2 and set in (3.7) ¢ = (u — ¢)7? where c
is defined as in the proof of theorem 3.2 namely c is the mean-value of u taken over Byr — Bp.
This yields

2 / Fy(Vu)di[(u = ¢)r*]dz = 0

and using the coerciveness and growth condition in a simple way

/ \Vul?*r*dz < K'R" + K'/(u —¢)?|Vr*dx
Q Q
or

/ |Vu|>r?dz < K'R" + R*K' / (u—c)?dz.
Bgr B>r—Br

Using Poincaré’s inequality as in the preceding proof we obtain the ”hole-filling” -condition of
lemma 3.1. O

Finally, let us present an example of a discontinuous solution of a quasi linear system:

Set u = sinlnlnﬁ, v :coslnlnﬁ, x € R2,

Let us calculate Au and Av. Set f = In ﬁ Then
2 o.f
Au=Asinln f =0, ( f coslnf) =
i=1
2 2
= _|Vf]§| cosln f — |Vf]2(| sinln f for [z| #£0, |z| <e'.
We have used the fact that, in R?\{0}, the identity Af = 0 holds.
Similary,
2
Av = Acosln f = _Zai <8sz sinlnf) =
i=1
2 2
= +‘vf‘]j sinln f — |Vf€| cosln f.
Furthermore, |Vul|? = |Vf—’;|2 cos?In f, |Vv|? = |Vf—€|2 sin?In f.
Thus

Au = (|Vul* + |[Vv[?) (u+v),
Av = (|Vul]> + |Vo]?) (u—v).
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This holds in the set {x € R?| |z| < e,z # 0}, e = exp1, and since v,u € H"?(B,-1) it is
easy to show that for ¢ € C§°(B.-1)

(Vu, Vo) = +((|Vul” + [Vu’) (u+v), ),

(Vu, Vo) = —((|Vul” + [Vo*) (u — v),¢)

Thus, we have a weak solution of a two dimensional elliptic system which is in Hy*(Be-1) N L>
and is not continuous.

It would be very interesting to construct a similar example which comes from a wvariational
problem. For n large, such examples have been constructed.
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4. THE DIFFERENTIABILITY OF WEAK SOLUTIONS TO EULER
EQUATIONS OF VARIATIONAL PROBLEMS

Under suitable conditions, namely growth conditions and ellipticity one can show that the
solutions to FEuler equations have one more derivative than follows from the existence theory.
We start with the simplest case of the equation

(4.1) —zn:aiFi(VU) =0.

=1

Theorem 4.1. Let u € HY?(Q) be a weak solution of equation (4.1) and let F; : R* — R be
. . . . n _ 6 ]
continuously differentiable and assume that the matriz (Fig(n))ix=, where Fix(n) = 3 -Fi(n)

has the properties

n
() Y Fu&i& > cl€)?, ¢ € R*, with a constant ¢ > 0 and
ik=1
(i) |Fix| < K uniformly with a constant K,i,k=1,... ,n.

Then
ue H72(Q).

loc

Remark: We do not treat regularity up to the boundary here. If 992 € C?, one can prove
u € H>*(Q).

Proof. of theorem 4.1: Let Di¥"w(zx) = £h ' (w(z + he;) — w(x)), i.e. DF" are the forward and
backward difference quotients; e; is the i-th unitvector. Let 7 € C§°(Q2), 7 > 0. Then, for
h < ho(7), DJ._"(TQDg‘u) € Hy”(€) and since u is a weak solution to the Euler equation we
have

> / Fy(Vu)d,D; *(r*Diu) dz = 0.
=1 Q

Using the formula

/ij_hv dz = —/D;-lwvdx
Q

Q

if one of the L2-functions w or v has compact support T and h < dist(952, T'), we obtain

(4.2) > / D"F;(Vu)0;(r*Dlu) dz = 0.
i=1 Q
We use the formula

n 1
D} Fi(Vu) = / Fi(tVu(z + hej) + (1 = £)Vu(z)) 9 Dju dt
k=17
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and obtain the estimate
> DIF(Vu)d;Diu > c|VD}ul?
i=1

by using condition (i) of theorem 4.1.
Calculating the term 8;(7°Du) in (4.2) by Leibniz’ rule we conclude

C/‘VD?UFTZ dr < K'/\VD?M V7|7 Dlu| dx
bt Q

with a constant K’ depending on the constant K in (ii).
Using Young’s inequality in order to estimate

|VDMu| |V7|7|Diu| < e|VDM|*m? + K (&) |VT|*| Dlul?

we arrive at the inequality
(4.3) /\VD;PUFT? dr < KO/ V7| Djul* da .

The right hand side of (4.3) is uniformly bounded as A — 0. This follows from a theorem that
if u € H"? then the functions D}u are uniformly bounded in the L?-norm on interior domains

(in fact, the convergence in L2 to d;u). This follows from the fact that for C*(Q)-functions v

/|D§’v\2dw < / 002 dz, Qo CC Q, h < dist(, I2)
Qo Q

2

and the statement on the boundedness of Dju in L,

follows by a closure argument. The
inequality above follows by representing

h
Div=h"" / 0jv(z + te;) dt.
0

We may choose 7 such that 7 = 1 on some domain 3 CC €2 and obtain that

/|VD;?u\2da: < K,
Q

uniformly as A — 0. This holds for any 2y CC 2. From the following lemma we then conclude
the statement of the theorem. O

Lemma 4.1. Let z € L*(Q) and [ |D§-‘Z|2 dr < Ky, j =1,...,n, uniformly as h — 0 on
Qo

compact subdomains of Q. Then z € H2 ().

Proof. From the weak compactness of bounded sets in L?*(€)) it follows that there exists a
subsequence A of numbers h — 0 such that

D‘?]ZAZ]', h—0, heA
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weakly in L?(). Now, if ¢ € C5°(€)

/(pD?z dr = —/Dj_hg)zdx,
Q Q

and passing to the limit 4 — 0 we obtain

/gpzjdx: —/@gozd:v
Q

Q

i.e. z; is the j-th derivative of z in the sense of distributions and is contained in L?, that means
z € W,22(Q). Using Meyer-Serrin’s theorem that

W2 () = H2 ()

loc loc

we obtain the statement. O

The difference-quotient procedure with which we proved theorem 4.1 is a classical tool in
partial differential equations and is due to Bernstein (maybe even Liechtenstein). For linear
partial differential equations one can carry out a similar procedure using higher order difference-
quotients (D?)™ and thus getting H:™2(Q)-differentiability. This does not work in the case
of non-linear equations. The technique ”stops” with H12<;c2 -differentiability.

Note that it is not hard to generalize theorem 4.1 to the case of the general equation

— Z 0;F;(z,u, Vu) + Fy(z,u, Vu) =0
i=1
under ellipticity and sufficiently strong growth conditions for Fj.

Note that in the case of our counterexample in chapter 3 these growth conditions are not
satisfied since sinInIn ‘1?‘ ¢ H2? for n = 2. (The reason is that the lower order term Fy(x, u, Vu)

in our counterexample has quadratic growth in Vu.)

By more refined techniques one can treat this in the scalar case or when one has C*-regularity
for u.

We intend to refine theorem 4.1 by showing that the second derivatives of the solution satisfy
a local Morrey-condition and thus Vu € C* for n = 2.
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5. THE MOSER-TECHNIQUE

Ifu € g+ Hy*(Q), g € H**(Q), is a minimum for the variational integral [ F(Vu)dz where
Q
F € C?(R*) and the matrix (Fy(n))7 -, has positive eigenvalues which are bounded by positive

constants from above and below, then we know already that u € H>>(Q), and the following
equation holds:

(5.1) Z/Fik(Vu)Bkﬁjuaigodxzo, e Hy’, j=1,...,n.

ik=1g
Setting Fix(Vu) = a;, we have
A € LOO(Q)

and
n

D aw(@)lr >, zER', £ER
i,k=1

with some constant ¢ > 0.

From (5.1) we conclude that the function z = 0;u satisfies the equation

(5.2) Z /aikﬁkz&-gp dr=0.

ik=17

In order to obtain regularity results for d;u it suffices to study (5.2) and to prove regularity
theorems for solutions z € H>(€) of (5.2).

By the famous theorem of De Giorgi-Nash the solutions z € H,>%(Q) of (5.2) are Hélder-
continuous under the above hypotheses. The De Giorgi-Nash proof of this theorem was later
simplified by Jiurgen Moser. We present here the first part of his proof, namely the proof that
z € L2 (Q).

loc

Theorem 5.1. Let a;, € L*®(Q2) and

n

Y aw(@)& >, zER', (R,

i,k=1

with a constant ¢ > 0. Let z € H2>(Q) be a weak solution® to the equation

= ) 0i(ai(2)0kz) = 0 in Q,

ik=1
then z € L{2.(Q2) and the inequality

loc

K
2l ) < 7 [ 121 da

Bagr

n
3ie. Y [aOrz0;pdz =0, p € Hé’z(Q)
i,k=1Q
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holds for all balls Br such that Bog C €2 is concentric to Bpg.
Remark: Under the above hypotheses, u € C%(2) with some « €]0, 1[.

Proof. We introduce the truncated function
[ z2(z) it |z(z)| <1,
alz) = { Isignz(z) if |z(x)| >1.

By an approximation argument one can show that if z € H110c2 then z; € Hﬁ)’f . Furthermore,

z € L® and [4]P € H2(Q) where [£]P = £[€[P~, p > 1. Thus, if 7 € C°(Q) we may use

loc
72[]P as a testfunction and obtain

Z /aikakza,-([zl]f’#) dr =0
ik=1%
and
pY" [ oudhedielel's do < K [ 192 [Pl de,
k=10, o

where ; denotes the set defined by |z| < [. Using the definiteness of (a;) we obtain

(5.3) cp/|Vz|2|z\p_17'2 dx < K/\Vz\ |z PV 72| dx .

Q Q

We confine ourselves to the case n > 3.

. 1,2
Since z € H, ;. we have

2n

ze L %(Q)

loc

by Sobolev’s inequality; setting p = -"5 we conclude that the L% -norms of |z|P are uniformly

bounded as | — oo since
2n_
/|zl\2pd:c < /\z|2p dx :/\z|n—2 dx
Qo Qo Qo

Thus, the right hand side of (5.3) is uniformly bounded as | — oo, and passing to the limit
| — oo we obtain by Fatou’s lemma that [ |Vz|?|z|P~ 72 dz exists and is finite.
Q

for any Qy, CC €.

We rewrite this in the form

4 p.1
/‘VZ‘2|Z|”1T2d$=72/‘V|z‘12)+2
J (p+1)

Q

2,
7“dx

and obtain that

p

1
‘Z‘2+5 € Hﬁ)’f’

n
n—2

where p=
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Again using Sobolev’s theorem, we obtain

2n_
c Ln—2

p
2 loc

N[

227
or
pn n
+ M 2, T
n—2Tn-2 _ 7(-=5)+—
loc = ['‘n—2 n—2

z€L

Repeating the argument above - i.e. using (5.3) with p = (:25)? + -5 we obtain

n—2 n—2

3 2
n n n
Ll withg=——
# € Lo With ¢ (n—Z) +<n—2> +n—2

and finally for ¢; = Y (-2)*.

Since -5 > 1 we obtain z € L{ for any ¢ < oc.

Thus, we may pass to the limit [ — oo in equation (5.3) for any p < oo and obtain

p/ |Vz|?|z[P~ 72 dx < K/ |Vz| 2P| V72| dx, T>0
Q Q

andap;Z 1,

12—)/|Vz|2\z|p17'2 dz < K'/\Z|P+1|VT|2dx.
Q Q

p_1  ptl
(We have used |Vz| [2]P = |Vz| |z] 2 |z] 2 and Young’s inequality.)

We rewrite this in the form

p+1
/‘VM >

Q

2 K(p+1)?
2y < K1 [ 1er Vel da
p
Q

< K-p/|z|p+1\w|2dx.
Q

Furthermore
2

p+1
JIw ()
and passing from p+1top, p > 2
/\V (1)2P/%) |? dz < Kgp/ 12|P|VT|?d .

Using Sobolev’s inequality we obtain

dx < Klp/ |z|PtH VT2 dr,

om o \m
(5.4) (/7’"2|Z|"2 da:) < K2p/ 2P| V7|* dx

and this is the starting inequality for the Moser technique.
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By approximation, we may assume 7 be a Lipschitz function with compact support. We define
a sequence of balls Bg, with radius R; defined by

Ry =2R

6~ 1 ,
RZ:(Q—PZE>R, 7,:1,2,....
k=1

Obviously, R; > R and R; — R for i — oc.

We then define a sequence of cut-off functions 7; with the property

supp7; C Bg,, 7 =1 on Bg,_,,

K K',
V| < ——— =
| 7—|_Ri—Ri+1 RZ
(The Bg, are concentric to each other.)
Thus we obtain from (5.4)
n-2
(5.5) / |z|n 5 dx < Kpi*R™? / |z|P dz, p>2,
1,+1
where we used the abbreviation B; = Bg,,_ .
We now define p; by
Po =2
n \'
i = 2
n=2(it)
and (5.5) yields
n—2

it .
/ |z|Pi+! dx < Kpiﬁ/k\p’ dx
Bi+1 B;

and because of i* < Kp;

K
/|Z‘m+1 dr R— 3/ z[Pi dx

Bit1 B;

and finally

A
el < ()" 2P lelcmy-
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By recursion, we obtain

i1 L
K* Pk 2
Izllze s < [ ] <R2) Hpk/pk||2||Lpo(Bi0)
k=0 k=0 ~—
= L?(Bypg)

Passing to the limit 4 — oo it turns out that the right hand side of the above inequality remains
finite (see below) and we obtain

1
el < T ()™ TLo" el
k=0 k=0

= (KN (KNS K
H R2)  \R2 ~ Rn/2
k=0
(recall p, = 2(z%5)*)). Furthermore

o0 o0 2
[T =exp (Y =lupi | |
k=0 j—o Pk

=0

One sees easily that

and this converges since lnpy ~ k
1 -2
Pk n
This completes the proof of the theorem. O




