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Abstract

In this paper we consider the geodesic tree in exponential last passage per-
colation. We show that for a large class of initial conditions around the origin,
the line-to-point geodesic that terminates in a cylinder located around the point
(N, N), and whose width and length are o(N%/?) and o(N) respectively, agrees in
the cylinder, with the stationary geodesic sharing the same end point. In the case
of the point-to-point model where the geodesic starts from the origin, we consider
width N?/3 length up to 632N /(log(6~1))3, and provide lower and upper bounds
for the probability that the geodesics agree in that cylinder.

1 Introduction

The last passage percolation model (LPP) is one of the most well studied models in the
Kardar-Parisi-Zhang (KPZ) universality class of stochastic growth models. In this model,
to each site (i, j) € Z?, one associates an independent random variable w; ; exponentially
distributed with parameter one. In the simplest case, the point-to-point LPP model, for
a given point (m,n) in the first quadrant, one defines the last passage time as

G(m,n) = max Z Wi g, (1.1)

:(0,0)—(m,n) (ijen
where the maximum is taken over all up-right paths, that is, paths whose incremental
steps are either (1,0) or (0,1). Consider the spatial direction x to be (1, —1) and the time
direction ¢ to be (1, 1). Then one defines a height function h(x,t = N) = G(N+z, N —x),
see [40] and also [48[50] for a continuous analogue related to the Hammersley process [35].
The height function has been studied extensively: at time NN, it has fluctuations of
order N3 and non-trivial correlation over distance N%?, which are the KPZ scaling
exponents [16,43,44]. Furthermore, both the one-point distributions [I] 5,6} 22} 38 /48]
as well as the limiting processes [2,[17,[18,[40,50] are known for a few initial conditions,
i.e., distributions of h(x,0) (or geometries in LPP framework). Finally, the correlations
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in time of the interface are non-trivial over macroscopic distances [23,130] and they have
been recently partially studied [49,12,[33]4T]42]45].

Another very interesting but less studied aspect of models in the KPZ universality
class is the geometrical properties of the geodesics (also known as maximizers). For the
LPP model, geodesics are the paths achieving the maximum in (LI). In the case of the
exponential random LPP described above, for any end-point (m,n), there is a unique
geodesic. Geodesics follow characteristic directions and if the end-point is at distance
O(N) from the origin, then it has spatial fluctuations of order O(N?%?) with respect to
the line joining the origin with the end-point [15,39)].

Consider two or more end-points. To each of the end-points there is one geodesic
from (0,0) and thus the set of geodesics as seen from the end-points in the direction of
the origin, have a non-trivial coalescing structure. Some recent studies of this structure
in LPP and related models can be found in [7,[11],14],24,28,36,37,146]. One might expect
that on a large scale the coalescing structure is universal and thus not depending on the
details of the chosen random variables defining the LPP models (provided, of course, that
the model is still in the KPZ class, which rules out, for instance, heavy tailed random
variable).

The decorrelation of the height function in space and time is reflected in the geomet-
rical behaviour of the geodesics. (a) Spatial-decorrelation. Consider the height function
at a given time of O(N). For two end-points at spatial distance O(N?/3) the height
functions are non-trivially correlated. This property of the height function is related
with the behaviour of the geodesics. Indeed, the two geodesics ending at those points
have a coalescence point at a distance O(NV) from the end-points [34], with a non-trivial
distribution over the full macroscopic scale, as already noticed in some numerical studies
in [29]. More refined recent results are also available [51,[53]. This is necessary since the
fluctuations over a time-distance t grow as t'/3 and therefore, if the coalescence point is
at distance o(N) from the end-points, the fluctuations coming from the disjoint part of
the two geodesics after the coalescing time will be o(N'/3), leading to a trivial correla-
tion (since the fluctuation scale is N'/3). (b) Decorrelation in time. Consider the height
function at two times t; < ty both of O(N) along a given characteristic line. Let P;, P,
be the end-points in the LPP setting. If ¢t —¢; = o(V), then the geodesic ending at P
will be at time ¢; at some point A with |A — P;| = o(N??3). But this implies that the
height functions at A and P; are trivially correlated. Moreover, since |A — Py| = o(NN),
the height functions at A and P, are also trivially correlated. Thus to have non-trivial
time correlations, two points along a characteristic must be at a macroscopic distance
O(N) from each other.

This aspect has been used in the study of the covariance of the time-time corre-
lations [33], where it was proven that taking one end-point as (N, N) and the second
(TN,7N), then as 7 — 1, the first order correction to the covariance of the LPP is
O((1—7)¥3N?3) and is completely independent of the geometry of the LPP, i.e., it is the
same whether one considers the point-to-point LPP as in (I1]) or the line-to-point LPP,
for which the geodesics start from a point on the antidiagonal crossing the origin. This
suggests that the coalescing structure of the end-points in {(N +k, N —k), |k| < IN?/3},
for a small 6 > 0, should be independent of the LPP geometry over a time-span o(XV)
from the end-points. In particular, the coalescing structure should be locally the same as
the one from the stationary model, introduced in [8]. In [7] a result in this direction has
been proven. Among other results, they showed that the tree of point-to-point geodesics
starting from every vertex in a box of side length §N?? going to a point at distance N



agree inside the box with the tree of stationary geodesics.
The goal of this work is to improve on previous results in the following points:

1. In the case of point-to-point LPP, we extend previous results by showing (Theo-
rem [2.2)) that the coalescence to the stationary geodesics holds with high probability
for any geodesic starting in a large box around the origin and terminating in a cylin-
der whose width is of order N?/3 and its length is of order N (see Figure 2.1]). In
other words, we obtain the correct dimensions of the cylinder around the point

(N, N).

2. In the case of point-to-point LPP, we improve the lower bound of the coalescence
result from exponent 3/8 (see [7, Theorem 2.4]) to the correct exponent 1/2 (The-
orem [22). In the process of proving it, we provide a simple probabilistic proof
(Theorem [2.8) for the concentration of geodesics around their characteristics with
the optimal exponential decay.

3. In the case of point-to-point LPP, we obtain an upper bound on the coalescence
event (Theorem 2.0) that differs from the lower bound only by a logarithmic factor,
i.e., we have indeed obtained the correct exponent.

4. We also consider the case of line to point LPP with general initial conditions. In that
case, we obtain (Theorem 2.5]) a lower bound on the probability that the geodesic
tree agree with that of stationary one in a cylinder of width N?/3 and length N.
The order of the lower bound depends on the concentration of the exit point of the
geodesics around the origin.

Another problem that is closely related to the coalescence of the point-to-point
geodesic with the stationary one is the question of coalescence of point-to-point geodesics.
More precisely, consider the probability that two infinite geodesics starting k% away from
each other will coalesce after Rk steps. A lower bound of the order C'R™¢ was obtained
in [46]. Matching upper bound together with the identification of the constant ¢ = —2/3
was found in [I4]. The analogue result for the point-to-point coalescence was completed
more recently in [53]. Finally, in [7] it is proven that the infinite geodesics in fact coa-
lesce with their point-to-point counterparts and identified the polynomial decay obtained
in [53].

In a second type of coalescence results, one considers the probability that geodesics
leaving from two points that are located at distance of order N?/3 away from each other
and terminate at or around (N, N) coalesce. In the setup of Brownian LPP, one takes
k geodesics leaving from a small interval of order eN?? and terminating at time N in
an interval of the same order. Then, the probability that they are disjoint is of order
e**=D/2 with a subpolynomial correction, see [37, Theorem 1.1]. It was conjectured
there that the lower bound should have the same exponent. For k = 2 this is proven
in [I0, Theorem 2.4]. See also [13, Theorem 2| for a weaker upper bound. Furthermore,
an upper bound of order 7%/? on the probability that two geodesics starting from the
points (0,0) and (0, N*/3) and terminating at (N, N) do not coalesce by time (1 — 7)N
is obtained in [7, Theorem 2.8].

Our Theorem [Z7 gives the exact exponent 1/2, for the probability that any two
geodesics starting from a large box of dimensions of order N x N%/® and terminating at a
common point in a small box of size N x N?? coalesce (see Figure 211 for more accurate



dimensions). Theorem 2.7 can be compared with rarity of disjoint geodesics that was
considered in [37] although for geodesics starting from a big box rather than a small one.

What is then the reason for the discrepancy in the different exponents (exponent
3/2 in the results in [37] and the 1/2 exponent in this paper)? Clearly, the geometry is
different as in this paper we consider geodesics starting from a large box around the origin,
as opposed to a small box of size N%3 in [37]. Let us try to give a heuristic argument for
a possible settlement of this discrepancy. Let us divide the interval I := {(0,)}y<;<n2/3
into 6~ sub-intervals {I}}o<g<s-1 of size IN?/3. Let Ay (resp. A) denote the event that
two geodesics start from Ij, (resp. I) and do not meet by the time they reach the small
interval around the point (N, N). If the events {Ag}i<p<s—1 decorrelate fast enough,
then by [37, Theorem 1.1] we have roughly 6! decorrelated events of probability (up
to logarithmic correction) %2, This implies that P(A) is (up to logarithmic correction)
5—153/2 — 51/2.

Concerning the methods used in this paper, one input we use is a control over the
lateral fluctuations of the geodesics in the LPP. In Theorem 2.8 we show that the prob-
ability that the geodesic of the point-to-point LPP is not localized around a distance
MN?/3 from the characteristic line decay like e=*M” which is the optimal power of the
decay. This is proven using the approach of [I5], see Theorem [£4] once the mid-point
analogue estimate is derived, see Theorem 2.2l The novelty here is a simple and short
proof of this latter by using only comparison with stationary models. This probabilistic
method is much simpler than previous ones.

To prove Theorem 2.2] the first step is to prove that with high probability the spatial
trajectories of both the geodesic of the point-to-point LPP as well as the one of the
stationary model with density 1/2 are sandwiched between the geodesics for the stationary
models with some densities py > 1/2 and p_ < 1/2 respectively. This then reduces the
problem to finding bounds on the coalescing probability only for the two geodesics of the
stationary models. This is done using the coupling between different stationary models
introduced in [26] and techniques introduced in [7]. Using techniques from [I5] and exact
tail decay of the fluctuations of geodesics we are able to improve the results in [7]. The
main ingredient in proving Theorem is to show that the geodesics of the stationary
models with different densities did not coalesce too early with some positive probability.
Here, the application of the queueing representation of the coupling in [26] is more delicate
than the one needed for the lower bound, as we now have to force the geodesic away from
each other. This application of the queuing techniques developed in [7] is new. The idea
is to look at the behaviour of the coupled stationary initial conditions as two coupled
random walks, and analyse their behaviour on two disjoint interval. Finally, we extend
the local universality result of the geodesic tree for a class of initial conditions without
restricting to the point-to-point case as in [15].

Outline of the paper. In Section 2] we define the model and state the main results.
We recall in Section [3] some recurrent notations and basic results on stationary LPP. In
Section Ml we prove first Theorem 2.8 on the localization of the point-to-point geodesics and
then show that the geodesics can be sandwiched between two version of the stationary
model, see Lemma [£7 This allows us to prove Theorems and in Section
Section [6] deals with the proof of Theorem and Theorem 2.7



1.1 Some general notation

We mention here some of the notations which will be used throughout the paper. We
denote Z>o = {0,1,2,3,...} and Z-o = {1,2,3,...}. We use four standard vectors in
R? namely e; = (1,0) and e; = (0,1). We also denote e3 = (1,—1) and e, = (1,1). The
direction ez represents the spatial direction, while e4 represents the temporal direction.
Furthermore, for a point z = (z1,22) € R? the (-norm is |z| = |z1| + |z2|. We also
use the partial ordering on R?: for z = (z1,72) € R?* and y = (y1,72) € R?, we write
x <yif z; <y and x5 < yo. Given two points x,y € Z? with x < y, we define the box
[z,y] = {2 € Z*|x < z < y}. For u € Z* we denote Z2, = {z : z > u}.

Finally, for A > 0, X ~ Exp(\) denotes a random variable X which has exponential
distribution with rate ), in other words P(X > t) = e~ for ¢t > 0, and thus the mean is
E(X) = A~! and variance Var(X) = A2, To lighten notation, we do not write explicitly
the integer parts, as our results are insensitive to shifting points by order 1. For instance,

for a € = (€1,6) € R?, €N means (|&,N], [6N]).
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2 Main results

Let w = {w; }aez2 be iid. Exp(1)-distributed random weights on the vertices of Z2. For
o € Z?, define the last-passage percolation (LPP) process on o + Z;O by

ly—ol1
Goy= e, fory€o+72,. 2.1
v =, max kZ:O Wy, fory € o+ 22, (2.1)

I1,,, is the set of paths xe = (z)}_, that start at zo = o, end at x, = y with n = |y —oly,
and have increments xj1 — x € {e1,e2}. The a.s. unique path 7,, € II,, that attains
the maximum in (2)) is the geodesic from o to y.

Let £ = {x € Z*|x, + 15 = 0} be the antidiagonal crossing through the origin. Given
some random variables (in general non independent) {ho(z)}.e. on £, independent from
w, define the last passage time with initial condition hg by

ly—ol
GZ‘?y = max (ho(xo) + Z ka) fory > L, (2.2)

Te€lley k=1

where y > L is meant in the sense of the order on the lattice, that is, y is located above
and to the right of £ (see Subsection Bl for exact definition). Consider the point xy € £
from where the geodesic from L to y leaves the line £. Then zy = (ZZ?y, -7 ’Z(’y) for some



Zg?y € 7 and we refer to Z Zoy as the exit poz’niﬂ of the last passage percolation with initial
condition hg.

One can define stationary models parameterized by a density p € (0,1), both for the
LPP on the positive quadrant as for the LPP on the north-east of £, see Section
for detailed explanations. In that case we denote the stationary LPP by G/ = or GE,y
respectively.

For o € R, and 0 < 7 < 1 we define the cylinder with principal axis in the e4 direction
ending at (N, N) of width o N%/® and length 7N by

Co" = {ieg + jes € Z*: (1 —7)N < i < N, —IN*3 < j < IN3}. (2.3)

As the points in C%7 are a subset of Z?, one necessarily have that i, j € Z/2 with i+j € Z.
Similarly, for o € R, and 0 < 7 < 1 we define a set of width ¢ N?/3 and length 7N

RO7T = {ieq+ jes € Z* : 0 < i < TN, =N < j < ZN3 |j] < i} (2.4)

Remark 2.1. Note that the shape of R%™ in (24]) is somewhat different than the blue
cylinder in Figure 2.1l The reason for that is that in this paper we use exit points with
respect to the vertical and horizontal axis so that the shape defined in (2:4) is easier to
work with. We stress that similar results can be obtained for a box as in Figure 2.1 by
using exit points with respect to the antidiagonal L.

Due to the correspondence to stochastic growth models in the KPZ universality class,
we denote the time direction by (1, 1) and the spatial direction by (1, —1). In particular,
for any 0 < 7 < 1 define the time horizon

L, ={1Ney+ie3: —00 <i < o0}, (2.5)

Let x,y,z € Z? be such that z,y < z. For the geodesics 7, . and 7, we define the
coalescence point
Co(mpymy,) =influeZ? :uemr,, Nnm,.}, (2.6)

where the infimum is with respect to the order < on the lattice.

Upper and lower bounds on the coalescing point

The main results of this paper can be thought of as a local universality of the geodesic
trees in a cylinder of spatial width o(/N?/3) and time width o(N) around the end-point
(N, N). For a class of initial conditions, we show that with high probability the geodesics
starting from any point of C%7 are indistinguishable from the stationary ones beyond the
time horizon L,. In other words, the geodesic tree generated by the end-points in C*7
have universal character beyond L..

The first result is for the point-to-point geometry: with probability going to 1 as
§ — 0, the set of geodesics ending at any point in the cylinder C>" of the stationary LPP
with density 1/2 is indistinguishable from the geodesics of the point-to-point LPP from
the origin for any 7 < 6%2/(log(671))3.

Theorem 2.2. Let o = (0,0). There exist C,dy > 0 such that for any § € (0,0y) and
r < 5/ (log(57)),

P(Cp(ﬂ'l/Q Tya) <L, Yo el yc Rélog“l/‘*) >1— 06 log(67Y)  (2.7)

0,x )

for all N large enough.

IEquivalently, one can think of the point x( as the exit point, which is one-to-one with the value Z Z"y
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As a direct corollary we have that in a cylinder of spatial width o(N?*?) and time
width o(N) around the end-point (N, N), the geodesics are indistinguishable from the
stationary ones.

Corollary 2.3. For any e > 0,

lim ]P’(C'p(ﬂl/2 Tow) < Li_n— Vz € CN’EvN’E) — 1. (2.8)

0,T
N—oo ’

Theorem generalizes to LPP with a large class of initial conditions, i.e., consider
LPP from £ with initial condition hg, like the ones considered in [22/[33]. We make the
following assumption on hg. Recall the exit point ZZ"m mentioned right after (2.2)).

Assumption 2.4. Let 2! = Ney + 26N?3e;3 and 1° = Ney — 30N?*3e3. Assume that
P (Zgoxl < 1og(5—1)N2/3) >1-Q(5) (2.9)

and
P (Z’goﬂ > —1og(5*1)N2/3) >1-Q(6) (2.10)
for all N large enough, with a function Q(J) satisfying lims_,o Q(d) = 0.

Under Assumption 2.4] the analogue of Theorem (and thus of Corollary 2.3]) holds

true.
Theorem 2.5. Under Assumption[2.4), there exist C,dy > 0 such that for any 6 € (0,6)
and T < 8%/% /(log(671))3,

P(Cp(w;ﬁ, )<L, Vre céﬁ) >1— 052 1og(671) — Q(5) (2.11)

for all N large enough.
The exponent 1/2 in Theorem 2.2]is optimal as our next result shows.

Theorem 2.6. Let o = (0,0). There exist C,6y > 0 such that for any 6 € (0,0¢) and
r < 692/(log(o™ 1)),

P(Cp(ﬂl/z Tye) < L1, Yo €l yc R%log‘s‘l)vf) <1— (62 (2.12)

for all N large enough.

The following result is closely related to Theorem and Theorem [2.0], it considers
the question of coalescence of point-to-point geodesics.

Theorem 2.7. There exist C,60 > 0 such that for any 6 € (0,8) and 7 <
6%/ (log(d-1)),

1 — 5 2 10g(571) < ]P’(C’p(www Tya) < Liy Vo €C w,ye R%log“ﬁ) <1-Cov
(2.13)
for all N large enough.



Cubic decay of localization

In order to prove the main theorems we will need some control on the spatial fluctuations
of the geodesics for the point-to-point problem. As this estimate has its own interest, we
state it below as Theorem 4.2l For a an up-right path v we denote

[i(v) = max{l: (k. 1) € 7},
It (y) = min{l : (k,1) € v}.

When 7 is a geodesic associated with a direction, we denote the direction by & = (&1, &2)
with & + & = 1, and we set

Ti(v) = max{[Ti(y) — £k[ [Th(y) — &I} (2.15)

Theorem 2.8. Let e € (0,1]. Then there exists Ny(e) and c1(g) such that for & satisfying
8§£2/£1 S 1/87

P(Tk(Toen) > M(TN)? for all k € [0,76,N]) < e”oM’ (2.16)

(2.14)

for all TN > Ny and all M < (7N)'/3/log(N).

Statements similar to Theorem 2.8 with Gaussian bound can be found in [9, Proposi-
tion 2.1], [I4, Theorem 3] and [I5, Theorem 11.1]. The authors employed Theorems 10.1
and 10.5 of [15]. A cubic decay can be found in [12], Proposition 4.7]. We provide a short
and self-contained proof of the localization result using comparison with stationarity only.

Remark 2.9. Theorem states the optimal localization scale for small 7. By symmetry
of the point-to-point problem, the same statement holds with 7 replaced by 1 — 7 and
and gives the optimal localization scale for 7 close to 1.

A family of random initial conditions.

Now let us consider the family of initial conditions, interpolating between flat initial
condition (i.e., point-to-line LPP) and the stationary initial condition, for which the
time-time covariance was studied in [33]. For o > 0, let us define

lezl(Xf - }/f)v for k Z 17
ho(k,—k) =0 x 4 0, for k =0, (2.17)
- Z?zk-}-l(Xﬁ -Y,), fork<-1.

where { Xk, Y; }rez are independent random variables Xy, Y, ~ Exp(1/2). For o = 0 it
corresponds to the point-to-line LPP, while for o = 1 it is the stationary case with density
1/2.

Proposition 2.10. For LPP with initial condition [2.171), Assumption[2-]] holds with
Q(0) = Cecllos™)? (2.18)
for some constants C,c > 0.

This result is essentially contained in the proof of part (b) of Lemma 5.2 of [33]. For
completeness we present a sketch of the proof in Appendix [Bl

8



Figure 2.1: llustration of Theorems and 2.6l With high probability, any geodesic tree
(black curve) consisting of all geodesics starting from a fixed point in the blue cylinder
and terminating at any point in the red cylinder, will agree in the red box with the
stationary tree (red curve) of intensity 1/2.

3

Preliminaries

3.1 Ordering of paths

We construct two partial orders on directed paths in Z2.

<:

A

For z,y € Z* we write < y if y is above and to the right of z, i.e.
1 <y and xo < 1. (3.1)

We also write x < y if
r<y and z#y (3.2)

An up-right path is a (finite or infinite) sequence Y = (y)rez in Z?* such that
Yr — Yp_1 € {ej, ez} for all k. Let UR be the set of up-right paths in Z%. If
A, B C 72, we write A < B if

r<y VYreANnY,ye BNY VY ecUR. (3.3)

where we take the inequality to be vacuously true if one of the intersections in (3.3)
is empty.

For z,y € 7% we write x < y if y is below and to the right of z, i.e.
1 <y and x> 1s. (3.4)

We also write z < y if
x=y and x#y (3.5)

9
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AR

Figure 3.1: The two geodesics y; and v, are ordered i.e., 71 < 7,. For any down-right
path Y in Z? the set of points z = Y N~y; and y = Y N ¥, are ordered, i.e., x < y.

A down-right path is sequence Y = (yi)rez in Z? such that yp — yr_1 € {e1, —€2}
for all k € Z. Let DR be the set of infinite down-right paths in Z2. If A, B C Z?,
we write A < B if

r=y YreANnY,ye BNY VY e DR. (3.6)

where we take the inequality to be vacuously true if one of the intersections in (3.0)
is empty (see Figure B.1]).

3.2 Stationary LPP

Stationary LPP on Zng has been introduced in [49] by adding boundary terms on the e;
and ey axis. In [§] it was shown that it can be set up by using more general boundary
domains. In this paper we are going to use two of them.

Boundary weights on the axis. For a base point 0 = (01,0;) € Z* and a parameter
value p € (0,1) we introduce the stationary last-passage percolation process G?, on

0,8

0+ ZQZO. This process has boundary conditions given by two independent sequences

{[chriel ioq and {Jp e (3.7)

otjes S j=1

of i.i.d. random variables with 1, ~ Exp(1—p) and JJ,., ~ Exp(p). Put G/ , = 0 and
on the boundaries

k l
P — E . P — E .
GO,O+I€€1 — ‘[O+Z€1 and GO,O+l€2 — JO+]€2’ (3-8)
i=1 j=1

Then in the bulk for x = (z1,29) € 0 + Z2,,

k )4
GZ ¢ — Max max { E Io—i—iel + Go—l—kel—i—ez,x}a max { E Jo-l—jez + Go—l—ﬁez-l—el,x} .
’ 1<k<z1—o01 — 1<t<z2—02 —1
1= j=

(3.9)
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Boundary weights on antidiagonal. The stationary model with density p can be
realized by putting boundary weights on £ as follows. Let { X, k € Z} and {Y}, k € Z}
be independent random variables with X ~ Exp(1 — p) and Yj ~ Exp(p). Then, define

S (X = Y), for k > 1,
ho(k, —k) = 4 0, for k =0, (3.10)
- ZS:kH(Xz —-Yy), fork<-—1.

Then the LPP defined by (2.2)) with initial condition h is stationary, that is, the incre-
ments GZ“x oy GZ“x ~ Exp(1 — p) as well as GZ“x ey T GZ‘):B ~ Exp(p) for all x > L.
Next we define the exit points of geodesics, these will play an important role in our

analysis.

Definition 3.1 (Exit points).
(a) For a point p € o+ 72, let Z,, be the signed exit point of the geodesic 7,, of G, ,
from the west and south boundaries of o+ Z2,. More precisely,

argmaX{ Zf:1 Totie, + Go+ke1+e2,az} if Top Mo+ e # 0,
zr, = k . ' (3.11)
, —arginax{ Ej:l Jotjes + Goﬁeﬁehx} if Top Mo+ eg #0.

(b) For a point p > L, we denote by Z’Z?p € Z the exit point of the LPP from L with initial
condition hg, if the starting point of the geodesic from L to p is given by (ZZ?p, —ZZ?p).
In the case of the stationary model with parameter p, the exit point is denoted by szp.

As a consequence, the value G/  can be determined by (3.8) and the recursion

Gg,x = Wy + maX{Gﬁ,xfelﬂ Gg,mfeg}' (312)
3.3 Backward LPP
Next we consider LPP maximizing down-left paths. For y < o, define
Goy = Gyo, (3.13)

and let the associated geodesic be denoted by 7,,. For each o = (01,00) € 7?2 and a

parameter value p € (0,1) define a stationary last-passage percolation processes G* on
o+ ZQSO, with boundary variables on the north and east, in the following way. Let
{I* . 1® and {J°_ 1 (3.14)

o—1ie1 o—jea S j=1

be two independent sequences of i.i.d. random variables with marginal distributions
I’ .. ~ Exp(l—p)and J? .. ~ Exp(p). The boundary variables in (3.7) and those

o—ieq o—je2

in (3.14) are taken independent of each other. Put CAJ’;O = 0 and on the boundaries

k I
ég, o—ker Z jO—iel and Gg,07leg = Z jo—jGQ' (3'15)
=1 =1
Then in the bulk for x = (z1,29) € 0 + Z2,,
k
@g,m = max { ; Ioiey +max {@O—kel—eg,x}a A { ; Jomjes + @o—zeg—el,x}} :
(3.16)
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For a southwest endpoint p € o + Z2,, let 2542 be the signed exit point of the geodesic

Top Of @g,p from the north and east boundaries of 0 + Z2,. Precisely,

k T -~ f oA
argmax{ Zi:l Io—iel + Go—kel—eg,x}a if Tox MNo—e; 7& ®7
k

Z\p = A ~
¢ o
0 _argmax{ ijl Jo—jes + Go,geg,el,x}, if T, No— ey # 0.
¢

, T

(3.17)

3.4 The comparison lemma

We are going to use the comparison between point-to-point LPP and stationary LPP
using the lemma by Cator and Pimentel.

Lemma 3.2. Let o = (0,0) and consider two points p' < p*.
If prl > 0, then

G07p2 - G07p1 S Gg7p2 - Gz,pl' (318)
If prg <0, then

G07p2 - G07p1 Z GIO)J?Q - GZ,pl' (319)

Clearly by reversion of the space we can use this comparison lemma also for backwards
LPP.

Lemma 3.3. Consider two points p* < p? with p',p> > L.
IfZ} > 7705, then

h h
Gﬁ?pg - Gﬁ(?pl S Gz,pg - Gz,pl' (3.20)
If 70 » < Z}° ., then
Giﬁme - Gzopl > GZ p2 GZ pl: (321)

For p} = p2, Lemma [3.2] is proven as Lemma 1 of [21], while Lemma [3.3]is Lemma 2.1
of [47]. The generalization to the case of geodesics starting from L (or from any down-
right paths) is straightforward, see e.g. Lemma 3.5 of [31].

4 Local Stationarity

4.1 Localization over a time-span 7N.

In this section we are going to prove Theorem 2.8 We shall need the following estimates
on the tail of the exit point of a stationary process. For a density p € (0,1) we associate

a direction
[ (A—p)p? P’
o) = ((l—p)2+p2’ (l—p)2+p2> *1)

and, vice versa, to each direction £ = (&1, &;) corresponds a density

_ Ve
V& + Ve

p(€) (4.2)
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s
,0
L
’
s
//CZ
’

Figure 4.1: Illustration of the geometry of the points and characteristics that appear in
the proof of Theorem

Lemma 4.1 (Theorem 2.5 and Proposition 2.7 of [25]). Let € € (0,1]. Then there ezists
No(e), co(e), ro(e) > 0 such that for every direction & with e < & /& < 1/e, N > Ny and
r >

P(|ZY en] > rN?5) < e, (4.3)
P(Z e pnerseg > 0) S €7, (4.4)
P( Z,§N+7"N2/3e3 < O) < €7cor37 (4.5)

for all densities v satisfying |v — p(&)| < N~V/3.
Using Lemma (.1l one can control the path of a point-to-point geodesic.

Theorem 4.2. Let ¢ € (0,1]. Then there exist No(e) and ¢;(€) such that for & satisfying

e <&/6 < 1/e,
P(Tren(Toen) > M(TN)??) < ema (4.6)

for all TN > Ny and all M < (7N)3/log(N).

Remark 4.3. A similar result was obtained in [I4] Theorem 3] but with weaker Gaussian
bounds. Theorem gives the optimal power in the exponent.

Proof. We will show in detail that
P(rgw(wow) > 6N + M(TN)2/3) < e’ (4.7)

1

where o' = 0 and 0* = ¢N. Similarly one proves

P(FL&N(W&,&) < 76N — M(TN)2/3> < emaM®, (4.8)

Then Theorem follows directly from the definition of I'¢, n (7, en). Set the points (see

Figure [4.1))

pt=TNEA+ %(TN)Z/?’eQ,
p? =7TNE — %%T(TN)Q/geQ, (4.9)
p® = TNEA+ %(TN)Z/?’eQ,
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and the characteristics associated with (o', p') and (0%, p?)

¢ = (TELN, TE&N + Y (7 N)¥3),

4.10
= (1= DN, (1 = D&uN + M1z (2N )P, (410
The associated densities are
VTN + Y (r V)2

pP1 = 3

VTGN + \/T§2N + L (7N)2/3 @11)
\/ (1— 7)&N + L=z (r )2/
P2 =

= N&EN +/(1- &N + MLt (r Y2/

The choice of p' and p? is due to the following reasons. First of all, they need to be
below p? so that the exit points associated with the densities have a given sign with high
probability, see (12). If one would take p* to be the same point as p!, then the second
estimate in (ZI2Z) would become 7-dependent (more precisely e~©M°7*/(1=7)* " Our choice
is such that the decay is uniform in 7. Furthermore, they are chosen such that p; —py > 0,
see (4I6). This is essential since we are going to estimate increments as the difference
between the stationary case with density p; and the one with density po, see (£I3]).
Note that by (£4)—(4.5) there exists ¢q > 0 such that

P(Z0 . >0) <e M,

. 5 (4.12)
P(Z83 5 <0) <e M
Define, for ¢ > 0,
Ji = Gol,pg—f—(i—l—l)ez - Gol,p3+ieg7
Ji = G027p3+61+i62 - GOQ,p3+el+(i+1)e27 (4 13)
pL _ P p .
Ji L= GO%7P3+(i+1)e2 o G0}7p3+ie2’
TP2 _ P
Ji f= G0§7p3+e1+ie2 B Gog,p3+el+(i+1)e2'
Then, by Lemma [B.2] it follows from (4.12)) that with probability 1 — 2e—coM?
J; < JP and JP? < J, (4.14)
for all # > 0, and therefore that
Ji— T < J = TP (4.15)

for alli > 0. Set p = p(¢). Using that M < (7N)Y/3/log(N), we get the series expansions

o1 = -+ Rlp) S (rN) M 4 of (7)),
p2 = -+ () S (TN) % 4+ of (7)), (1.16)
p1 = 2 = K(p) = (7)™ 4 o((rN) M%) > 0,

16
with k(p) = (1 — p)(1 —2p(1 — p))/p > 0 for all p € (0,1).
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Define

Si= Ji—Ji and Wi=>_ Jt—J (4.17)
k=0 k=0
so that by (ZI5)
S; < W, for i > 0. (4.18)
Note that
e N (ot 02) > TN + M(TN)?3}y C { sup 5; > 0} C { sup W;> 0}.
iz%(TN)2/3 iZ%(TN)2/3
(4.19)
It follows that it is enough to show that there exists ¢; > 0 such that
IP( sup W; > O) < e M, (4.20)
i Al (7n)2/8

Note that

M2

P( sup W;>0 g]P(WM >—M(TN)1/3)
M My 64
>3 (TN)?/

(4.21)

M2
+P( sup W —Wu o XIME s
M 2/3 2 (TN)¥/3 64
i (TN)

for x(p) = r(p)/p*.
Plugging (£.16) in Lemma [A.T]

2
P( sup  Ws = WM( Ny2s X<p)4M (TN)l/g) < &6_(“_P2)X(p§f12 (TN)M/3
i (rN)2/? 2" 6 P2 (4.22)

< 9~ X(P)R(p)M?/1024

for all 7N large enough.
Next, using exponential Tchebishev inequality, we show that

M2
U L P

for all 7V large enough, which completes the proof. Indeed, using

i_i MT Q/SZ_MT 1/3 ol(T 1/3
(Pl 1)2) > (T) 32 (TN) +o((TN)/?), (4.24)

we get, using also the independence of the J’s and J ’s, that

%(TN)2/3

~ M?
@z = P( S et e > M ey o<<TN>1/3>>
k=0
M 2
E(eA(Jfl—pfl—ff%p;l)) 2 (4.25)

< inf e
A0 AN (NS po((rN)1/3)]

— inf e~ M(MK(p)=32u)n/(64p°)+o(1)  9,—M>k(p)x(p)/8192
u>0 - ’

15



for all 7NV large enough, where in the third step we set A\ = u(7N)~'/3 and performed
simple computations.
O

Theorem 4.4. Let o = (0,0) and € € (0,1]. There exists Nyi(g), c(e), C(e) such that for
every direction & with & < &/& < 1/e, and v < N3 /log(N), for N > N,

]P( T (Ten) < N2/3)>1 Ce—*. 4.26
pnax Te(oen) < v ‘ (4:26)

Proof. The proof follows the approach of [15], using the pointwise control of the fluctu-
ations of the geodesic around the characteristic from Theorem Let m = min{j :
277N < N'2}. Choose u; < us < ... with u; = v/10 and Uj — Ujq = u2-U-D/2 We
define

u(k) = Ti(moen) — £k, k€ [0,&N] (4.27)

and the following events
A; = {u(k279N) <u;N*3 1 <k <2 —1},
B = {u(k279N) > u;N*3}, k=1,...,29 -1,

L={sup |u((k+x)27"N) —u(k27™N)| < JoN?3,0 <k < 2™ — 1}, (4.28)
z€[0,1]

G = {u(k) <oN?forall 0 < k < &N}

Notice that Aj = ZJ ! _, Bji. Also, since lim;_, u; < v/2, we have
U U Bijr A1) D {u(k27™N) > 3 LuN?3 for some k=1,...,2™ —1}.  (4.29)

This implies that

(61}1 BjxNA; 1) NL. (4.30)

7=1 k=1

Thus we have .
m 291

P(G) <PL)+> > P(BjxNAj). (4.31)
j=1 k=1

Since the geodesics have discrete steps, in n time steps a geodesic can wonder off by
at most n steps from its characteristic. For all N large enough, N'/? < 1yN?%*3 and
therefore P(L) = 1. Thus we need to bound P(B;; N A;_;) only. As for even k the two
events are incompatible, we consider odd k.

If A; 1 holds, then the geodesic at t; = (k —1)27N and t5 = (k + 1)277 N satisfies

u(ty) <u;  N?2  and  u(ty) < uj N2 (4.32)
Consider the point-to-point LPP from 6' to 6? with
O = (tlatlg_? + Ujfl) and (52 = (tQ, tgg—? + Ujfl). (433)
Let @(i) = I'¥(ms 52) for i € [ty,t5]. Then, by the order of geodesics

(i) < a(é) for i € [t, ta), (4.34)

16



so that
{U(’l) > UjN2/3} g {fL(Z) > UJ‘NQ/B} for ¢ € [tl,tg]. (435)

This gives '
P(B;, N Aj—1) <P(a(k277N) > u;N*3). (4.36)

Since the law of 4 is the one of a point-to-point LPP over a time distance to—t; = 277N,
we can apply Theorem with 7 = 1/2, N =t — t; M satisfying (u; — u;_)N?/3 =
M (3(t; —t;-1))*®. This gives

P(a(k277N) > u;N?/3) < gmer(m2 V0P o pmend? 2 (4.37)

This bound applied to {31 leads to P(G) < Ce~" for some constants C, ¢ > 0. O
Now we have all the ingredients to prove Theorem 2.8

Proof of Theorem[Z.8. TheoremE2implies that with probability at least 1—e~tM °/8  the
geodesic from o to £ N does not deviate more than %M (7N)?/3 away from the point 7EN.
Given this event, by order of geodesics, the geodesic from o to £ N is sandwiched between
the geodesics from M (7N)*3e; to TEN+3M(7N)*3e; and the one from —3 M (7N)*3e;
to TEN — %M (tN)?/3e,. By Theorem B4, the latter two geodesics fluctuates no more
than %M (rN)?3, with probability at least 1 — Ce™M °/™  which implies the claim. O

4.2 Localization of the exit point

In this subsection, we estimate the location of the exit point for densities slightly larger
or smaller than 1/2. This will allow us to sandwich the point-to-point geodesics by those
of the stationary. Notice that to apply Lemma [3.2] it would be enough to set in the
event A; (resp. As) below that the exit point is positive (resp. negative) and bounded
by 15rN?/3 (resp. —15rN??) as the exit point for the LPP G, is 0. However, with
this slight modification (that the exit point is 7 N?/3 from the origin), the proof is then
applicable for more general initial conditions provided the exit points of the LPP with
initial conditions hg on £ is localized in [—rN?/3 rN?/3] with high probability.

Fix » > 0 and let s,,t, > 0 which will be determined later. s, and t, represent the
scale of space and time respectively, see Figure Let 0 < a < 1. Define the points

z! = Ney + aer2/3eg,

4.38
22 = Ney — aer2/3e3. ( )
Define the densities
pr=harNT =N, (4:30)
and, with o = (0,0), the events
Ay = {20, > r N3 7204 < 15r N?/3},
Ay = {20, > —15rN? 28~ < —rN?3}, (4.40)

A=A UA,.

The event A is highly probable for large r as shows the following lemma.
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as, N2/3

t,.N

/
8rt, N222M(t,N)¥3 s N?/3

s, N2/3

Figure 4.2: TIllustration of the geometry around the end-point (N, N) magnified and
rotated by m/4. Choosing t,, s, properly forces the geodesic 7", to traverse to the left

of D? and ﬂﬁ;l to the right of D*.

Lemma 4.5. Assume 0 < s, < 2r and 0 < a < 1. There exists ¢, Ny > 0 such that for

N > Ny and 0 <r < N'/3/log(N),
P(A) >1—e "

(4.41)

Proof. We will show the claim for A;, one can similarly prove the claim for A;. The
result would then follow from union bound. To prove the claim for 4;, by union bound

it is enough to show that
P(Z0t, >N > 1— e,
P(Z0%, <15rN*3) > 1— e
Let 23 = 22 — rN?/3e;. Then by stationarity of the model,
P(Z0%, < rN*P) =P(Z0%, <0).
Now we want to use ([@5). For that denote N = N — §N2/3 and write
2® = &(py)2N + FN?3e;.
Solving with respect to 7 we obtain

7
T = g7~ asr + O(r?/NY3).

Applying [@35) with v — p,, N — N and r — 7 gives
P(Z0%, <0) <e o,

18
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Since s, < 2r and r < Nl/?’/ log(N), we have 7 > r for all N large enough, which proves

(E22).

Let 2* = 2! — 15rN?/3¢;. Then by stationarity of the model,
P(Z0%, > 15rN*?) = P(Z0%, > 0). (4.48)
We will apply this time (4.4]). Denote N=N-— §TN2/3 and write
= €(py)2N — PN Peg. (4.49)

Solving with respect to 7 we obtain
7
7= 57— asy + O(r?/NY3) > r (4.50)
for all N large enough. Applying @4) with v — p,, N — N and r — 7 proves @43). O

4.3 Uniform sandwiching of geodesics terminating in C*/?",

Consider the following assumption.

Assumption 4.6. Let My > 0, a = 3/8, s, < min{r,4} and make the following assump-
tions on the parameters:

r < NY3/log(N), My < M := %srtf/?’ — 4rt}/3, (4.51)

We shall later discuss this assumption in Remark .10 below. Under Assumption E.6|
the geodesics o/ and Ty, for y € R™/2Y4 are controlled by the ones with densities p,
and p_ for all z € C*/>' . This is the content of the following result whose proof we defer
to the end of this section.

Lemma 4.7. Under Assumption[].0], there exists C,c > 0 such that

3

IED(Wg,; j 7T1/2 7Ty,a: j ﬂ-g:; \v/l» 6 CST/2,tr’y 6 RT’/271/4> Z 1 _ Ce—CMS _ 26—67’ (452)

for all N large enough.

Define
' =m" N Ly,
) o (4.53)
c = 7TO,:B2 N Llftr.
To ease the notation we also denote
w® = (1 —t,)Ney — as,N*3es = 22 — t,Ney,

4.54
w' = (1 —1t,)Ney + as,N*3es = 2* — t,Ney,. ( )

Lemma 4.8. There exists ¢, Ng, My > 0 such that for t,N > Ny, r < N'/3/log(N),
M > M,

P<w2 — M(t,N)3e5 < & < w? + (8rt, N?/3 + M(trN)2/3)e3) >1—eM (4.55)

P(wl — M(t,N)*3e; < c' < w' + (8rt,N*3 + M(trN)z/?’)eg) >1—e M. (4.56)
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Proof. Let p* be the point of intersection of the characteristic £, starting from z? with
the line Ly, . We have

p? = w? + (4rt,N*3 + O(r3t,.))es = w? + 4rt, N*3(1 + o(1))es (4.57)

for r < N'/3/log(N) and N large enough, implying

w? < p? < w? + 8rt, N*3ey =: 22. (4.58)

By the order on geodesics ¢? < WZLQHWNQ/SGB and if ZZ’);JFM(WN)Q/S%JQHWNQ/S% < 0,
then WZZJQH”TNQ/SGS < 22 + M(t,N)*3es. Thus

P(c? < 22 + M(t,N)*3e5) > P(Z"; <0). (4.59)

224+ M (t, N)2/3e3,22+4rt, N2/3e3

Using (4.4), the latter is bounded from above by 1 — e—coM? provided M > M, and
t.N > Np.
A similar bound can be obtained for

P(w? — M(t,N)*3es < ) (4.60)
using (4.5]). Thus we have shown that (£.55]) holds. The proof of (4.50]) is almost identical
and thus we do not repeat the details. O

Set
¢" = (1 —t,)Ney + N*3(as, — 2Mt*/3)es, (4.61)
¢* = (1 —t,)Ney + N*3(8rt, — as, + 2Mt*3)es '
and define the lines (see Figure 4.2))
D' ={¢* + at,Ne, : 0 < a < 1},
ta ! ) (4.62)

D? ={¢*+at,Ney : 0 < a < 1}.

Lemma 4.9. There exist Ny,c¢,C > 0 such that for every N > Ny and M <
NY3/log(N), r < NY3/log(N),

P(Dl ~ wg;l) >1— Ce M (4.63)
P(r)0. 2 D) 21— Ce, (4.64)
Proof. We will show (£.64]) as (4.63]) can be proven similarly. Let
u? = ¢* — M(t,N)*3es. (4.65)
By Theorem [4.4] we have
P(my2,2 < D?) > 1— Ce M, (4.66)

Recall the definition (£53) of ¢'. By Lemma

P(c* <u?) >1- e M’ (4.67)
which implies that
P(r7, < myep2) > 1 — Ce M, (4.68)

(460) and (A.68) imply (4.64). O
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Remark 4.10. Now we can discuss the origin of the conditions in Assumption The
bound on r comes from Lemmal£9l The condition on M is a consequence of the conditions
¢* < (1 —t,)Ney — 15,N*/%e3 and also (1 —t,)Nes + 15, N?*3e5 < ¢*. As we want M to
grow to infinity we need to take t, < s,./r.

For 0 <7 <1 and o € R,, define the anti-diagonal segment
I7" = {(1 — 7)Ney + iez,i € [-Z N3 2 N3]}, (4.69)
located right below the cylinder C?7. Define the events

O = {20, € [-15rN*®, —rN*/%], Z0% € [rN*/® 157 N3] Vo € C/>ir Y,

4.70
B = {{ﬂ'(’;—m ﬂIsr,tr 75 (Z)} N {77'5} m_’ZSr,tr 75 (Z)} Vo € CST/Q’tT}. ( )

Corollary 4.11. Under Assumption [{.Q there exists C,c, Ny > 0 such that for N > N

P(O) >1—2e" — Ce M’ (4.71)
P(B) > 1—e M (4.72)

Proof. Tt might be helpful to take a look at Figure while reading the proof. We prove
in details the statements for p,, since the proof for p_ is almost identical.
By our choice of parameters,

D* < C/% < D (4.73)

By Lemma and order of geodesics, with probability at least 1 — CeM°,

7rp+ =< 7rg+ < Pt (4.74)

o,x!

for all z € C*/>'. By Lemma 5l the exit point of the geodesics to ' and z? for the
stationary model with density p, lies between 7N?/? and 15rN?/3 with probability at
least 1 — e~ which leads to (ZZT).

To prove (A.72), we now choose M = M from Assumption 6, which implies

w! + (8rtrN2/3 + M(trN)Z/g)eg < wt+ %sreg (4.75)
and .
w? — Ls,e3 < w? — M(t,N)*3e;. (4.76)

Thus by Lemma (4.8 we know that the crossing of 7T 1 and 7r 2 with Z*"! occurs with
probability at least 1 — e=™°. This, together with @:_EI) 1mphes @72). O

Proof of Lemma [£.7. Consider the straight line going from (0, 7 N%/3) to ! parameterized

by (u,l1(u))y>0 with
N — (%s, +r)N?/3
N+ 25, N?/3 7

lL(u) =rN*3 +u (4.77)

and the straight line (u,l3(u)),>0, which overlaps in its first part with the boundary of
R'/214 defined through

Io(u) = gNQ/?’ + . (4.78)
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(0,7 N?/3)

(0, 5N*7%)
Rr/2:1/4

Figure 4.3: Ilustration of the setup in the proof of Lemma (4.7 .

By our assumption s, < r,

7..A72/3
: _ Toes_ _at Ny N v
oglfsf%al(u) Llw) 2 N = R TR (4.79)

It follows from (£.79) and Theorem A4 that for some C, ¢ > 0 (see Figure 43
P(FZ(W(O7T.N2/3)7Z,1) < lp(u) for some 0 < u < &) < Ce . (4.80)

One can obtain an analogue of LemmalL9 for p_, by considering the reflection of the setup
in Figure along the vertical line crossing the origin. Thus, by order of geodesics and

([E73), with probability at least 1—Cye=M°, mhy 2w forall z € C*/%i. Furthermore,

p7

-, starts from a point above (0,7N?/%). Combining these two facts

on the event Ay, 7

with (£.80) we get
IP’(W(’)’,; = T(orN2/3) g1 S R2VA Vg € CST/“T) >1—Cre M — Cer”, (4.81)

A similar result can be obtained for 72+, which combined with ([£J1]) gives

IP’(?TQZ; <RIV bt V€ CST/NT) >1 - 20 — 20", (4.82)

By the order of geodesics, on the event of ([£S2), every geodesic starting in R"/>1/4 and
ending at z, is sandwiched between 757 and 75%.

Next, for each point x € C*/%!" its associated density p(x) satisfies [p(z)— 3| < N~1/3
for all s, < 4(1—t,) and N large enough. By (43]) of Lemma[4.1] with probability at least
1 — e the exit point of W;/f is also between —rN?/3 and »N?/3. Thus by appropriate

choice of constants C, ¢, the sandwitching of 7oy in (£52) holds. O
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5 Lower bound for the probability of no coalescence

5.1 Point-to-point case: proof of Theorem

Using the results of Section Ml we first relate the bound for the coalescing point of W;/;,;Q
and 7, to that of the coalescing point of 76% and 75-.

Lemma 5.1. Under Assumption[4.0], there exists C,c > 0 such that

3

]P(Cp(wl/? Tya) < L1y, V€ Co/2 ye Rr/ﬂ/‘*) >1 - Ce M _geer

0,x )

(5.1)
— IP’(EIx €t Cp(mht, mh) > /2t B)
v —2/3 1/3
for all N large enough, where M = 1—163rtr —Art,’".
Proof. We bound the probability of the complement event. Define the event
G={nt, 2w my. 2L Vo € CVIP oy e RV (5.2)
Then
P(3w € Cr/2t y € RV Cyfmil2 mye) > Loy, ) < P(BY) + P(GF) s
5.3

+ ]P’({EI:L’ e CrPr y e RIPVA L Cy(rl2 my) > Ly} BN g).

Note that if B and G hold, then both geodesics Wé/ﬁ and T, , are sandwiched between 757
and 72+ and their crossings with the line L;_, occurs in the segment Z*~*. Furthermore,

if ¢ W;/ﬁ, my2) > L1_¢, and G holds, then also C,(7#+, n°~) > Ly_; . This, together with
p > Y, r p T

o,x) Mo,x

Corollary .17] and Lemma 7 proves the claim. O]
Thus, to prove Theorem it remains to get an upper bound for the last probability
in (B.0).
For z,y,z € Z* such that z <y < 2, let 7, be an up-right path going from z to 2.
Define the exit point of 7, , with respect to the point y

2y (Va,z) = sup{u € v, . 1wy = y1 Or ug = Yo} (5.4)

Define the sets

H={(1—t,)Nes+ =Ny —ie;, 1<i<EN3} (55)
V={(1-t)Nes— £N3; —iey, 1<i< =N}, '
and the point
v =[(1 —t,)N — =N3e,. (5.6)
Define the event
By = {Zu(ntt) € HUV, Zpe(nly) € HUY Vz € C7/3) (5.7)
Note that (see Figure (.1])
E, =B, (5.8)



Isrytr

Cp<7ré/l’27 To m)

) )

Figure 5.1: On the event E; N Ej, the geodesics 7f% and 7/ coalesce before crossing
Zsrytr.

since to cross the set Z°"! the geodesic must cross either H or V and, viceversa, if the

geodesic crosses H UV, then it crosses also Z5mr.
On the edges of Z2, define the random field B through

By ste, = G(Toute,) — G(Moz), k=1,2 (5.9)
for all z > o. Similarly we define

ngrerek = G(Wg:'rwrek) - G(?Tg}), k = 17 27 (5 10)

B£7_$+ek — G(ﬂ-g,;}-‘rek) - G(ﬂ-g:,r), k — ]_, 2. ’

One can couple the random fields B, B*~ and B+ (see [26, Theorem 2.1]) such that
Bieia < Bieyw < BT

r—e1,x T—ep,x’
) ’ 5.]_1)
p P (
Bl eys < Byoyo < Bie, o

Let o < v < z. Then, since each geodesic has to pass either by one site on the right
or above v, we have

l
Go,:v = Go,v + max { sup E Bv-l—iel,v-l—(i-l—l)el + GU+(l+1)el+eg,J:7
0<I<m1—v1 ', —

n (5.12)

sup E Bv+ieg,v+(i+1)e2 + Gv+(l+1)e2+el,m}-
0<I<z2—02 i—0

Thus setting v = v¢, on the event £ NG, for every x € C¥/>t
u1—vf

Go,x - GO,UC + max { sup Z Bvc—i—iel,vc—l—(i—l—l)el + Gu—i—eg,a}a
ueEH
=0 (5.13)
uz—v§
sup Z Bvc-l—ieg,vc—l—(i—l—l)ez + Gquel,:v}-

ueV i—0
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G+ and Gf-, can be decomposed in the same way.

This shows that on the event E; N G the restriction of the geodesics , ,, 6%, 70~ to

o,x> Mo,x
72 . is a function of the weights (5.9)—(5.10) and the bulk weights east-north to v¢. More

precisely, define £Z to be the set of edges in the south-west boundary of Z2 . restricted

to HUV ie.
Sﬁz{(:c—el,:c)::ce”z‘-i\vc},

EX.={(x —ey,z) 2 € V\ Y}, (5.14)
EB=gluegl.

The representation (5.I3) show that on the event E; N G, for every x € C*/?' the
restrictions of the geodesics 7, T4, 77, 10 Z,e are functions of the bulk weights

{webeerz . (5.15)

and the boundary weights

{BE}eEEBCv {Bg+}66530 and {357}66530 (516)

respectively. Define the event

Ey,={3ec &R . B+ + Br-}. (5.17)
Lemma 5.2. We have
{3z € ¢/ Cy(nlt, wh2) > T B} C By N E. (5.18)

Proof. The representation (5.13)) for the stationary models imply that G and G/, are
functions of the weights in (5.15]) and the stationary weights in (5.16]). This implies that
EiNES C{C,(nt4,77) SHUY < T Vo e C/> B} (5.19)

) tox

Indeed, on the event F; the geodesics 7/, and 7/} must cross H U V. Their
exit points Ze(m)7), Zue(mht) from the set H UV is determined by the weights
{Bf+}ocen and {Bf-} s and the bulk weights that are north-east to the point v°.
As the orfly difference in the input to determine the exist points is the boundary weights,
if these are equal (which happens on EY) then the exit points are equal and therefore the
geodesics must have coalesced.

Thus on the event E;, the coalescing can be northwest of Z*"! only if the event F,

occurs. Using (5.8)), namely F; = B, and (5.19]) the result follows. O

Thus it remains to find an upper bound for P(E;). For m > 0, let us define

m __ p- _ p— .
A - {ij—i—iel,vc-l—(i-l—l)el - Bvc—f—iel,vc-l—(i-‘rl)el’o S t S m} (520)

Recall that p, = 1/2+rN~13 In [7] the following bound is proven.
Lemma 5.3 (Lemma 5.9 of [7]). Let m > 1. For 0 < 0 < p, it holds

2rN~1/3
m > _
m 5.21
L2 rNTU N 2rON—Y/3 + 1 (5:21)
T +TN-/3 T—(r2AN2B 4 2rN-130 4+ 6%) | 1+ 20r— N3’

25



Corollary 5.4. There exists C > 0, such that for every r > 0 and 0 < n < 1/4000,
P(AT Ny > 1 — o2, (5.22)

for all N large enough.

Proof. We set 6 = n~'/2r N~'/3 and plug this into (5.2I). Taking N — oo we obtain

lim P(A™ V) > 1 - ]

. 5.23

. . A8y
Taking for instance C' = 62, then for all 0 < 7 < 1/4000, we have 1 > C\/n > T\/\ﬁ/ﬁ,

which implies the result. O
We are now able to bound the probability of Fs.
Corollary 5.5. There exists C' > 0, such that for every r > 0 and 0 < s, < 1/(2000r?)
P(FE,) < Cs!/?r (5.24)
for all N large enough.

Proof. Define
Ey ={3ec &l B # B},

5.25
Ey ={3e€ &) : B* # B}, (5.25)
and note that
E,=EYUE)Y. (5.26)
By the symmetry of the problem, it is enough to show
P(ES) < Ostr. (5.27)

Apply Corollary 5.4 with m = £ N?/% i.e. with n = % Then P((EY)°) = P(AT N
and (0.22) gives the claimed result. O

Corollary 5.6. Consider the parameters satisfying Assumption[{.6 and s,r* < 1/4000.
Then, there exist constants ¢, C' > 0 such that

P(Cp(wl/Q Tya) < L1y, Yo € C/? y e Rr/2’1/4> >1—Ce M _ g’ _ Csl/?r

0,x )

(5.28)
for all N large enough, where M = 1—163,ntr_2/3 — 4rt)?
Proof. By Lemma
]P’(Elx € O/ s C(mt, w0n) > Tt B) < P(E»). (5.29)
The result follows from Corollary and Lemma 5.1 O
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Proof of Theorem[2.2. To end the proof of Theorem 2.2 we just need to express the
parameters 7, S, t., M in terms of § so that Assumption is in force. For a small § > 0

consider the scaling
S, = 20,

t, = 6%/ (log(1/5))’. (5.30)
r = 1log(1/9).

Then Méé(log(l/é))Q—\/g > rasd — 0. Let us verify the assumptions. For all § < 0.05,
the last inequality in ({.51]) holds true and also s, < r. Finally, for § < exp(—4M,), we
have M = M > M, as well. For small §, the largest error term in (5.28) is Cs/ *r, which
however goes to 0 as d goes to 0. U

Remark 5.7. Of course, (2.30) is not the only possible choice of parameters. For instance,
one can take t, = §%/2/1og(1/4), but then we have to take smaller values of r (and M),
e.g., 7 = 7=1/log(1/4), for which the last inequality in (E5I) holds for § < 0.01, but the

—cM3

decay of the estimate e and e are much slower.

5.2 General initial conditions: proof of Theorem

In this section we prove Theorem 2.5 The strategy of the proof is identical to the one of
Theorem and thus we will focus only on the differences.

Proof of Theorem[2.3. Here we think of the stationary LPP as leaving from the line
L = {x € 7Z*|z1 + x5 = 0} rather than the point o = (0,0). The first ingredient of the
proof is a version of Lemma in the new setting. Indeed, the statement of Lemma
holds with Z Op f:,c replaced by Z Zimk as Wel. In the proof we use the line-to-point versions
of (£44) and (£48). Due to the property {Z"7, < 0} = {Z}*, < 0}, we can still apply
the bounds from Lemma [£.] ’ 7

In the proof of Theorem 2.2 we used comparison between the geodesics from the point-
to-point and the ones of two stationary models, with density p; and p_. From Lemma A1
we had a control on the probability that the geodesics starts ordered. We have chosen
the events (4.40) such that when it occurs, then the geodesics with py and p_ are at least
at a distance rN'/3 from the origin. For the point-to-point case, this was not necessarily
needed (it was enough that they would be on the correct side of the origin).

This generalization was though to simplify the work for general initial condition. In-
deed, in this case, the exit point of Z ]me is not the origin anymore. But by Assumption 2.4]
it is between —rN2/3 and rN?/3 with r = log(6~!) with probability at least 1 —Q(5). On
the events where this holds, the geodesics starts ordered as for the point-to-point case
and the proof is identical.

This is the reason why in Theorem 2.5 we have the extra term Q(6) in the bound. O

2Since the geodesics have slope very close to 1, one might expect that 7N2/3 and 15rN?/3 should be
replaced by their half. However the statement doesn’t have to be changed since we did not choose these
boundary to be sharp.
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6 Upper bound for the probability of no coalescence

In this section we will prove Theorem [2.6] but for this we need some preparations.

6.1 Coupling of stationary models with distinct densities

Let a = (a;) ez and s = (s;)jez be two independent sequences of i.i.d. exponential random
variables of intensity 8 and « respectively, where 0 < 8 < a < 1. We think of a; as the
inter-arrival time between customer j and customer j — 1, and of s; as the service time
of customer j. The waiting time of the j’th customer is given by

J
Jr
w; = sup (Z Sk—1 — ak> . (6.1)
=

The distribution of wy (and by stationarity the distribution of any w; for j € Z) is given

by
B BB

P(wp € dw) := f(dw) = (1 — a)%(dw) + (Q_Te a=Bw oy, (6.2)

The queueing map D : RY x RY — R% takes the sequence of interarrival times and the
service times and maps them to the inter-departure times

d = D(a,s),
(a.s) _ (6.3)
dj = (wj—1+ 81— a;)” +5;.
We denote by v the distribution of (D(a,s),s) on R? x RZ, that is
P ~ (D(a,s),s). (6.4)

By Burke’s Theorem [19] D(a,s) is a sequence of i.i.d. exponential random variables of
intensity 3, consequently, the measure 1% is referred to as a stationary measure of the

queue. One can write
dj = e+ s;, (6.5)

where e; is called the j'th idle time and is given by
¢j = (w1 + 851 = ;)" (6.6)

e; is the time between the departure of customer j — 1 and the arrival of customer j in
which the sever is idle. Define

Tj = Sj1 4, (6.7)
and the summation operator

l
i=k

Summing e; we obtain the cumulative idle time (see Chapter 9.2, Eq. 2.7 of [52]).
Lemma 6.1 (Lemma Al of [7]). For any k <

l —
Zei = ( inf w1+ Sf) . (6.9)
pr k<i<l
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It has long been known that the LPP on the lattice can be seen as queues in tandem.
In particular, the stationary distribution for LPP can be seen as a stationary distribution
of queues in tandem. In [26] Fan an Seppéldinen found the multi-species stationary
distribution for LPP. For 0 < 8 < o < 1, let I? = {I’};cz and I* = {I%};ez be two i.i.d.
random sequences such that

17 ~ Exp(1 — B) and I® ~ Exp(1 — a). (6.10)

Let € Z such that o = (0,0) < Ney + ze;. Let G G” be stationary LPP as in
Section 3.2 with the weights in (6.I0). Define the sequences I#* and I** by

Bz _ B 8 .
I = G(lftr)Ne4+iel - G(ktr)z\/eﬁ(ze1)e1 for i >z, (6.11)
Iz‘a7$ = ?1_tr)Ne4+’iel - ?1—tr)Ne4+(’i—1)el for 1 > x.

The multi-species results in [26], in particular Theorem 2.3 of [26], show that if we take
(1%, 1°) ~ v1=*1=F then

([a,a:’lﬁﬂr) ~ yl—a71—5|Rx+Z+. (6.12)

where v1=*17P| .4z, is the restriction of 15 to R*+2+,

6.2 Control on the stationary geodesics at the (1 —1¢,)N.

As main ingredient in the proof, in Proposition below, we show that with positive
probability the geodesics ending at Ne, for the stationary models with density p, and
p— do not coalesce before time (1 —¢,)N.

Let 7o > 0 to be determined later, zy = —rot2°N?/3, 2, = rot?>N?/3, and define
H? = sup{i € Z|(1 —t,)Ney + (4,0) € 7} r,, } (6.13)

be the exit point of the geodesic 7/ v, With respect to the horizontal line (Z, (1 —t,)N),

which geometrically is at position H? = (1 — t,)Ney 4 (H*,0). In this section we prove
the following result.

Proposition 6.2. Under the choice of parameters in (5.30) and for ro = 6 *(logd—1)71,
there exist C, 09 > 0 such that for § < dg and N large enough

P(HP- € I_, H+ > 0) > C5'/2, (6.14)
Define
I=1 Ul, where I_ ={z,...,0}, I, ={1,...,21}. (6.15)
Let 0o = Ney, define
I = @og,(l—tT)Ne4—(i+1)e1 - @02,(1—tT)Ne4—ie1 for i € Z (6.16)

and let (a;j)jez and (s;j)jez be two independent sequences of ii.d. random variables,
independent of I, such that

ap ~ Exp(1 —py), so~Exp(l—p-). (6.17)
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For ¢ € Z define the shifted random varaibles
X =1I—-2 X’=s5-2 X'=a -2 (6.18)

Finally define the random walks

St = X¢, forae{l,2,3},

Sl‘.l’b’x =S — Sf’x for a,b € {1,2,3}.

In particular we have
i

ST = "(sp — ap). (6.20)

k=zx
We also define unbiased versions of S** for a € {2,3}

7 %

52 =3 (se— (1= p)™) 52 = (an— (1 pi) ™). (6.21)

k=x k=x

A simple computation gives, for i > x,

2,z a2,x 2.z TN_l/g

s < I < “ _ X
SZ — 1 — SZ _'_ (Z 'T) i + %TN_l/g’ (6 22)
a3,z 3,x a3,x . TN_l/g

Next we define events we will refer to in the proof of Proposition We will use S%%
to represent the increments of the p~-geodesic starting from the origin and terminating
at the interval I. For M > 0 define

& = {sup 15270 < M (2 — 20)1/2}. (6.24)
iel

&, is the event on which the increments of the 7~ for z € I are not too big. We will use
S22 to represents the change in passage time of the sum of two paths meeting at I as
we change the meeting point on I: ~; starting from the origin using p~ boundary weights
and terminating at I, and 7, starting from the end point of 7 and terminating at Ney.
Define the set

& = {’H”* € I sup |21 < 2M (2 — 20)1/2}. (6.25)

iel

&) is the event on which S?1% attains its maximum on /_ and it is not too big. For
x > 0, define the set

Ep = { inf (x4 S7%%) > —2M (2, — 2)'/?, inIf

1€l el

(+S2%%) < —TM (2 — 20)1/2}. (6.26)

&3, is the event that the difference of the increments of the geodesics T and mh~, is not
too big on I_ and is large on I,. Note that on the event &

SHL S M (2 — 20)Y? — 52 and SPV < M (2 — z)Y? — S, (6.27)

(2
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which implies

ENE D{HP- €I ,sup|S/™| < M(z — 2)*} N &, (6.28)

icl
Similarly, on the event &
S2350 5 LM (2 — 20)2 — S and S5 < M(z — 20)V2 — S5, (6.29)
so that, for any = € [0, (z; — 20)"/?] and M > 1,
E3xNE D {Zlel}ﬁ(x — 8P > M (2 — 2)Y?, inf (x — SP7) < —8M (2 — 2)/*} N &

i€I+

D {sup SP% < M(z1 — )2, sup S2%° > IM (2, — 20)Y?} N &,

iel_ i€l
D {sup SP% < M(z1 — z)Y/?, sup S2%° — §5%° > 9M (2 — 20)/? — Sp™} N &
iel_ i€l
D {sup [S*| < M(z — 20)?, sup S7° > 10M (2 — 20)/*} N &
iel_ i€l
D {sup |SP™| < M(z — 2)"?, S30 > 10M (21 — 20)'?} N &,
iel_

(6.30)
In the first line we used ([6.29). For the second inclusion, we used the fact that the first
event is larger than the same at z = 0 and the second event is larger than the same at
= (2 — 2)"2

Proof of Proposition[6.2. Recall (G.I1I) and abbreviate I/t = I7** and I~ = I/~ for
zo <1 < z1. Note that

{7—[”‘ eI _,sup i([’,f+ —I}) < sup i([’,f+ — fk)} C {H”‘ el ,H* > O}. (6.31)

el = S )

Indeed, if H~ € I_ then also H* > zy, and the second condition implies that H+ ¢
I_, because Z;:ZO(I,T — _fk) is the difference between the LPP for paths passing by
(1 —t,)Nes + (¢,0) and the LPP for paths passing by (1 — ¢,)Nes + (20,0). Using a
decomposition as in (6.5), we can write

{'Hp’ €l _,sup Z(I{;+ — ) < sup Z(I{;+ - fk)}

i€l (= iely =
o T (6:32)
:{7—[’)‘ €I _,sup Z er + Z([,f’ — 1) < sup Z ex + Z(I,f* — fk)}
i€l k=29 k=29 i€l k=z9 k=zo
where e; = I - I 7~. By (6.3) the following event has the same probability as (6.32)
e={n-er,
sup ( inf w,, 1+ Sl2’3’zo>_ + SPH% < sup ( inf w,,—1 + 512’3’2‘))_ + Sf’l’zo}. (6.33)
iel_ \zo<I<i iely \20<I<i
It follows that
P(H = € I_,H* > 0) > P(&). (6.34)
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For z > 0, define

2,1 2,1
Ero = { sup S;"7 > sup S;%,
iel_ iely

sup ( inf x4+ Sl2’3’zo>_ + SPH% < sup ( inf x4+ 512’3’2‘))_ + Sf’l’zo}. (6.35)

iel_ \zo<I<i icly \zo<I<i
Note that
ENENE, CEyy. (6.36)
In our case, the value of z in &, , is random and distributed according to (6.2), namely
fldw) = (1 — é)50(dw) + (@ = BB e gy, (6.37)
a o

Therefore we have

B(E)) = / " P41 = w) f(dw) = / " P(E0) f(dw)
0 O (6.38)

00 (z1—20)
> / P(Ey, E1, ) f (dw) > / P(Ey, E1, E4)f(duw),
0 0

where in the second equality we used the fact that the processes {S;’Zo}j2207,~6{1,273} are
independent of w,, ;.
Taking M large enough, Lemma below gives

P(&y) > 1/2 (6.39)

for all N large enough. (6.39) and Lemma [6.6] below imply that there exists ¢a > 0 such
that for any w € [0, (21 — 20)"/?], § < &, and large enough N

P<52,51,£37w) Z %Cg. (640)

Plugging (6.40) in (6.38)

1 — TN71/3 —~1/3 1/2
o1 ( 2 TV ar N3 (2 )Y ) :
P(54) Z 5C2 1 %+TN—1/3 <6 41)
Note that
2PNV (2 — 20) /% = 20 (2mg) V2P = 232052512 0 (6.42)

with ro = §~*(logd—1)~!. Therefore, there exists C' > 0 such that for § < &y and large

enough N
P(&,) > C§Y2. (6.43)

Using ([6.43) in (6.34]) we obtain the result. O

From here to the end of the section we prove results that were used in the proof of
Proposition 62 The following lemma shows that with probability close to 1/2, 7/ .,
will cross the interval I from its left half.

Lemma 6.3. Under (530), there exists dg,¢ > 0 such that for 6 < dy and for large
enough N

1
P(H-€1) >3 - e "o, (6.44)
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Proof. Let v=(1—1t,)Neg — rot2/* N?/3¢;. Note that

{Z05e, €10, —20]} = {H"~ € I_}. (6.45)
Moreover
P(Z} e, €10, —20]) = P(Z) 5o, < —20) —P(Z] 5., <0). (6.46)

The exit point Z) ., is stochastically monotone in p, that is,

P(Z] e, < ) > P(Z) e, <) for p <A (6.47)
It follows that
_ 1/2 1/2
IP)(ZS,N&; S _ZO) Z IP)(ZM/Ne;; S _ZO) = P(Zvizo,N&; S 0) (6 48)
1/2 .
=P(Z%, Nerve, < 0) =1/2,

where the last equality follows from symmetry. Consider the characteristic p_ emanating
from Ney and its intersection point ¢ with the set {(1 — ¢,)Ney + ie1}iez. A simple

approximation of the characteristic (1(5 ;ZQ)Q shows that

& = (1—t,)N — 8rt,N*> + O(N'?). (6.49)
It follows that

& — vy > rot?3NY3 — 8rt, N?3(1 + 0(1))

6.50
= <r05(log(5_1))_2 —25%2(log(671))72(1 + 0(1)))]\72/3. (6.50)
For ¢ small enough
1
A —v > éroé(log(cS_l))_zNZ/?’ (6.51)
and o
€~ U0 To
— > —. .02
(t,N)2/3 = 2 (6:52)
It follows from Lemma A.T] that
P(Z0 ., <0) < 0. (6.53)

Plugging (6.48) and (6.53) in (6.46) and using (6.45) implies the result. O

Our next result controls the maximum of SV% on I.

Lemma 6.4. There exists ¢ > 0 such that for any fized y > 97“3/2
IP( sup |S17| < y(z — 20)1/2) >1-— 20 =9 _ geerd (6.54)

20<i<z1

for all N large enough.
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Proof. Let
1

Ae =4 ro(t,N)~1/3, (6.55)

We first show that
P(ZNe, s > 0, Zne,s <0 Yz el)>1—2e70, (6.56)

We will show that
P(Zyh,, >0 Yoel)>1—e b, (6.57)

a similar result can be shown for Z]’:,‘ew and the result follows by union bound. Note that

P(ZN. . >0 Vezel) =Py

Ney,x Ney4,(1—tr)Nes+z1e1

> 0). (6.58)

Consider the characteristic A, emanating from Ne4 and its intersection point d with the

set {(1 —t,)Ney + ieg }iez. A simple approximation of the characteristic (1(3)5)2 shows
that
dy = (1 —t,)N + 8ro(t,N)?® + O(N'?) > (1 — t,)N + 2ro(t,N)*/? (6.59)
for all N large enough. It follows that
dy — [(1 = t,)N + 2] > ro(t,N)*3. (6.60)

As in previous proofs, applying Lemma we conclude (657) and therefore ([656)).
Define

A A AL
‘[i - GN64,(17257«)N64+Z'61 - GN64,(17tr)Ne4+(i+1)el’ (6 61)
M =g — G '
7 Neyg,(1—tr)Nea+ier Neg,(1—t,)Nea+(i+1)er”
Using the Comparison Lemma and Lemma 1], see Section 3.4l we obtain
P <L;<IM iel)>1—2e°%. (6.62)

Therefore, we also have

IP’( i(i} —9) <8 < i(fﬁ . 2)) > 1 — 27, (6.63)

k=zo k=z0

Denote S; := ZZ:ZO(I}?* — (1= A4)™1), which is a martingale starting at time i = 2.
Then A
P sup (R -2) <yr(6,N)?)

<i<
zosisz1

> IP’( sup S; + (z1 —20)(1 =A™t =2) < yré/z(trN)1/3> (6.64)
20<i<z1

> IP’( sup ro_l/z(t,nN)*l/?’S\i <y-— 97“(1]/2>,
20<i<z1

where in the third line we used

(21— 20) (1 = Xy) 1 = 2) = 8ro(t,N)Y3 + O(1) < 9ro(t, N)/? (6.65)
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for all N large enough. The scaling is chosen such that, setting i = 2 +277(t,N)*?, the

scaled random walk 7, Y 2(trN )~V 83, converges as N — oo weakly to a Brownian motion

on the interval 7 € [0, 1] for some (finite) diffusion constant. Thus there exists constants

C,c > 0 such that for any given y > 97’3/ 2

P(sup SR —2) < yry*(6N)V8) 21— Cemeron (6.66)
20<i<z1 k=20
for all N large enough. Similarly we show that for any given y > 97“3/ 2
P(inf SR —2) = —yn2(L,N)) 21— Cen ™ (6.67)
Z0S1S 21
k=29

for all N large enough. From (6.63), (6.66) and (6.67) it follows that

P(sup |S <yl - 20)"2) =P sup |SP) < g2 N)?)
20<i<z1 20<1<21
> IP’( inf (f,;\‘ —-2)> —yré/Q(trN)l/?’, sup z:(A,;\Jr -2) < yré/Q(trN)l/g)

20<i<z1 <<
k=29 2051521 k=29

> 1 — 2e~ 9" _ ge—erd
(6.68)
O

Next we control the fluctuations of the random walk S,

Lemma 6.5. Let C = {sup, <;<, 1527 < y(21—20)"/?}. Under the choice of parameters
in (B.30), there exists ¢,y > 0 such that for § < dy, and any fived y > Té/z
/2y2

)

P(C) > 1 — Ce~*®=o (6.69)
for all N large enough.
Proof. By (6.22) we have
~1/3
L) 2GR <y (a2 TV
P(C) > P<ZOSSIZ1§ZI (21— 20) 757 <y — (21 — 20) i"‘ %TNl/g,)- (6.70)
Note that
-1/3 N-1/3 HL/3
SR V2 S e WV YR eV B WL V- S
(21 — 20) i T %TN_1/3 (2ro) /*(t+N) i T %rN‘l/?’ (2ro) i T %TN—l/?,
1 517 (6.71)
= (27“0)1/2—4 — .
e
Thus for all N large enough and § small enough
P(C) > ]P’( sup | (2 — 20) Y287 < gy — 7’(1]/2>. (6.72)

20<i<z1

Also notice that (z; — z)™"/ 253 *0 converges weakly to a Brownian motion as N — oc.
Using Doob maximum inequality one deduces that for N large enough (6.69) indeed
holds. O
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Next we are going to prove that, conditioned on &, & and &, occur with positive
probability. This is the core argument behind the proof of Proposition Given that
the increments of 747 are not too big across I, which is &, then & would imply that the
geodesic 777, crosses through I_ and that if it changed its traversal point of I it would

o,Ney
not lose much. &£ would then imply that it is much preferable for ﬂgj\,m to cross outside

I_.

Lemma 6.6. There exists cy,79 > 0 and M > 1 such that for x € [0, (21 — 2z)"/?]
P(gl, 537$|52) > Co. (673)

for all N large enough.
Proof. Define

Fi={H- €1_,sup |Si1’Z°| < M(z — 20)1/2},
i€l

6.74
Fy = {sup [S)™| < M (21 — 2)"/?, 530 > 10M (21 — 2)"/?}. (6.74)
iel-
By the independence of S%* and S
P(&1, E541E) > P(F1, F3|E2) = P(F1)P(F3). (6.75)
Next we want to derive lower bounds for P(F;) and P(F3).
Note that
P(Fy) > P(HP~ € I_) — P(sup |S; ™| > M(z — z)?). (6.76)
el
By Lemma [6.3] and Lemma [6.4] there exists o > 0 and M > 97“8/ ? for which
P(HP- € I_) >1/4 and P(sup|S; ™| > M(z — 2)"?) < 1/8, (6.77)
el
so that
P(F) > 1/8. (6.78)
Let us now try to find a lower bound for P(F3).
P(F;) = IP’< sup [S3%| < M (21 — 29)/%, 830 > 10M (2 — z0)1/2> (6.79)
iel_
- P(sup 15570 < M (2 — 20)1/2>IP’<S§’1’0 > 10M (2 — 20)1/2) (6.80)

i€l

since the processes {S;*}ic; and {S;"°}ic;, are independent. Note that the centered
random walks {(z; — 20) V25> }ic; and {(21 — 20) /257 ics, converge weakly to a
Brownian motion. Furthermore, the difference coming from the non-zero drift of Sf’ 0 s,

by ([6.23]), bounded by

1/2 g3:20 1/2 53,20 1/2 rN"Y?
— - '72 — — - A’Z < 21— 2 N
Szlel? (21 — 20) ; (21— 20) 27 < (21— 20) T LN

(6.81)
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which is 0((21 — 20)1/2) as 0 — O(similarly to (6.71))). Thus by choosing M large enough,
there exists co > 0 such that for N large enough

P(sup 1527 < M (2 — 20)1/2> >1/2,
el (6.82)
IP’(SSI’O > 10M(z — z0)1/2) > 16¢,.

It follows that
P(F3) > 8¢, (6.83)

Plugging (6.78) and (6.83) in (6.75) we obtain the result. O

6.3 Proof of Theorem 2.6l
Finally we prove the second main result of this paper.
Proof of Theorem [2.0. Let

1 1 1 1

I _N—1/3 l:___N—1/3 84
Pe= 5 1" P T o T10" ’ (6:84)
and define . ) ) ,
o P
A = { N < 2, < Do, < NY (6.85)
By Lemma
3
PA)>1—e ™ (6.86)
Define 1 1
y' = ZrN2/3e1, y* = ZTN2/362- (6.87)
Let 0> = Ney. Similar to (G.13]) we define
H’ =sup{i: (i,(1 —t,)N) € mps 2} forie {1,2}. (6.88)

rly

2 are sandwiched between the geodesics

Note that on the event A’, the geodesics 7TZ_02, s

/ /
. . . . . o p . .
Tyt 02, Ty2 02, Which implies that if the geodesics 7, _,, 7 7, did not coalesce then neither
) ) 0,0 0,0
did Tyl 02, Ty2 52 1.€.

AN {HPL € [,,’Hpcr > 0} C{C)(myr 02, T2, 02) > L1y, }. (6.89)
Indeed, on the event A’
<2< 2 < (6.90
so that / /
Tyg,02 = 7TZ;2 = 7T0p:g2 = Ty ,02 (691)

which implies that under A’ N {H~ € I_, H*+ > 0}

ol o
+ —
Ll—tT S Cp(TrO’O% 7T0702

) < Cp(ﬂ'y1702, 7Ty2702) (6.92)
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Note that as y', 3% € R"/>'/* and o* € C*/>*

{Cp(Ty o2, T2 02) > Lyg, } € {3w € /20y € RTZVL, Cp(wgf, Tyw) > L1y, }.
(6.93)
Indeed, if the geodesics my1 2 and w2 2 do not meet before the time horizon L;_, , at

least one of the them did not coalesce with the geodesic W;/o 2 before Ly, . It follows from

(689), ([6:93) and (6.86) that
P(3x € C /20y € RT2YE L Co(mal2 mys) > Liy,) > C5Y2. (6.94)
U

6.4 Proof of Theorem [2.7]
Proof of Theorem[2.7. Note that

{Cp(m22 1, 0) < Lo, Vo€ OO,y e Ralosd /4
C {Cy(TwasTya) < L1, Yo € CO7 w,y € REVEI1/4), (6.95)

Indeed, on the event that any geodesic starting from Rslsd™1/4 and terminating in C%"

coalesces with the stationary geodesic before the time horizon L,_, any two geodesics
starting from Rslesd™"1/4 and terminating in C%” must coalesce as well. Theorem
and ([6.95) imply the lower bound in Theorem 27

Next note that

- 1
{EI;I: c 65,T’y c R%logé 1.1/4 : Cp(ﬁfj Wy,x) > LlfT, ‘Z;/wz‘ < 1_6 log(é_l)NQ/g} (6 96)
- {Cp(ﬂ-w,xa 7Ty,m) < L1_7— Vx € C(S’T’ w,y € ’R’% 10g571,1/4}c.

To illustrate the validity of (6.96]), assume w.l.o.g. that = Ney,y = o such that
Cp(ﬂiﬁN, Toean) > L1_; and that -=log(6~1)N%/? > Zi/]?,&l =a > 0. It follows that

Cp(ﬂ-ael,N&U 7To,Ne4) > Ll—’T (697)

holds. The event in (€.97) is contained in the event in the last line of ([6.96]) which implies

(6.96).
The inclusion (6.90) implies that

P(Cylmif? mye) < Lnr W € €7,y € RARS)
+ P<|Z;/x2| > 1—1610g(51)]\72/3 for some x € C5’T) (6.98)
> P(Cp(ww,z, Tya) < Li_s Yz € CO7 w,y € R%bg*l’l/‘*).
Next we claim that for some ¢ > 0
IP’(|Z;,/$2| > 1_16 log(6 Y )N*3  for some z € C‘S’T) < emclos(d), (6.99)
Indeed, it follows by ([@TI) with r = =L log(6~!) that

1516

1
P<Z;,/x2 ~ 16 log(6~1)N?*/®  for some x € C5’T)
° 1 (6.100)
= IP(Z(/})} ~ 16 log(6~1)N?/®  for some z € C‘SvT) < gclog(6™1)?,

A similar bound can be obtained for the lower tail to obtain ([6.99). Using the upper bound
in Theorem 2.6l and (6.99) in (6.98)) we obtain the upper bound in Theorem 2.7 O
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A An estimate

The proof to the following can be found in Example (b) in Section XIL5 of Feller [27]
(see also Example 2.6 of [20]).

Lemma A.1. Let0 < < a < 1. Let
Sp=>_ X (A1)
i=1

where { X, }i>1 are i.4.d. with law
Xi ~ Exp(a) — Exp(3). (A.2)

Then
P(sup Si > )\) <

i>1

e AN for all X > 0. (A.3)

el

B Localization for random initial conditions

In this appendix we give a sketch of the proof of Proposition 2.10, which is essentially a
special case of one situation of Lemma 5.2 of [33].

Denote by I(M) = Ney+M(2N)?3es and J(v) = v(2N)?/3e3, then we have [(M) = z!
for M = 272/335. Define the scaled random variables

LJ(U)_>1:1 — 4N ho(J(U))
Ly(v) = SN and Wy(v) = SN

(B.1)
Let us set o = 2723 log(67'), so that Ly(a) ~ —(a — M)? ~ —a? for § < 1. We have

Pzl > log(a™)N**)

(B.2)
<P (m<aX(LN(U) + Wy (v) < —ioﬂ) +P (mEX@N(v) + Wi (v)) > —ioﬂ) .
Since M < « for 6 < 1, the first term of (B.2)) is bounded by
P(Ly(M) +Wn(M) < —1a®) <P(Ly(M) < —10®) + POWy(M) < —La?).  (B.3)

Ly(M) has asymptotically GUE Tracy-Widom distributions with P(Ly(M) < —s) <
Cre=es" for s > 1 (see e.g. Proposition 3 and (56) of [3]). Thus the first term of (B:3)
is bounded by Cie=@". Wy (v) is a rescaled sum of iid. random variables converging to a
Brownian motion. Using the exponential Chebyshev’s inequality one easily obtains that
the second term of (B3) is bounded by Che @*"/M <« Che=c20”,

The second term of (B.2)), is bounded by

P (m>aX(LN(U) + = M)?) > _%oﬂ) TP (m3X<wN<v) ~lw—MP) > —goﬂ) .
(B.4)
The bound can be obtained through the decay of the kernel for point-to-half line (related
with TASEP with half-flat initial condition), see Theorem 2.6 and Lemma 2.7 of [22],
which leads to the bound (4.19) of [33]. In our setting, this gives that the first term
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in (B4) is bounded by Cse~*" (the actual decay would be with a® instead of a2, but
one would need to do a more careful bound on the kernel). It is also possible to avoid
the kernel estimates, as it was made in the proof of Lemma 4.3 of [32], but it is more
complicated. Finally, the second term of (B.4)) is bounded using standard Doob’s maximal

inequality, which leads to Cye™
Putting all the estimates together, since a ~ log(6~!), our claim is proven.

3
e’ a5 well.
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