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Abstract

We consider the minor process of (Hermitian) matrix diffusions
with constant diagonal drifts. At any given time, this process is de-
terminantal and we provide an explicit expression for its correlation
kernel. This is a measure on the Gelfand-Tsetlin pattern that also ap-
pears in a generalization of Warren’s process [30], in which Brownian
motions have level-dependent drifts. Finally, we show that this process
arises in a diffusion scaling limit from an interacting particle system in
the anisotropic KPZ class in 2 + 1 dimensions introduced in [6]. Our
results generalize the known results for the zero drift situation.

1 Introduction

In this paper we determine a determinantal point process living on the
Gelfand-Tsetlin cone GTy,

GTN:{(xl’x{.”’xN)ERIXRzX"'XRN:$Z+1§£CZ§xZI% (1>

arising both from random matrices diffusions and interacting particle sys-
tems. An element x € GTy is called a Gelfand-Tsetlin pattern. Here is a
graphical representation of x € GTy, which illustrates the interlacing condi-
tion on x,
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Measures on Gelfand-Tsetlin patterns naturally appear in several fields of
mathematics like (a) random matrix theory [4, 21, 17, 26] where the ques-
tion of universality was recently approached in [23], (b) random tiling prob-
lems [9, 26, 25|, (c) representation theory [10, 11], and (d) interacting particle
systems [6, 24, 25] and diffusions [30, 31]. Probably the most famous exam-
ple which belongs to more than one of these classes is the Aztec diamond.
Indeed, the measure on the Aztec diamond both comes from a random tiling
problem [14] and can be obtained through a Markov chain [24] on a (discrete)
Gelfand-Tsetlin pattern, which itself can be seen as a special case of the more
general Markov chain construction in [6]. A continuous space analogue is for
instance Warren’s process, a system of interacting standard Brownian dif-
fusions [30, 31]. Recently, the link between the “drift-less” case of [6] and
Warren’s process has been studied in [18].

In this paper we consider GUE matrix diffusions with drifts. Its eigen-
value process at a fixed time is a determinantal point process and we explic-
itly determine its correlation kernel. We then show that the point process
arises from a diffusion scaling limit of an interacting particle system in the
anisotropic KPZ class in 2+1 dimensions [7, 6], as well as in a generalization of
Warren’s process [30] if we let the Brownian motions to have level-dependents
drifts. The analogue results for the zero-drift case were all previously known,
see [21, 18, 15].

Remark that the GUE minor process and the Warren process are not the
same if considered as stochastic processes. Indeed, this is true already for
the zero-drift case. Without drift, the GUE minor process was described
in [21], while Warren’s process was introduced in [30]. It is known that the
two processes coincide when projected on “space-like” paths [15], in which
case they both are Markovian and determinantal. However, in the whole
“space-time” the two processes are different [1]. Here we focus on the fixed-
time process although the connection will certainly hold along “space-like”
paths as for the zero-drift case, see [15].

Matrix diffusions

The first model we study on GTy is a variant of the GUE minor process
which has been introduced in [21]. Consider an N x N Hermitian matrix
H with eigenvalues A\ < ... < A¥. Denote by H" the submatrix obtained
by keeping the first n rows and columns of H, and its ordered eigenvalues
by A7 < -+ < A" The collection of all these eigenvalues (A}, ..., AY) then
forms a Gelfand-Tsetlin pattern, with \* = (A},..., A"). In this paper we
take H(t) to be a GUE matrix diffusion perturbed by a deterministic drift
matrix M = diag(u1, ..., un), i.e., we consider G(t) = H(t) + tM with H



evolving as standard GUE Dyson’s Brownian Motion starting from 0. The

eigenvalues’ point process £ has support on R x {1,..., N},
Edz,m)= > Gpmr(da) (2)
1<k<n<N

and its correlation function is given as follows (see Section 2 for the proof).

Theorem 1. For a fixed time t > 0 consider the eigenvalues’ point process
on the N submatrices of H(t). Then, its m-point correlation function o" is
given by

o (w1, m1)s ooy (Tny ) ) = det[ Ky (24, m4), (25, 15))1<i j<ms (3)

with (x;,n;) € R x {1,..., N} and correlation kernel

Ky((z,n), («/,n')) = =) (x, 2") +Z‘1’ )"t (2), (4)

where
’ , ) = ——— v n<n']s
27 Rop (Z_Mn-i-l)"'(z_ﬂn’) [n<n/]
_1\n—k — Ce —
\Ifok(LL’) _ ( 1) : / dz etz2/2—gcz (Z :ul) (Z :un)7 (6)
21 iR (z = pa) - (2 — o)
_1\n—¢ _ Ce —
@ng(l’) _ ( 1) f dw e—tw2/2+:cw (’UJ :U’1> (w :ug—l) (7)
2m o, (w— i) -+~ (W — fi)

with p— < min{u, ..., un}.

Remark 1.1. The integral for ™) in (5) is only well-defined forn'—n > 1.
Forn' —n =1 we set "1 (z,2') := ¢ (x,2') = e/ @21, instead.

In an independent work [2] on minors of random matrices by Adler, van
Moerbeke, and Wang appeared on the arXiv after this work, the same kernel
is computed and a double integral expression is also provided.

'For a set S, the notation ﬁ st dw f(w) means that the integral is taken over any
positively oriented simple contour that encloses only the poles of f belonging to S.



Warren’s process with drifts

Our second model is Warren’s process with drifts that describes the dynamics
of a system of Brownian motions {B}',1 < k <n < N} on GTy, where B]
is a standard Brownian motion with drift p; starting from the origin. The
Brownian motions B? and B3 are Brownian motions with drifts ps condi-
tioned to start at the origin and, whenever they touch B{, they are reflected
off B{. Similarly for n > 2, B} is a Brownian motion with drift s, condi-
tioned to start at the origin and being reflected off By ™" (for k < n — 1) and
Bg‘__ll (for k > 2). The process with p; = -+- = uy = 0 was introduced and
studied by Warren in [30].

The correlation functions of this process at a fixed time agree with those
of the perturbed GUE minor process (the proof is in Section 4).

Theorem 2. For a fized timet > 0 consider the point process of the positions
of the Brownian motions {Bj(t) : 1 < k < n < N} described above. Then,
its m-point correlation function " is also given by (3).

Interacting particle system

Finally we introduce a discrete model giving rise to Warren’s process with
drifts under a diffusion scaling limit. This model is a generalization of TASEP
with particle-dependent jump rates [7] to the 241 dimensional particle system
with Markov dynamics introduced in [6]. We denote by 2} € Z the position
of a particle labeled by (k,n), with 1 < k <n < N, and call n the “level”
of the particle. Particle (k,n) performs a continuous time random walk with
one-sided jumps (to the right) and with rate v,. Particles with smaller level
evolve independently from the ones with higher level like in the Brownian
motion model described above. More precisely, the interaction between levels
is the following: (a) if particle (k,n) tries to jump to z and z}~| = x, then
the jump is suppressed, and (b) when particle (k,n) jumps from z — 1 to =,
then all particles labeled by (k + ¢,n + ¢) (for some ¢ > 1) which were at
x — 1 are forced to jump to x, too. This is a particle system with state space
in a discrete Gelfand-Tsetlin pattern.
Consider the diffusion scaling with appropriate scaled jump rates

Lin
t=7T, 2} =77 —VT\!, v,=1— "L, 8

Then, in the 7" — oo limit, the particle process {z}(t)} converges to the
GUE minor process with drift {\}(7)}.



More precisely, let us denote by PY the probability measure on these
particles with jump rates v = (vq,...,vy) given in (8). We fix 7 > 0 and set

Cap(rT) =T
VT

where A} C R are Borel sets, A = [[,.,<,, <y AF. Moreover, we define

VT(A):IFW< e A for a111gkgn§1v) (9)

V(A) =P (AR (1) € A} for all 1 <k <n < N) (10)

where P* is the GUE minor measure with drift diag(g1, ..., pn). In Section 3
we show the following result.

Theorem 3. As T — oo, v converges to v in total variation, i.e.,

lim sup  |vr(A) —v(A)| =0. (11)
T—o0 ACRN(N+1)/2
A Borel

In particular, vy — v weakly.
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2 GUE minor process with drift

2.1 Model and measure

Let (H(t) :t > 0) be a process on the N x N Hermitian matrices defined by

bkk(t)—F/th, if 1 Sk‘SN,
Ho(t) = {5 (bre(t) + iz:)kg(t)), ifl1<k</(<N, (12)
%(bu(t) — ibkg(t)), if 1 < <k < N,

where {bg, bre, l;kg} are independent one-dimensional standard Brownian mo-
tions?. Denote by M = diag(p, ..., ) the diagonal drift matrix added to
the matrix H. Then, the probability measure on these matrices at time ¢ is
given by

Tr(H —tM)?

P(H € dH) = const X exp <—%) dH (13)
where dH = [, dH; [Ti<jcpen dRe(H;x)d Im(Hj ;) and const is the nor-
malization constant.

Since we are interested in the statistics of the eigenvalues’ minors at time
t, we first determine the measure on the eigenvalues of the N x N matrix.

Lemma 2.1. Assume that py, ..., puy are all distinct. Then under (13), the
joint probability measure of the eigenvalues \q, ..., Ay of H is given by

]P)()\l € d)\l, LUAN € d)\N)
A()‘la"'>)\N)
195N A, )

with const a normalization constant and A(x1, ..., Tm) = [cicjcm (@ — 72)
the Vandermonde determinant.

= const x det [e_(Ai_t“j)z/(zt)} dA;---dAy  (14)

Remark 2.2. If uq,...,uy are not all distinct, we have to take limits in
(14). For instance, if y; = -+ = uy = pu, then

P\ € dAr,... Ay € dAy)

N
= const X (H e_(A’“_t”)Q/@t)) A*(Ag, . An)dA - -dAy. (15)

k=1

2Here, standard Brownian motions start from 0 and are normalized to have variance ¢
at time .



Proof of Lemma 2.1. We diagonalize H = UAU* with a unitary matrix U
and the diagonal matrix A = diag(Aq, ..., Ax). Then,

o~ TH=tMP?/C@O Q[T — const x e~ Tr(UAU*_tM)2/(2t)A2()\) dU dA, (16)
where dU is the Haar measure on the unitary group . Moreover, since
Tr(UAU* —tM)* = Tr A* + > Tr M? — 2t Te(UAU* M) (17)

by integrating over I/ in (16) and using the Harish-Chandra-Itzykson-Zuber
formula, we obtain the desired expression. O

Now we focus on the minor process. For 1 < n < N let us denote by
H"(t) the n x n principal submatrix of H(t) which is obtained from H(t¢) by
keeping only the n first rows and columns. In particular, H'(t) = Hy;(t) and
HN(t) = H(t). We denote by A?(t) < --- < A(t) the ordered eigenvalues
of H™(t). It is then a classical fact of linear algebra that at any time ¢, the
process (AL, ..., AV)(#) lies in the Gelfand-Tsetlin cone of order N,

GTy={(=", ..., 2M) eR x --- xRY : 2" < 2" forall 1 <k < N — 1},

(18)
where 2" < 2" means that 2" and 2" interlace, i.e.,
ittt <af <aptl foralll <k <n. (19)

The induced measure on {A} : 1 <k <n < N} is the following.

Proposition 2.3. Fizt > 0. Then, under the measure (13), the joint density
of the eigenvalues of {H™ : 1 <n < N} on GTy is given by

N N
const X He_wiﬂHe—()‘g)z/(%)A(AN) H AR H e_“nAZﬂ, (20>
k=1 k=1

1<n<N 2<n<N
1<k<n 1<k<n—1
where the normalization constant does not depend on i1, ..., in-

Proof. We first derive (20) under the assumption that the puq, ..., uy are all
distinct; the case where some of the u; are equal is then recovered by taking
the limit. We prove the statement inductively and follow the presentation in
[16]. For N = 1, the density is clearly proportial to exp(—(\] — u1t)?/(2t)).
For N > 2, we consider an N x N matrix HY distributed according to (13)
which we write as

N-1 N—-1
- = (M) (MU0, (21)
w x 0 N

7



where M™~1 denotes the (N — 1) x (N — 1) principal submatrix of M,
w € CN~1is a Gaussian vector and z € R is a Gaussian variable. Then we di-
agonalize HV=! i.e., we choose a unitary matrix U such that HV~! = UAU*
with A = diag(A ™', ..., AJ"]) the diagonal matrix for the eigenvalues. Since
the Gaussian distribution is invariant under unitary rotations and w is inde-
pendent of H¥~! we have

(5 o (2 )= (77 0)

where £ denotes equality in distribution. Applying the map HV~! — (A, U),
we get that measure (13) on HY is proportional to

1 A w UvMNtU 0\ _
exp (—% Tr [(w* :5) —t( 0 ,UN)} ) AN
x dU dw dz dA\V (23)

where dU is the Haar measure on the unitary group Uy_;. We consider
only the part of (23) that depends on U and integrate over Uy_1, using the
Harish-Chandra-Itzykson-Zuber formula,

det[eM ] ;.
/ AU eMAUTMYTIU) — const x =N (24)
Un-—1 AMVDA(pr, - piv-1)
After this integration the measure (23) reads
N-1
const x P(AN"! € dAN—1) errn—tui /2 H e 1/t qg duw. (25)
k=1
We focus on the measure on wy, and represent the variables in polar coordi-
nates, wy, = rpe'?* with 1, € R, and ¢ € [0, 27). Since the Jacobian of this
transformation is given by 71 ---ry_1, we get

N-1 N-1
H ey, = H et dry gy, (26)
k=1 k=1

where dry and dgy, are Lebesgue measures on R, and [0,27). Then we can
express 7 and z in terms of the eigenvalues of H¥~1 and HY, see e.g. [16]
for details,

o0 = A
[0 = A7)

j=1j#k

N N-1
w=Tr(HN — HVH) =) A =3 A"
=1 k=1

2
T, = — Il[)\Nﬂj)\N},

(27)

8



The Jacobian of the transformation 7" : (rq,...,ry_1,2) — AV is then given
by

AN
r1--cry-1|det T'| = A(E\N—)l) Iy, (28)
and hence, given AV ~1, we have
N-1 N-1
ETHN H e—lwk\ tde dw = He A2/t +un AY H e(AN 2/t —pn Ayt
k=1 k=1 k=1
ANY) N
X m ]]_[)\N—lj)\N] dX ng (29)

Here we used that 2(r? +---+7%_;) = Tr(HY)? — Tr(H" )% Moreover, by
the induction assumption for N — 1 we have

N-1 N-1
POAN"! € dAV 1) = const x H e i/ H e_(Akal)Q/(Qt)A()\N_l)
k=1 k=1
< ] e I e H dA™. (30)
1<n<N-—1 2<n<N-1
1<k<n 1<k<n

Finally, inserting (29) and (30) into (25) and integrating out ¢ (which multi-
plies the measure by a finite constant) results in the claimed formula (20). O

2.2 Correlation functions

Now we determine the correlation functions of the point process on the eigen-
values {A\} : 1 <k <n < N}, and for that purpose, we rewrite the density in
(20) as a product of determinants. We set ¢,,(x,y) = e“”(y_:”)]l{wy} and intro-
duce “virtual” variables A"~ = virt with the property that ¢, (virt, y) = e/n¥.
Then in (20) we have, up to a set of measure zero,

n n—1
n _ n—1

det[g, (A1, )\?)]gi,jgn — HeunAj He [ \] Ljpn<ani). (31)

j=1 j=1

Moreover, for £k =1,..., N we set
—a2/(2t) . B
€ —(N— Mgt — T Nt —x

UVt () = ¢ (N=R)/2 (7’_”77)7 39
Nox(@) ot DPN—k NG i (32)



where p, are symmetric polynomials of degree n in n variables defined by
po = 1 and

(_1)n/ 2/2

(X1, ... 1) = ——=— [ dwe /' (w—121) - (w— 1z, forn>1. (33
palar.evmn) = s [ dwer o =) (0= (3
Hence we have that

N
H e—(Ai\’)z/(zt)A()\N) = const x det [\I’%fk()\é\[)] (34)
k=1

1<k (<N’

which means that we can rewrite (20) as

N N
const x [ [ det[g, (A~ AD] oo [ e det [UR ()] oy pene (35)

n=1 k=1

Note that by a change of variable w = (tz — x)/v/t we have

(=N /R dze? /202 (5 Ve (2 —pn). (36)

2mi
A measure of the form (35) has determinantal correlation functions and the
kernel can be computed with Lemma 3.4 of [8], see the appendix.

2.3 Proof of Theorem 1

We prove the theorem first for iy < --- < py and then use analytic contin-
uation. Note that for n = N, the function W™, in (6) is the same as W),
in (36).

Lemma 2.4. The following identities hold.
(i) Foralln € {1,...,N}, k € Z and t > 0, we have ¢, x V"', = V'~ .
(i) Forn <n', we have ¢pyi * - - % ¢ = o) with o) given in (5).
Proof. Because of Re z < i, we can exchange the two integrals,
_ /x dy epn(y—m)ﬂ/ dz et??/2-y= (2= 1) (2 — pn)

e 2ri Retps (z—p1) ... (2 — pg)

(—1)"_k/ #22/2- (Z—ul)---(z—un)/x -
- dzet® /2—pnx dy ey(Mn z) 37
2w Sy Com) =) ) (37)

_ (_1)n—1—k / dz et22/2—xz (Z - lu’l) s (Z B IU’TL—1>
21 Jimgp (2= p1) - (2 — )

= \I]ijk(fﬂ)

10



This proves the first statement. To show (ii), we first consider the case
n' —n = 2. A simple calculation gives

¢(n—2,n)(x7x/> _ (¢n—1 * Q%)(Sb’,x/) _ < eﬂn(m’—x) n eﬂnl(m’_m)) ][[x>x,]’
Hn — Hn—1  Hn—1 — Hn

(38)
which has the following contour integral representation,
1 ez(m’—m)
P2 (2, 2) = — / dz : (39)
27 iR4-p— (Z - ,un—l)(z - ,un)

For n’ —n > 2, we get inductively that

(¢n % ") (2, 2")

_ (—1)7? -n /m a (=) / ds o2 (@' ~y)
27 —oc0 iRy (2 = pngr) - (2 = o)

-1 n'—n 22’ —pn T T
= L/ dz © / dy e¥(Hn=2) (40)

27 R+ (2 = fing1) - (2 = pr) Jooo
ez(x’—:c)

(~1)r /
= K5 dz
2w Jmew i)z = parn) - (2 = )
= ¢, 20),

where, as before, we could exchange the integrals because of Rez < p,,. O

Next we consider the n-dimensional space V,, spanned by the set of func-
tions

R G T R A LA A IO RCH D) SR CRY
According to Lemma 3.4 of [8] we need to find a basis {®", : 1 <k < n} of
V,, that is biorthogonal to the set {\I/sz 1 <k <n} ie,

/ dz U™ ()0 ,(2) = 6k, 1<k, 0 <. (42)
R

The form of the biorthogonal functions can be guessed, with some experience,
from the form of the kernel [12].
Lemma 2.5. We have:

(i) Vi, is spanned by {x — e"* 1 < k <n}.

(ii) The functions {®"" 1 <k <n} are given by (7).

11



Proof. For any € > 0 we have

(¢ * o)) (2} )

-1 n—k 2(z—y)
— / dyeuky( 2). / dz © . (43)
R 1 iR+pgy1—¢ (Z - /”Lk?"l‘l) e (Z - /”Ln)

We split the y-integral into one over R, and one over R_. Then we can ex-
change the integrals over R_ and the imaginary axis provided that Re z <
and use fR, dy evlm—=2) = ﬁ In the same way we integrate over R, taking

z such that ux < Rez < pgyq1. This gives fR+ dy evl—2) = —Z_luk. Putting
these two integrals together we get
B (_1)n—k etz
(o % o) (@ o) =2 d2 :
g 2mi Jr, o (=) (2 = ) - (2 — )
(44)

which is a constant multiple of e##*. This proves (i). For (ii) we proceed
similarly. Using that 1 < k, ¢ < n we have

/Rdx ‘Pka(x)q)Zfe(w)

- (—1)k+£ N . y etZZ_mz (Z . ,Uk—i-l) L (Z . ,Un)
- (27Ti)2 /Rd /le 7{‘#5 Iz ‘ eth—:cw ('LU - ,UZ) e (w - :un) . (45>

,,,,,

When integrating  over R_, we take the z-integral such that Re z < Rew,
and when we integrate = over R, we choose Re z > Rew. Thus, (45) reduces

to
(—1)k+t (W — ppgr) - (W — )
2mi fi—“w 7777 . dw (w — NZ) - (w _ ,un) = Oke. (46)

Finally, note that

e () = Y bt with b= [[———. (47)
i=t i P T Hy
i
which shows that the set {(I)ka :1 <k <n} spans V,. 0O
Next we verify Assumption (A) from Lemma 3.4 in [8]. Indeed,
o 1 e—tw2/2+xw i
O =g o —aall e @)

Hn

with ¢, = e #/2 £ 0 forn=1,...,N.

12



Finally, we can also determine the value of the normalization constant in
(35), since it is given by 1/ det[My]i1<ke<n with

My = (5 -+ g+ W) (2. (49)
Lemma 2.6. We have det M = Hivzl n/2 in particular det M > 0.

Proof. By Lemma 2.4 (i) we may write My, = (¢ * UF",)(zF71). Thus, for
k>,

-1 k—¢
My = / dy e*? i / dz et?*/2v= (2 — pogr) -+ - (2 — ). (50)
R 2mi R

Once again, we let run the y-integral over R_ and R, separately. In the first
case we take the z-integral such that Re z < iy, in the second case such that
Re z > p. This allows us to exchange the integrals, which gives

—1)k - vz —
Mk;é — ( 2 ) \% dZ et22/2 (Z /"L£+1) (Z /’l’k) . (51)
m r Z = Mk

Hi

Since the integrand has no poles for k > ¢, we have My, = 0 in this case,
while for k = ¢ we get My, = e~t%/2, Thus, M is upper triangular and the
claim follows. O

With the results of Lemma 2.4 and Lemma 2.5, Theorem 1 follows directly
from Lemma 3.4 of [8].

We have shown that Theorem 1 holds when we impose p; < --- < py. In
particular, the joint density (20) is given by an (N (N+1)/2)-point correlation
function: With m = N(N + 1)/2 we have

(20) = ml 0™ ({(Afn), 1 < k < m < NY). (52)

Let M > 0 be any fixed real number. The density (20) is analytic in each of
the p; in [-M, M], j =1,...,N. The same holds for the correlation kernel
(take e.g., pu— = —M — 1). From this it follows that also the r.h.s. of (52)
is analytic in each of the variables py,...,uy. Since this holds for any M,
by analytic continuation it follows that Theorem 1 holds for any given drift
vector (g, ..., puy) € RY,

13
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Figure 1: (Left) Initial particles configuration. (Right) A possible particles
configuration after some time; in this configuration, if particle (1, 3) tries to
jump, the move is suppressed (blocked by particle (1,2)), while if particle
(2,2) jumps, then also particles (3,3) and (4,4) move by one unit to the
right. Particles at level n have a jump rate v,.

3 2+ 1 dynamics with different jump rates

In this section we show that the correlation functions (3) that we obtained
for the GUE matrix diffusion with drifts can be obtained as a limit from an
GT y-extension of TASEP with particle-dependent jump rates. This latter
process was introduced in [6]. Before we come to the convergence result, let
us describe the model.

At a fixed time ¢, let us denote by z(t) = (2} (t))1<k<n<ny € GTy the
positions of the N (NN + 1)/2 particles at time t. We choose initial conditions
zp(0) = k—n—1 and let the particles evolve as follows: Each particle 2} has
an independent exponential clock of rate v, > 0, i.e., particles on the same
level have the same jump rates. When the x}-clock rings, the particle jumps
to the right by one, provided that 2} < 27~' — 1, otherwise we say that z? is
blocked by z}~!. If the z7-particle can jump, we take the largest ¢ > 1 such
that 2} = 27} = -+ = 2777}, and all ¢ particles in this string jump to the
right by one, see Figure 1 for an example). This ensures that at any time ¢,
all the particles are in GTy. More precisely, these dynamics imply that the
particles stay in a discrete version of GTx, namely

é\TN:{(xl,xz,...,xN) €L X LP x -+ x ZN Tt <ot <t} (53)

The joint distribution of the particles has been calculated in Theorem 4.1
of [7], and the result is

N
const x det [\If%fk(xév)} <k A<N H det [¢n($?_1, x;“)] 1<ij<n (54)
n=1

14



where

= 1
U (z) = %f% dz ez N1 —yp12) - (1 — on2),
0

Oul@,y) = ()" "Lpyza)  and  Gu(al Tt y) = (v0)”,

(55)

Actually, Theorem 4.1 of [7] is a statement about the marginal of a (possibly
signed) measure. However, this model is the continuous time limit of a
generic Markov chain introduced in Section 2 of [6], from which it follows
that the measure with fully packed initial conditions y,, = z7(0) = —n for
1 < n < N is actually a probability distribution. The formulation of (54)
follows then from the theorem by taking a(t) =t and b(t) = 0 for all ¢ > 0.
Also note that we put the transition from time ¢ = 0 to time ¢ (which is
encoded by T; in the theorem) into WX ,. As shown in [7], the correlation
functions of this point process are determinantal, so what remains to do is
the biorthogonalization for the generic jump rates.

Proposition 3.1. Consider a system of particles on é\'fN with fully packed
initial conditions and dynamics described above. Then, at fized time t, the
corresponding point process has m-point correlation function 0" given by

37 (w1, m0)s - (@ mn)) = det[K (@i, ma), (25, m5)i<ijsm (56)
with (z;,m;) € R x {1,..., N} and correlation kernel

Ky ((z,n), (', n) = =0 (@, ) + Y U0t (@)@ (2),  (57)
k=1

where
50) (3, 27) = % 7{ s Zx_lm,ﬂ e lz)n_n oyl (58)
V) - g s &
B 0) = e f aw Lol lm ey (60)

Proof. By Proposition 3.1 of [7], we have

~ 1 _ (1 —=vw)-- (1 —vw)
\Iln,t _ d z+k—1_t/w 1
n(T) o éo ww e (= orw) (1= o) (61)

15



for K > 1. A change of variable z = 1/w then yields (59). Next we need to
verify that {@Zﬁk : 1 < k < n} is biorthogonal to {ZISZEZ :1 <0 < n} (see
Eq. (3.5) of [7]). We split the sum over Z into two parts, one over x > 0 and
one over x < 0. Then,

x>0

%waﬁodz Wt (2= vkn) (Z= ) )

20 etw ZSC+7L+1 (w — Ug) . (w — 'Un)

We choose I'y and T', such that |w| < |z| which allows us to put the sum
inside the integrals. This gives

> ownt (2)0nt ()

>0
w (z—=vpy1) (2 —0v,) 1
27r1 7{ dwjgowdz et on (w—wvp) - (w—1y) z—w (63)

For x < 0 we choose I'y and I', such that they satisfy |w| > |z| which gives

> V@)@t ()

<0
1 Lz n — vz — 1
= ——.27{ dz% dwet—w— (2 = Vsr) (2 = vn) . (64)
(27i)? Jp, - et zn (w—uvg) - (w—1vy) z—w

Thus,

Z \I’ka(x)ész(x) _ Qijg dw (w—vgps1) - (w—wy) b (65)

TEL m (w - Uf) T (w - Un)

Finally, we show that {ZISZEZ : 1 < ¢ < n} spans the space of functions V,.

We denote by u; < --- < u, the different values of vq,...,v, and a4 the
multiplicity of uy, i.e., ay + -+ + a, = n. Then, we may write
1 okn 1
B () = — 7{ dw ©
27 Jr, e (w —up)® (w—u,)
1 do‘l_1 wr 1

16



For ¢ = 2,...,n, we can represent 51'>sz in the same way, but with exponents
ap; <y, 1 <@ <w. Since (agq,...,05,) # (Qo1,...,0p,) for k # £, this
shows that

span{EISZfZ (1<l <n}=span{z > ()2’ 11 <u<ry1<j <,
(67)
which is V,. ]

We continue by establishing the convergence result under the scaling (8).
Correspondingly, we rescale (and conjugate) the kernel K, and define the
rescaled kernel as

n'/2 "
Kl (60), (€7)) = o VERE (T = €V/T],m), (1T — €V, )
(68)
where [-] denotes the integer part, and the drift v is now pup = 1 — u/v/T.
Of course, T is assumed to be so large that pur > 0 is satisfied.

Proposition 3.2. For any fized L > 0, the rescaled kernel K. ... converges,
uniformly for £,¢" € [—L, L], as
Jim K2 ((60), (€)= KE(€n), (€0') (69)

with K = K, given in (4).
Proof. Let us define the rescaled functions

) (€, ) = T2 g (2 4 e/T 7T + €VT),

T,resc

U rese(€) = TRV 2e= T T (T + VT, (70)

n—k, T ,resc

T (6/) _ T—(n—k)/2eTT E)Zf;?(TT + glﬁ)’

n—k,Tyresc
where we also rescale the jump rates as in (8). We have to show that
these functions converge to their analogues from (5)—(7). We first verify
that gbgf;zsg(f,f’) — (€€ with n < n/. For y > y/, the integrand
of %”’"”(y,y’ ) in (58) has residue 0 at infinity and thus the whole integral
vanishes, while for y < ¢/, there is no pole at z = 0 and therefore

n/

“(n,n — n'—n)— 1
IR N | | Ly<y- (71)

i=n+1 A J

Hence, for its rescaled version,

- n’ 1y \ €T -1 .
) €)= (L—Z) Lo, (72)
- i:zn;rl VT i Hg = fhi e

17



which, as T' — oo, converges to

v eoTr L () €0
| P I

i=n+1 g P T H Ripe (2= o) (2 = pr)
(73)
Next we show that U7 (&) — W7, (&) uniformly for £ € [—L, L.

n—Fk, T resc

We have

T B \/T e™T(z—1)

\Dn—k,rosc(g) =~ om o z AT eVT il 9(2)
U (74>
— @ dz eTTfo(Z)-ir\/Tfl(Z)+f2(z)g(z)
2mi To.
with fo(2) =2—1—1nz, fi(z) =&Inz, fo(z) = —(n+1)Inz, and
VT(z = 1) 4 pm) - (VT(z = 1)+ pin,
o(2) = (WVT(z =1 4p)---(VT(z = 1) + pin) (75)

(VT(z=1) +pm)--- (VT (z = 1) + )
A Taylor expansion around the double critical point of fy, i.e., around z. = 1
gives

fofe) = 502 = 12+ O(= = 1),

fi(2) = €= = 1) + O((= = 1)), (76)
fo(2) =0+ 0O(z —1).

Fixr >1 —u_/\/T and deform I'y, to the contour v = v; U 2 with
v =1—pu_/NT+i[-rr], ym={zl=r}n{Rez<1—pu_/VT}. (77)

Let us verify that v is a steep descent path for fy,. On the segment -, we
have that Re fo(z +iy) =z — 1 — 1 In(2? + y?), so

dRe fo(z + iy) Yy

dy 24y

Y€ [_Ta T]a (78)

with = 1 — pu_/v/T. Thus f, is strictly increasing on 1 — % +i[—7,0) and
strictly decreasing on 1 — % +1(0,7]. On 75 we compute

Re fy(re'¥) = rcosp — 1 —1Inr, ¢ € (arccos 1,21 — arccos £),  (79)

which means that fy is strictly decreasing on v, N {Imz > 0} and strictly
increasing on v N {Im z < 0}. Thus 7 is a steepest descent path for f, and

18



the major contribution comes from a line segment s = 1 — H_\/% +1i[—4, 0] for
any 0 € (0,1). Indeed, the error we make when we integrate along s instead

of 7 is of order O(e™T) with ¢ ~ §%. We therefore consider the integral on
75 only,
\/7 dZ g( ) {\/T(z—l)-i—%(z—l)zeO(z—l,\/T(z—l)Q,T(z—l)S) ) (80)
2mi

Using |e* — 1] < \x|e‘x‘, the difference between (80) and the same integral
without the error term can be bounded by

e

for some constants ¢; and ¢, that can be chosen arbitrarily close to 1 as
§ — 0. By a change of variable Z = v/T(1 — z) one then sees that this error
is of order O(T~'/2). Hence we can consider the integral in (80) without the
error term, which simplifies to

clffz 1)+02ﬂ(z 1)2

% O (z VT (2 — 1), T (2 — 1)3, T0R72 (5 — 1)%’@) ) (81)

T
\2/_7; dz eTT(Z_1)2/2+§\/T(Z_1)g(Z). (82)

The error we make if we extend 5 to 1 — T + iR is of order O(e~T). All

together the integral from (74) agrees, up to an error O(e~*", T=1/2) uniform
in ¢ e[—L, L], with

T

2mi B
1— ﬁ +1R

where the poles of g lie on the left of the integration axis. After a change of
variable Z = —/T(z — 1) this integral can be identified as W7, (&).
Finally we show that ®"" (&) — @17, (&). We have

n—Fk, T resc

(I)nT (5/) v dwe” T(lnw—w+1)— VT¢ Inw+nlnw
n—k,T resc 271'1
ry

y (VT(w—=1)+m) - (VT(w=1) + 1)
(VT(w—1)+ 1) (VT (w — 1) + py)
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and by a change of variable W = —/T(w — 1) and a Taylor expansion in the
exponent we get

ész,T,rosc (5,)

_ (= QI oW /2HEWHO(T=1/?) (w—pu) - (w— pw—1) g5
= - [§ ) ( )
2mi Jp (W= 1) -+ (W — pn)

which converges uniformly for £ € [—L, L] to @7, (£'). O
With the above results we can now prove Theorem 3.

Proof of Theorem 3. Set m = N(N + 1)/2 and define ny,...,n,, by

7’L1:1, n2:n3:2, n4:n5:n6:3, ey nm_N+1:---:nm:N.
(86)
For A C R™ we set Ap = (7T — /T A) N Z. Then, we have

vr(A) = Z det [f}f%((l'z, ni), (x;, nj))]lgi,jgm

_ 2 /A A"z det[KY2((rT — [wVTna), (7T — [5]VT, n)]

1<i,j<m

:/Adm.ﬁlfdet[kT,T,resC(([xi]vni>7([xj]’nj))}lgi,jgm

(87)
and

I/(A) = Admx det [Kﬁ((l‘l, ni), (ZL’j, n]))] 1<ij<m’ (88)

Since the determinants are continuous functions of the kernels, we have by
Proposition 3.2 that

lim det [K2 ([, ), (23] m))] oo

= det [Kﬁ((xlvrn%)v (xJ'?nj))} (89>

1<i,j<m

for all z1,...,x,, € R. Thus we have shown that the densities of the proba-
bility measures in question converge pointwise to each other. Then, (11) is
a direct consequence of Scheffé’s theorem, see e.g. [5]. O
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Figure 2: The two reflection types in our system. They correspond to the
boundary condition (93).

4 Warren’s process with drifts

We have seen in Section 2 that the eigenvalues’ density can be written as a
product of determinants, and, in Lemma 2.6, we calculated the normalization
constant, so that the probability measure on the eigenvalues reads

(N preaw)-nmar (90)

1<k<n<N

with dA = [, <cp<y dA}, and

N N
BN = det [UR0 O]y e [T T det[6n 7 A)] 1 2yen (91)

n=1 n=1

In this section we explain the connection to a system of Brownian motions in
GTy. More precisely, we consider Brownian motions {Bj},1 <k <n < N}
in GTy starting from 0, with drift u,, and interacting as follows:

e The evolution of B} does not depend on the Brownian motions with
higher upper index (B}* for m > n + 1, and any /);

e B is reflected off By~ and B}~ /.

These reflections are sometimes called oblique reflections [29], since in the
(zp =1, 2?)-plane (resp. (v}, 2})-plane) the reflection directions are not nor-
mal, but oblique as indicated in Figure 2. Note that the projection on
{B?,1 < n < N} differs from the process studied in [27], where the re-

flections are in the normal direction.
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Let us now describe the system of Brownian motions. Denote by p; be
the probability density of the Brownian motions in GTy (its existence will
be a consequence of our result). Following [19], where Brownian motions
with oblique reflections were studied, for a Brownian motion with drift u
reflected at the boundary in the direction v, the boundary conditions on the
density function may be expressed as follows. Denote by n the normal vector
of the boundary, let v be normalized such that n-v =1 and let ¢ = v — n.
Moreover, set Vo =V —n(n-V), D* =n-V —q- V. Then, the boundary
condition can be written as

D*py = (Vr-q+2p-n)p, on the boundary. (92)
Specializing to our case, we get
0
Gy Pe(2) + (fng1 — pin)pe(x) = 0, (93)
Lk

whenever 2} = 2} or af = 27}, for 1 <k < N — 1.

This process, without drifts, was introduced by Warren in [30], where
he determined the transition probability for any initial condition and also
showed that the process is well-defined when starting from 0. We here con-
sider a system of Brownian motions with constant (bounded) drifts, which
can be expressed as follows,

BL(t) =t + bi(t),
BI(t) = iat + V(1) = L r_pn(), n=2,..., N,
BR(t) = it + Hp(0) = L+ () + Liyp_ (), 2<k<n<n, O

BY(t) = pint + 02(8) + Ly _pos(£), n=2,...,N,

where the b7, 1 < k <n < N, are independent standard Brownian motions
and Ly _y(t) is twice the semimartingale local time at zero of X (t) — Y'(¢).
The question of well-definedness was related to the, a priori possible, presence
of triple collisions. Bounded drifts do not influence this property as can be
seen by applying Girsanov’s theorem like in the works [20, 22].

Reflected Brownian motions can be also defined as follows. A standard
one-dimensional reflected Brownian motion can also be defined to be the
image under the Skorokhod map of standard Brownian motion. More pre-
cisely, one define a Brownian motion, B(t), starting from y € R and being
reflected at some continuous function f(¢) with f(0) < y is via the Skorokhod
representation [28, 3]

B(t) = y + b(t) — min {0, Oigr;fgt(y +b(s) — f(s)}

= max {y + (). sup (7() + b(t) ~ b))} (95)
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where b is a standard Brownian motion starting at 0. In this paper we use as
definition of the Warren process with drifts to be the image of independent
Brownian motions under the extended Skorokhod map introduced by Burdzy,
Kang and Ramanan (see Theorem 2.6 of [13] for an explicit formula).

Proof of Theorem 2. Consider a particle system as in Section 3 but where the
particles evolves independently, i.e., Z}(0) = —n+k—1for 1 <k <n <N
and the evolution of Z}() is a continuous time random walk with jump rate
v,. Consider now the scaling (8)

=717

T v, =1 N (96)
The z}’s are independent, so in the 7" — oo limit, (Bg, 1<k<n<N)
converges weakly to a N(N 4+ 1)/2-dimensional Brownian motion
(B,1<k<n<N), where B} has drift pu, (see Donsker’s theorem).
As shown in [18] by Gorin and Shkolnikov, the particle with the block-
ing/pushing dynamics converges wearkly as 7' — oo to the Warren process
with level-dependent drifts. To be precise, they first showed the convergence
for the drift-less case, where the limit process is the Warren process.
However the same proof applies for more generic cases including the one of
this paper, see Remark 10 of [18].

In Proposition 3.1 we have proven that the correlation functions has a
limit as T" — oo. Further, the integral of the density is one, so that no
mass is lost at infinity or localized in some Dirac mass. Thus, the n-point
correlation function of the reflected Brownian motion is the T — oo limit of
the n-point correlation function for the interacting particle system. O

t=71T, BI=

For completeness, let us remark that the transition density p; in GTy
satisfies:

(1) the Fokker-Planck equation (or Kolmogorov forward equation)

%pt(x) =22 (% a(i;;)2 - ““ai;;) pi(z) o

k=1

(2) the initial condition

limpy(z)de = J[ dap, (98)

N0
E 1<k<n<N

(3) the boundary condition (93).
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Proposition 4.1. Denote by p;, : GTy — [0,1] be the probability density
defined in (91). Inside GTy, this density satisfies the Fokker-Planck equation
(97), the initial condition (98), and the boundary condition (93).

Proof. First observe that by setting \if%f LX) = ety :”\If%f (), we can rewrite
(91) as a probability measure on GTy with density

N—-1 n

pu(e) = det [UN )] He—wk/z T e (99)

n=1 k=1

for © = (2})1<k<n<y € GTxy. The double product only depends on
(27)1<k<n<n_1, while the determinant is a function of (2} )1<x<y. We have

1 0% - 0 - - 13 -
2022 ‘I’%tk( )= ot \P%ik(x) + MN%\I’%L@(I) - TN\I’%L@(@’)’ (100)

from which follows that

=1 =1 "t n=1
(101)
For k=1,...,N — 1, we have
0 0?

Pe) = (= et )(0). s Pe®) = (= iR, (102)

n
oz}

and thus, putting (101) and (102) together,

N n a a N
Z oz z): kz:
N—

NN

n=1 k=1

1 (S 1
+ 2 (Zl N,UN Z — Hnt1) ) pe(x). (103)
Using that
N N-1 N-1
Ny =Y ph =Y nludyy—p (tin = pns1)> =2 > 0t (pin = 1)
n=1 n=1 n=1

(104)
the expression between the brackets in (103) simplifies to 2 ni, (ttn — fin+1)-
On the other hand,

N

ZZMm 2 Pl Znun Hn = Hin1)Pe () +MN288N2%( ). (105)

n=1 k=1 k=1
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Then, (97) follows from (103), (104) and (105). The initial condition (98)
is satified because as ¢ N\, 0, we obtain the Dirac measure at xy = 0 for
1 <k < N and since we consider p; on GT y, this immediately implies that
2k =0 forall 1 <k <n < N —1. Finally, the boundary condition (93)
holds trivially by (102). O

Remark 4.2. The three conditions in Proposition 4.1 are, in general, not
enough to prove that p; = p;,. For that, one would need the backwards
equation.

A Determinantal correlations

Since we refer several times to Lemma 3.4 of [8], we report it here.

Lemma A.1 (Lemma 3.4 of [8]). Assume we have a signed measure on
{x?,nzl ..., Nyi=1,...,n} given in the form,

ZN Hdet on(z, j )]1§z’,jgn+1 det[‘l’%_i(iC;y)]lgi,jgN, (106)
n=1

where ), are some “virtual” variables and Zy is a normalization constant.
If Zn # 0, then the correlation functions are determinantal.
To write down the kernel we need to introduce some notations. Define

¢(n1,n2)(l.’ y) _ {(¢n1 Kook ¢n2—1)(x7 y)? ny < ng, . (107)
O, ny Z na,
where (axb)(x,y) =Y., a(x, 2)b(z,y), and, for 1 <n < N,
Uh_j(2) = ("« Y (y), j=1,...,N. (108)
Set ¢o(29,2) = 1. Then the functions

{(@o % @) (20, 2), o (Png 0" ) (@028 1), G (a0 2) ) (109)

are linearly independent and generate the n-dimensional space V,,. Define a
set of functions {®}(x),j =0,...,n— 1} spanning V,, defined by the orthog-

onality relations
Z O (2)U" () = 6, (110)

for0<i,7<n-—1.
Further, if ¢ (2] 1, ) = cnq)énﬂ)(:c), for somec, #0,n=1,...,N —1,
then the kernel takes the simple form

K(nlvxl;n%x?) ¢(n1 n2)(x1’x2 + Z\I]ru k >(I)Z§—k('r2) (111>

k=1
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