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Abstract

The totally asymmetric simple exclusion process (TASEP) on the
one-dimensional lattice with the Bernoulli p measure as initial con-
ditions, 0 < p < 1, is stationary in space and time. Let N(j) be
the number of particles which have crossed the bond from j to j + 1
during the time span [0,#]. For j = (1 — 2p)t + 2w(p(1 — p))'/3t%/3 we
prove that the fluctuations of N;(j) for large t are of order t'/? and we
determine the limiting distribution function F(s), which is a gener-
alization of the GUE Tracy-Widom distribution. The family F,,(s) of
distribution functions have been obtained before by Baik and Rains in
the context of the PNG model with boundary sources, which requires
the asymptotics of a Riemann-Hilbert problem. In our work we arrive
at F,(s) through the asymptotics of a Fredholm determinant. Fy,(s)
is simply related to the scaling function for the space-time covariance
of the stationary TASEP, equivalently to the asymptotic transition
probability of a single second class particle.

1 Scaling limit and main result

The totally asymmetric simple exclusion process (TASEP) is, arguably, the
simplest non-reversible interacting stochastic particle system. The occupa-
tion variables of the TASEP are denoted by n;, j € Z, n; = 0 means site j



is empty and n; = 1 means site j is occupied. Since we plan to study the
stationary space-time covariance (= two-point function), the particles move
on the entire one-dimensional lattice Z. The stochastic updating rule is ex-
tremely simple. Particles jump to the right and are allowed to do so only if
their right neighboring site is empty. Jumps are independent of each other
and are performed after an exponential waiting time with mean 1, which
starts from the time instant when the right neighbor site is empty.

More precisely, we denote by 7 a particle configuration, n € Q = {0, 1}~
Let f: @ — R be a function depending only on a finite number of n;’s. Then
the backward generator of the TASEP is given by

Lf(n) =Y _n(1—n) (S = f(n)). (1.1)
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Here 77771 denotes the configuration n with the occupations at sites j and
j + 1 interchanged. The semigroup e’ is well-defined as acting on bounded
and continuous functions on Q. e is the transition probability of the
TASEP [15].

Let 1, be the Bernoulli measure with density p, 0 < p <1, i.e., under p,
the n;’s are independent and p,(n; = 1) = p. From (1.1) it is easy to check

that
pp(Lf) =0 (1.2)

for all local functions f, which means that the Bernoulli measures are station-
ary measures for the TASEP. In fact, these are the only translation invariant
stationary measures [14]. In the sequel we fix p, excluding the degenerate
cases p = 0, p = 1, and start the TASEP with p,. The corresponding space-
time stationary process is denoted by 7;(t), t € R, j € Z. Pra denotes the
probability measure on paths ¢ — n(t) and Era its expectation. The depen-
dence on p is always understood implicitly. Note that the average current
for the stationary TASEP is j(p) = p(1 — p).

As for any other stationary stochastic field theory the most basic quantity
is the two-point function, which for the TASEP is defined through

Era (1;(t)10(0)) — p* = S(j, 1) (1.3)

For fixed t, S(j,t) decays exponentially in j. One has the sum rules

D TS3G. ) =D (Bralng(t)mo(0)) — p?) = p(1— p) = x(p), (1.4)
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iZjS(j, 1) =j'(p)t = (1 - 2p)t. (1.5)
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X 1S(j,t) can be viewed as the probability for a second class particle to be
at site j at time ¢ given it was at j = 0 initially, see e.g. [19]. Thus

S(j5,t) >0, (1.6)

which would not hold on general grounds.
The next finer information is the variance

o) =x"1) 7750 t) = (1= 2p)t)*. (1.7)
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Naively, one might expect that o(t) = /¢, arguing that the second class
particle moves random walk like. As noticed in [23], in a purely perturbative
argument, o(t) is likely to grow faster than v/t. The proper scaling form was
firmly established in [4] with the result

o(t) =2 agx/3t¥? (1.8)

for large t. x'/? follows on dimensional grounds, while the prefactor ag has to
be determined numerically. In fact, ag = 2.0209... which is a consequence
of the result reported here together with [21].
Forster, Nelson and Stephen [8] consider, as a particular case of the fluc-
tuating Navier-Stokes equation, the stochastic Burgers equation
0 0

0
N — —( — 2 -
. 826( u +V8xu+£) (1.9)

with v > 0 and ¢ space-time white noise, which is a sort of continuum
stochastic partial differential equation version of the TASEP. They obtain
the dynamical exponent z = 3/2 which corresponds to the 2/3 of (1.8). Kar-
dar, Parisi and Zhang [12] study surface growth which for a one-dimensional
substrate reduces to (1.9) with u being the gradient of the height function.
By more refined arguments they confirm z = 3/2 in one space dimension.
Since then many approximate theories have appeared, see e.g. [19, 13] for
a more complete discussion. The only one which survives the test is the
mode-coupling theory, which is a nonlinear equation for S(j,¢) [4]. A care-
ful, rather recent, numerical study [5] of this equation yields surprisingly
good agreement with the exact two-point function in the scaling limit [21].
The power law (1.8) strongly suggests the scaling form

c oy~ X - ‘ _
(1) = X Tl (G = (1= 20020 )7 (1.10)
for large t and for j — (1 — 2p)t = O(t*3) with the scaling function g”./4

independent of p. Our main result will be to prove a version of (1.10) with
a reasonably explicit expression for gZ.
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The scaling function gs. appeared already in the context of the variance
of the height differences in the polynuclear growth (PNG) model, where g
is somewhat indirectly determined by a set of differential equations, which
were discovered by Baik and Rains [2], see Appendix A. These differential
equations are solved numerically in [21], where also a plot of ¢”. is displayed.
Thus one important consequence of our main result is to establish that in the
scaling limit the PNG model and the TASEP have the same scaling function
for their covariance. Such a property is expected for a much larger class of
one-dimensional driven lattice gases. For example, if instead of the TASEP
we allow for partial asymmetry, to say a particle jumps with probability p to
the right and 1 — p to the left, p # 1/2, then (1.10) should still hold provided
(1 —2p)t is replaced by (2p — 1)(1 — 2p)t. The general formulation of the
universality hypothesis for one-dimensional driven lattice gases is explained
in [13], see also [19]. Viewed in this context our main result asserts that the
TASEP and the PNG model are in the same universality class.

The issue of universality is certainly one strong motivation for our study.
At first sight PNG and TASEP look very different, while when viewed prop-
erly they are in fact not so far apart. The interpolating family of models is
the TASEP with a discrete time updating rule. Its extreme limits are the
PNG model on one side and the continuous time TASEP on the other side,
see [19]. Given the scaling limit for the PNG, it is not surprising to have the
same result for the TASEP. However, it turns out that the method used in
proving the analogue of (1.10) for the PNG model does not generalize to the
TASEP, which for us is an even more compelling reason to investigate the
TASEP. At a certain stage the proof in [21] uses that the two-dimensional
Poisson process is invariant under linear scale changes, which is a property
special to the PNG model. For the TASEP we have to develop a novel
method which will be rather different from [2, 21] and uses non-intersecting
line ensembles. In fact, our expression for ¢/ has an appearance quite unlike
to the one discovered by Baik and Rains. It requires an argument that both
expressions are in agreement, see Appendix A.

To state our main result we have to first reformulate the TASEP as a
growth process by introducing the height function h(j) through

ON, + S0 (1 —2m(t))  for j >1,
he(j) = § 2V for j =0, (1.11)

2N, = 305 (1= 2mi(t)) for j < —1,

t > 0, where N, counts the number of jumps from site 0 to site 1 during the
time-span [0,t]. Note that hi(j) — ho(j) = 2N¢(j), where N.(j) counts the
number of particles which have crossed the bond from j to j + 1 during the
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time span [0, ¢]. By stationarity one has
Era (b)) = 20(1 = p)t + (1 - 2p);. (1.12)
Since hy(j + 1) — he(j) = —21m;41(¢), the variance of the height must be
simply related to S(j,1).
Proposition 1.1. Let A be the discrete Laplacian, (Af)(j) = f(j + 1) +
fG—=1)=2f(j). Then
85(j,t) = (AEra ([he(-) = Exa(he(-)]?)) (5)- (1.13)
The proof can be found in Proposition 4.1 of [19].
We introduce the family of distribution functions!
Fu(s,t) = Pra({(1—2x)t+2w(1 - 20)X 33 — 25y M3/3
< hy(L(1 = 2p)t + 20X B3 )}, (1.14)
where |x] denotes the integer part of z. Here the height is evaluated at
(1—2p)t, which is determined by the propagation of a tiny density fluctuation,
plus a in comparison small off-set of order t2/3, while the distribution function
is centered at Era(h(j)) with j = [(1 — 2p)t + 2wx'/3t*3| and has an
argument, —s, which lives on the scale y¥/3¢'/3.
As to be shown, the distribution function F,(s,t) converges to a limit as
t — oo. The limit will be expressed in terms of a scaling function g and the

GUE Tracy-Widom distribution function Fgyg(s). The latter can be written
as a Fredholm determinant in L*(R),

FGUE(S) = det(IL - POKAi,sPO) (115)

with P the projector operator on [0, 00) and Ky, s the integral operator with
the Airy kernel shifted by s, i.e.,

Kpis(z,y) = / dANAI(A+ 2z + s) Ai( A+ y + s). (1.16)
R+

Define the functions

6w:S("L‘) = / dzeszAi,s(Za x)ews’

U,.(y) = / dze®® Ai(y + z + s), (1.17)

ps(xa y) = (I]- - POKAi,sPO)il(xay%

LOur F,, equals the F,,/2 in the definition in Conjecture 7.2 of [19]. The reason for
this change is that it slightly simplifies the functions below and also they match with the
choice in [9].




and the scaling function g by

=
—
»
g
~—
|
)
wl

30’ [/ dzdye” @) Ai(z 4y + s)
R2

+ /}R dady®,o(@)p (2, ) Vus(y) | (L18)

2
+

Our main theorem asserts the limit of the family of distribution functions
Fu(s,t).

Theorem 1.2. Let Fgug and g defined above. Then for fixed ¢ < co one
has

c2

lim Fy(s,t)ds = Faug(co+w?®)g(co+w?, w) — Faug(ci +w?)g(c +w?, w)

t—o0 c1
(1.19)
pointwise.

Corollary 1.3. The limiting height distribution function F,(s) is given by

Fu(s) = %(FGUE(s+w2)g(s+w2,w)). (1.20)

For the PNG model Baik and Rains obtain the limiting height distribution
function denoted by H(s + w?;w/2, —w/2) in Defintion 3 of [2]. It has the
same structure as F,(s). Only the scaling function g is given as the solution
of a set of differential equations, see Appendix A.

The two-point function of the TASEP carries information on the variance
of height differences, see (1.13), while Theorem 1.2 provides the full family
of distribution functions. In this sense (1.19) is a stronger result than (1.10).
On the other hand, the limit (1.19) for the distribution function asserts only
the weak convergence of the corresponding probability measures, while from
(1.13) we infer that for the space-time covariance the convergence of second

moments would be needed. If we assume a suitable tightness condition on
Fy(s,t), then

tlim s*dF,(s,t) = /s2de(s) = gsc(w), (1.21)
—00
which together with Proposition 1.1 yields

1
tlim BBS([(1 — 2p)t + 2wx2t¥3 ] 1) = ng;’c(w) (1.22)
—00



when integrated against an arbitrary smooth function in w, in agreement
with the claim (1.10). Tightness is also missing in the analysis of the PNG
model.

Over the recent years there has been a considerable interest in scaling
limits for the TASEP. Slightly more general than here, one considers an initial
measure which is Bernoulli p_ in the left half lattice Z_ and Bernoulli py in
the right half lattice Z,. The initial step, p_ = 1 and p, = 0, is studied by
Johansson [10] by mapping the TASEP to a last passage percolation problem.
For general p, and p_ such a map is still possible and yields a last passage
percolation problem with boundary conditions [19]. Through the Robinson-
Schensted-Knuth (RSK) correspondence one then obtains a line ensemble
with boundary sources. This line ensemble is determinantal, in fact only a
rank one perturbation of the line ensemble with tie-down at both ends. We
refer to [9], where a similar construction is carried out for the line ensemble
corresponding to the discrete time TASEP. There is also a link to the work
by Baik, Ben Arous, and Péché [1], who study rank r perturbations of the
complex Gaussian sample covariance matrices. Viewed from this perspective
the stationary TASEP is singular, which is partially overcome by the shift
argument, see also [9]. But even then, in the resulting matrix elements there
is still a delicate cancellation which tends to hide the asymptotics. The
technique of line ensembles can be used also for the investigation of multi-
point statistics [20, 9], which however will not be needed in our context.

In computer simulations mostly deterministic flat initial conditions are
adopted, which translates to the initial particle configuration ...010101...
of the TASEP. As established by Sasamoto [22], see also [7], the single point
statistics in the limit of large times is then given by the distribution of the
largest eigenvalue of the GOE of random matrices and thus different from
the distribution obtained in this contribution. For the PNG model the cor-
responding result is proved prior by Baik and Rains [3], see also [6].

Our paper is divided into two parts. The first part is a fixed ¢ discussion
of F,(s,t) with the goal to obtain a manageable expression. The second part
is devoted to the asymptotic analysis. In the Appendices we establish that
our expression for Fy,(s) agrees with the one of Baik and Rains, provide some
background on the determinantal fields turning up, and explain how the line
ensemble is related to the Laguerre kernel.
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2 Map to a directed polymer

The statistics of the height function h.(j), restricted to the cone
{4, h||7] < h}, can be represented through a directed last passage percola-
tion, see [19]. For this purpose, in the initial configuration, let (; + 1 be the
location of the first particle to the right of (and including) 1 and let —(_
be the location of the first hole to the left of (and including) 0. Therefore
(_, (4 are independent and geometrically distributed, Q((- =n) = (1—p)p",
Q¢ =n)=p(1—p)™, n=0,1,.... In addition we define the family of in-
dependent exponentially distributed random variables w(i, j), 7,7 > 0, such
that w(i, j) has mean 1 for i, > 1, w(i,0) has mean (1 — p)~! for i > 1,
w(0,7) has mean p~! for j > 1, and w(0,0) = 0. The joint distribution of
the random variables ¢ = (¢;,(-) and {w(7,7),i,7 > 0} is denoted by Q.
These exponentially distributed random variables are linked to the TASEP
in the following way: w({y + ¢, 0) is the ¢-th waiting time of the first particle
to the right of 0 and w(0,{_ + /) is the ¢-th waiting time of the first hole
to the left of 0, ¢ = 1,2,.... To describe the other w(i, j)’s we label in the
initial configuration the particles from right to left such that the first particle
to the right of 0 has label 0. Then w(i, ), i,7 > 1, is the j-th waiting time
of particle 7, where the first waiting time refers to the instant when the i-th
particle is at lattice site —2 + 1.
For given ( let

for 1 <i<(,5j=0,
fori=0,1<j5<(, (2.1)

w(i,j) otherwise.

0
wC(Zaj>: 0

The we(i, j)’s are used as local passage times in a directed last passage per-
colation. Let us consider an up/right path w on N? with a finite number of
steps. To it we assign the passage time

Tw)= 3 wli,j). (2.2)

(4,5)€w



Then the last passage time from point (0,0) to point (m,n) is given by

G(m,n) = max T'(w). 2.3

( ) w:(0,0)—(m,n) ( ) ( )

Here the maximum is over the up/right paths which start at (0,0) and end
at (m,n).

Proposition 2.1. [19] With the above definitions
Q{G(m,n) <t}) =Pra({m+n < hy(m —n)}). (2.4)

G(m,n) can also be viewed as a growth process. We introduce the corre-
sponding height function h(j,7), j € Z, 7 € N, through

h(j,7) = 0, for |j| = 7, (2.5)

WG =[O =12 (= 1= )2 i (=) =,
: G((t=247)/2,(1=2-4)/2), if (=1)"" =1,
for |j] < 7.

By Proposition 2.1,

Pra ({7 =1 < he(4)}), if (-1)"H = -1,

]PTA({T -2< ht(j)}), if (—1)7 = 1. (2.6)

Q{h(j,m) <t}) = {

h(j,7) is not such a convenient quantity and we modify it by allowing an
error of order 1. We display the (-dependence of G(m,n) explicitly through
G¢(m,n). In particular, G°(m,n) is the random variable obtained by setting

G=0=¢.

Proposition 2.2. Uniformly in the endpoint one has
QG (m,n) = G(m, )] > u}[¢) < Cre™/09) 4 C el (27)

Proof. We fix the endpoint (m,n). Let T¢(w) be the passage time for w¢(i, 5)
and let w$,, be a maximizing path from (0,0) to (m,n). Then G*(m,n) =

max

T¢(wS,,,), G°(m,n) = T°w’,.). One has

max

GO (ma n) - GC(m’ n) = To(wgnax> - Tc(wgnax> + Tc(wglax) - Tc(wrcnax)
< TWP.) — TC((,u0 )

max

Gt -
< Zw(i,o) +Zw(0,j), (2.8)



where in the first inequality we used that wS .. is a maximizer of 7¢. Similarly

max

GO(m,n) = GS(myn) = TOWf) — T(Wh) + T () = T ()
T(wy) — T () > 0. (2.9)

v

Combining (2.8), (2.9) yields

C+ ¢—
QUG (m.n) =G (m.m)| > u}[¢) < Q{Yw(i.0)+ D w(0.) > u}lc)
< CeWmP) ¢ emule, (2.10)
U

Definition 2.3. h°(j,7) is the height function as given in (2.5), where
G(m,n) is replaced by G°(m, n) with the corresponding passage times wy(i, 7).

It follows from the identity (2.6) and Proposition 2.2 that for ¢ > 0,
independent of ¢, one can choose d(¢) such that

(1 =)QUR° (. 7) St —d(e)}) < Fuls,t) < Q{R(J,7) < t+d(e)}) +e,
(2.11)
uniformly in j, 7. Therefore, setting

Fo(s,t) = Q{R(L(1 = 2p)t + 2wx'/*t*/3, (2.12)
(1= 20t + 20(1 - 20 — 25200 )) < 1Y),
one has
(1—e)Fy(s,t —d(e)) < Fu(s,t) < Fy(s,t+d(e)) +e. (2.13)

Since t — oo, we conclude that Theorem 1.2 is implied by Theorem 2.4 stated
below.

Theorem 2.4. For fixed ¢y < cy the following limit holds

tlim Fg(s,t)ds:/ Fy(s)ds. (2.14)
— 00 c1 c1

The remainder of the paper deals with the proof of Theorem 2.4.
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3 The Laguerre line ensemble with boundary
sources

Let us consider the directed polymer in the general case of independent

w(i, j)’s with exponential distribution of mean 1/a;;, ¢,7 > 0. The directed

polymer is determinantal (a notion which will be explained below) provided

a;j = a; +b; > 0. For the case of Theorem 2.4 one has to deal with wy(, j)
1

and the obvious choice would be a; = 5 — (1 — p)dio, b; = % — pdjo. The

corresponding directed polymer fails to be determinantal on two accounts:
(i) ag + by = 0 whereas it should be striclty positive,

(ii) formally w(0,0) is uniformly distributed on R;, while in actual fact
wo(0,0) = 0.

Our strategy is to first discuss the line ensemble for a; = % + (a — %)52-70,
bj =%+ (b—3)d0, a >0, b> 0. This is the task of the current section. In
the following section we will show that the case w(0,0) = 0 can be deduced
from a shift argument. The resulting expressions will then be analytically
continued to a = p — %, b= % — p. In this limit we recover wq(i, 7), which is
required for Theorem 2.4.

Definition 3.1. Let w,(i,7), i,j € N, be a family of independent exponen-
tially distributed random variables such that

E(wa,b(iaj))il =1+ (a’ - %)5i,0 + (b - %)5J’,O (31>
with 0 < a,b < %

With w, (4, j) as in Definition 3.1 let T'(w) be as in (2.2) with w¢(i, j)
replaced by wg (7, 7) and let

G = T 3.2
(m, n) w:(O,]g)li)((m,n) (W>, ( )

compare with (2.3). We define the height function h(j,7), j € Z, 7 € N,
through (2.5). It can also be generated by the following growth process,

h(7,0) = 0, (3.3)
max{h(j —1,7),h(j +1,7)} '
h,7+1) = +wap((T+5)/2, (1= 5)/2), if (=1)*" =1,
h(j,7), if (=1)777 = —1,
for |j| <741,

h(j,7+1) = 0, for [j| > 7+ 1.
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T=1 T =2 T=3

Figure 1: The growth dynamics associated with the TASEP directed last
passage percolation.

The dynamics is best visualized by extending h(j,7) to a function over
R through h(z,7) = h(j,7) for j — % <x<j+ %, see Figure 1. Then
alternately there is a stochastic and deterministic up-date. In the stochastic
up-date mass is added to the current height h(x, 7) according to w, (4, j), see
(3.3). In the deterministic up-date down-steps move one unit to the right and
up-steps one unit to the left. Thereby parts of the up-dated A may overlap.
The maximum rule means that the excess mass in the overlap is annihilated.

Underlying the growth process one may construct the corresponding
Robinson-Schensted-Knuth (RSK) dynamics [11], which in our case simply
means that the overlap annihilated in line ¢ is copied to the lower lying line

¢ — 1. In formulas we set

ho(4,7) = h(j7),
he(5,0) = 0, (3.4)
he-1(j, 7) — he(j,7) ,
her(j,m4+1) = +min{he(j — 1,7), he(j + 1,7)}, if (=1)7T =1,
he—1(7,7), if (=1)7 = -1,

with the line label £ =0, —1,.. ..

The purpose of the RSK construction consists in having, for fixed 7, a
manageable statistics of the collection of points {h.(j,7), ¢ € Z_, |j| < T,
he(3,7) > 0}. To describe their statistics directly without recourse to the
stochastic dynamics we first have to define admissible point configurations.
Let {z;,7 = —n,...,0} be points on [0,00) ordered as 0 < z_,, < ... < z.
We say that {z;,j = —n,...,0} <{z},j = —n,...,0}if zg < xp, 7; <2 <
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0

Figure 2: A non-intersecting line ensemble at 7 = 5.

xjqq for j = —n,..., —1. Admissible point configurations are then

he(£T,7) = 0, (3.5)
{he(§,7),0 €7} < {h(j+1,7),0€Z_}if |j| <7and (1)1 = —1,
{he(j,7), 0 €7} = {h(j+1,7),0 €Z_}if |j| <7 and (=1)717 = 1.

As with the growth dynamics, the order < and > can be visualized by
extending h,(j,7) to R by setting he(x,7) = he(j, 7) for j — 3 <z < j+ 1.
Then (3.5) means that the lines hs(x, 7) do not intersect when considered as
lines in the plane, see Figure 2.

To a given point configuration, alias line ensemble, one associates a
weight. It is the product of the weights for each single jump. Let us use
9 as the generic symbol for a height difference. Then the up-step ho(—7,7)
to ho(—741,7) has weight e and the down-step ho(7—1, 7) to ho(7, 7) has
weight e~ All other jumps of the form hy(j,7) to he(j +1,7) have weight
e~ 1912 Note that the weights are assigned by reading the vector @ from right
to left and the vector b from left to right. The total weight is normalized to
become a probability. This probability measure is called the Laguerre line
ensemble with boundary values a, b. It agrees with the probability measure
at growth time 7 obtained from the growth dynamics (3.4) together with the
RSK construction.

It is convenient to think of {h,(j,7),¢ € Z_,j € Z} as a point process on
7. % (0,00), where j is referred to as time and hy as space. The corresponding
random field is then

6-(Gy) =D 0(he(j,7) =), y>0. (3.6)

<0

According to our construction, at Z x {0}, i.e. at y = 0, there are an infinite
number of points. However, the point measure refers only to points with a
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strictly positive y coordinate. In fact, ¢.(j,y) is supported by

[(2r—1)/4]

> (@2r—-4j-1) (3.7)

J=0

points, |-| denoting the integer part. The point process ¢, (j,y) is determi-
nantal, in the sense that is has determinantal moments. This means that
there exists a kernel Kffb) (J,y;4",y') such that for a time-ordered sequence
J1 < ... < Jm and arbitrary space-points yi, ..., ¥, > 0 the m-th moment of
¢, is given by

)

E(H b7 (i, yk:)) = det (Kc(fb) (Jr> Urs Jwr yk/))lgm,gm- (3-8)
k=1

For the two-point function of the TASEP we need the statistics of the
random field ¢, (j,y) only at fixed time j and in the remainder of this section
we will provide an expression for KC(lTb) (7,9;4,9), v,y > 0. There is no
difficulty in principle to extend the construction and our results to unequal
times.

The distinction between odd and even j + 7 is slightly cumbersome and
we restrict to odd 7, even j by setting

T=2m+1, j=2d (3.9)

In L*(R) we define P, as projection onto Ry, P, + P_ = 1. We also
introduce the operators 7', T with integral kernels

Ti(wy) = 20 —y),
T (zy) = e "0y - ), (3.10)
where O(z) = 1 for x > 0 and O(z) = 0 for x < 0. In Fourier space T, is

multiplication by (5 + ik)~! and T_ by (3 — ik)~'. Eigenfunctions of Ty, T_
are the exponentials 1, () = e~**. For a < § one has

T thalw) = T—ta(a) (3.11)
2
and for a > —% one has
1
T,'l/}a(x) = ﬁwa(l') (312)
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For |d| < m let, as an operator in L*(R),

Kpa=LP_R (3.13)
with
L =Ty d g — i pmed, (3.14)
It follows that, for a € (—1/2,1/2),
(Ry—a)(z) = Z(a)p-a(2), (3.15)
(L*ta)(z) = Z(a) "ta(z)
where (L4 gy
a
Z(a) = é — (3.16)

For later use we provide a representation of the kernel of K, 4. This kernel
has a singular part, which is concentrated on the diagonal {z = y}. In the
computations only the regular part will be used, hence only it is displayed.
Since in Fourier space T, resp. T_, is the operator of multiplication by
(3 +ik)™", resp. (3 — ik)~!, with the change of variable § — ik = z + p we
obtain an integral expression for the regular part of L and R. Let I', be a
path around the pole p oriented anti-clockwise. Then the regular part of the
kernels are

1

L(z,y) = %6(1/2—0)(m—y)[m7d(x —y), z—y>0, (3.17)
where : s
oz z+p)"
Ijpa(lx —y) = / dze @) , 3.18
( ) I, (1—p—z)mtd ( )
and similarly
1 -
R(w,y) = 2P 0(y —2), w—y <0, (3.19)
where »
~ 1 _ _ m
Lnaly — ) = / deero =P =" (3.20)
r (p+2)™

—p

Let P, be the projection onto [u,c0). Then for any u > 0 one has

(PuKpaPy)(z,y) = Oz — u) / dwL(z,w)R(w,y)O(y — u). (3.21)
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As explained in Appendix C, the regular part of K,,4 is a similarity
transformed Laguerre kernel. Hence we refer to K,, 4 also as Laguerre kernel.
It has the following properties, which are proved in Appendix B. One could
also arrive at an equivalent kernel by taking the exponential limit of the
geometric case studied by Okounkov in [17].

Proposition 3.2. Letu > 0. Then |P, K., aP.|| < 1. In addition, fora > 0,
Py(1 = Kpa)te € L*(R), Pu(l = Kpa)te € L*(R) (3.22)
with a norm uniformly bounded in u.

With these preparations we state the relation between the equal time
kernel of (3.8) and the Laguerre kernel.

Proposition 3.3. Let 0 < a, b < % Then for |d| < m, x,y > 0, one has the
identity

K5 (2d, m2d,y) = Kpby(x,y) (3.23)
1 *
== Km,d(xa y) + 7 b(]]- - Km,d)wb(x)(]]' - Km,d) Qba(y)
with
1 /1—2a\m/1—2b\m,1 —d 1 —d
Ty = ( ( (— _a? (— —p2) 24
YT T 1+2a> 1+Qb> A “) A > (3.24)

4 Shift construction

Let us consider the Laguerre line ensemble with boundary values a,b > 0
and denote its weight by W, ;. Under W, ;, we want to study the weight of
{ho(4,7) < u} denoted by W, ,({ho(j,7) < u}). More general events could
be investigated, but there is no need in our context. We set w,;(0,0) = v
and recall that its weight is given by e=*(¢*?) v > 0. We display the explicit
dependence of W, on v as W, (-, v).

From the construction of the Laguerre line ensemble one has, for v > 0,
v+ 06 > 0, the shift

Wap({ho(s, 7) < u},v+0) = e W,y ({ho(j,7) +6 <upv) - (4.1)

and differentiating

%me({ho(j, 7)<ul,v) = —(a+b)Wup({ho(j,7) <u},v)
—%me({ho(j, 7) < u},v). (4.2)
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Since Wop(-) = [~ dvW,,(+,v), by integrating in v,

Waa{ho(G.7) Su}0) = S Wop({ho(7) < u)

+(a+b)Wap({ho(j, 7) <u}).  (4.3)

Note that the left hand side is the weight for w,;(0,0) = 0.
Let Zap(v) = Wop({ho(j,7) < 00},v) and Zp = [ dvZay(v). Then,
taking u — oo in (4.3),

Zap(0) = (a+b)Zap, (4.4)

Zap given in (3.24).

Let ]Pgl’b be the probability for the Laguerre line ensemble in case
Wa5(0,0) = 0 and P, the one in case w,;(0,0) is exponentially distributed
with mean (a + b)~!, as in Definition 3.1. Then, by (4.3) and (4.4),

P (o) Suh) = — (5 Pus({holi ) < u))

Ha+ BPas({ho(Gr) <uh))  (45)

for u > 0.
For determinantal processes probabilities as on the right hand side of
(4.5) are easily computed with the result

Pa,b({ho(j, T) < u}> = det(ﬂ - PuKr?{?dPu)a (46)

where, as before, 7 = 2m+1, j = 2d, and P, projects onto the interval [u, 00).
The determinant is regarded in L?(R) and the identity (4.6) makes sense only
for uw > 0. Thus we fix u > 0 throughout. Since by (3.23) Pqun’f’dPu is a rank
one perturbation of P, K,, P, and since 1 — P, K,, 4P, is invertible, compare
with Proposition 3.2, one arrives at

det(1 — P,K2" P,) = det(1 — P,Kp.aPy)(a + )G (u) (4.7)

with
1
(a+b)G"(u) =1— Z—b(wa, (1 — Kpg) Pu(1 = PyKppaPy) "' Pu(1 — Ko a)tp)
’ (4.8)
with (-, -) denoting the inner product in L*(R).
We also define
F(u) =det(1 — P,K,,4Py) (4.9)

and supply the m,d dependence of G*®(u) and of F(u) when needed. We
summarize as
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Proposition 4.1. Let wy(i,j) be as in Definition 3.1, except for w,,(0,0)
for which we set w,,(0,0) = 0. Let hy be the corresponding top line as given
in (3.3), (3.4). Then foru >0

P3* ({ho(j, 7) < u}) = %(F(U)G”’b(w) + F(u)(a+b)G"(u),  (4.10)

where F(u) is given in (4.9) and G**(u) in (4.8).

5 Analytic continuation

We have to extend the validity of (4.10) from 0 < a,b < 1/2 to a + b = 0,
which will be achieved by proving that both sides of (4.10) are analytic.

Proposition 5.1. The map (a,b) — PY*({ho(j,7) < u}) is real analytic for
a,b>—1/2.

Proof. ho(j, ) is measurable with respect to the o-algebra generated by
w(i,0), w(0,5), 4,7 =1,...,7. Let

Vu(&, N ,fT,’I]l, Ce ,7’]7)
=P’ ({ho(j. 7) < ublw(i,0) = & w(0,5) =n;,i,5=1,...,7) (5.1)

as conditional probability. Clearly V,, does not depend on a,band 0 <V, < 1.
Then

+ k=1

ngb({ho(j, T) < U}) = /]R2T H (dfk(% + a)67(1+2a)§k/2) (52)

% H (dﬁk(% + b)e*(1+2b)77k/2)vu(€l’ e Sy ),

k=1
which by inspection is real analytic for a,b > —1/2. O

Proposition 5.2. Let u > 0 and let G**(u) be given by (4.8). Then (a,b) —
G**(u) extends to a real analytic function for a,b € (—1/2,1/2).

Proof. We repeat Eq. (4.8),

(a+b)Za,bGa7b(u> = Za,b_ <1/}a7 (]l_Km,d>Pu(ﬂ_PuKm,dPu>_1Pu(1_Km,d)wb>
(5.3)

with 9,(x) = e,
First remark that (a 4+ b)Z, is real analytic for a,b € (—1/2,1/2). On
the other hand, in (5.3) the first (thus also the second) term diverges as
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a+ b — 0. Thus we have to find another representation of G** such that
both terms remain finite in the a +b — 0 limit. From each term we subtract
the quantity (¢, P,(1 — K, 4)¢s) and obtain

r.h.s. of (53) = (Za,b - <77Z)a7 PMJ)[,)) + <77Z)a7 PuKm,d¢b> (54)
_<wa7 Qu(ﬂ - Km,d)Pu(]l - Pu](m,df)u)ilf)u(IL - Km,d)wb>
where @), = 1 — P,. With this rearrangement one singles out the divergence
which now are in Z,; and (¢, P,s) only. We discuss the analytic continua-
tion from a,b € (0,1/2) to a,b € (—1/2,1/2) for the three terms separately,
where we use the properties (see proof of Proposition 3.2)
[[ma(2)] < 27C,qe” 7% for any 0 < B < 1 — p,
[Ima(2)] < 27C,, qe77 for any 0 < B, < p. (5.5)

Term Zap — (Ya, Puiby). Using the expression for Z,;, see (3.24), we obtain
<wa7 (]l - K>wb> - <1/}a7 Puwb>
mo 1 AB2
_ 1 ((1—2@1—2()) (1 4b )d—e(““’)”). (5.6)
a+b\\1+2a1+2b 1 —4a?
(5.6) is analytic for a,b € (—1/2,1/2) because the two terms in the bracket
are 1 + O(a + b) when b+ a — 0.
Term (tpq, PyuKm as). Using (3.15) and (3. 17) one obtains

(Yo Pulm athy) = / da:/ Ina(® —Y) —aarp-3 ev(P—3-)

—2m

(5.7)
where the function I,, 4(2) is given in (3.18). Z(—b) is analytic if b > —1/2.
Thus the integrand is bounded by C,, je~*(F1+ate= 2 eyBi=b+r=3) The condi-
tion B < 1 — p implies that the integrand is exponentially decaying in z —y
provided that @ > —1/2 and b < 1/2. Thus r.h.s. of (5.7) is real analytic for
abe (—1/2,1/2).
Term (Yo, Qu(l — Ky a) Pu(1 — PuKpaPy) ' Pu(1 — Ky a)thy). The object to
consider is

/ T / " dyful@) (1 — PuKonaP) " @, y)gn(y) (5.8)
with fa(l‘) = _(K* dQu¢a)(x) and gb( ) = ((]l - Km d)wb)(y) EXphCitlYa
o) = o [ [ guemrerr Tt = ol =)

—271 271

1 N (x — 2)
_7 p)x dze—2latp—3) Zmd\Y — <) 5.0
@t [ e v (5.9

19



and

0
1 I, — 1
gb(x) — b7 _ e(Pg)xz(_b)/ dzwez(p2b). (51())
oo —27i

Using (1 — P,KyaP,) ' =1+ (1 — P,K,, 4P,) ' P.K,,.4P, we rewrite (5.8)
as
<fa7 Pugb> <faa (]l - P, Km dP ) Pu§b> (511>

with g, = K., aPugp. Using (5.5) one deduces that, for a € (—1/2,1/2),
fa € L*((0,00), e’ dz) for all u < 1/2 (5.12)

and, for b € (—1/2,1/2),
1
g» € L*((0,00), e **dx) for all u < —b < 5" (5.13)
This implies that

(far Pugy)| < C / dze™ (Prta=or(e7br 4 o= (Prtomo)n) (5.14)

for some finite constant C'. One has (5, + % —p+b— % +b>0as Py —p
and 1 + o > 0, from which it follows that (f,, P,gs) is real analytic for
abe (—1/2,1/2).

For the other term in (5.11) we have to compute g,(x). We obtain

—2) Ipa(w —2) _1_
@) = e g / dw/ —2m : 7d(2m' )e gy (w).
(5.15)

Then

00 0
|§b(fl’>| < Ce(ﬁler%)x/ dIU/ dze(ﬁlJrﬁQ)Z(ef(bJrﬁ?Jr%*P)w + e*(ﬁlJrﬁQ))

(5.16)
for some constant C. One has ; —i—p—% — % as f1 — 1—p, ﬁQ—l—%—p—b —
% —b>0as By — p, and p1 + Ps. It follows

G» € L*((0,00), e"*dz) for all < 1/2. (5.17)

From this one deduces that {f,, P,(1—P,K,, 4P,) ' P.gs) is also real analytic
for a,b e (—1/2,1/2).
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A second representation. Another way of eliminating the divergence consists
in subtracting the quantity (¢, (1 — Ky,.q) Putbs) from each term. This leads
to

r.h.s. of (5.3) = (Za,b — (Ya, Putby)) + (as KmaPutby) (5.18)
—~(Way (1 = Kpog) Pu(1 — P, K aPu) 7 Pu(1 = Ko g) Qutd)-

By the same argument as above one shows that the terms in this second
representations are analytic for a,b € (—1/2,1/2). O

By Propositons 5.1 and 5.2 one can take the limit b — —a without loosing
the identity (4.10). We remark that lim,, ,(a + b)Z,, = 1. In addition, by
(5.6),

. 2ad —m
lim <1/}a7 (]l - Km,d)djl)) - <wa7 Puwb> =u-+ TR (519)
b——a - a
Let us denote the limit
lim G**(u) = Go(u), (5.20)

b——a

with the a-dependence understood implicitly. Then by (5.4)

, “ 2ad —m
Go(u) = blir{laG 7b(u) = <U + f{ﬂ) + <1/Ja, PuKm,dw7a> (521)
4

—<¢a, Qu(]l - ](m,d)F)u(IL - PuKm,dPu)_IPu(]l - Km,d)¢—a>~

Alternatively, using (5.18) one can write

) u 2ad — m
Go(u) = bl_l)rilaG ’b(U) = <U + ﬁ) + <waa Km,dpuw—a> (522)
4

_<wa7 (]l - }’(m,d>Pu(IL - PuKm,dPu)ilpu(]l - Km,d)@uwfa>-

With the same convention, let us denote

lim P’ = P,. (5.23)

b——a
Recall that by construction Py is the probability measure for the family
w(i, ), i,j € N, of independent exponentially distributed random variables
such that w(0,0) = 0, w(i,0) has mean (1 —p)~! for i > 1, w(0, j) has mean
p~t for j > 1, and otherwise w(7,j) has mean 1. This is precisely the w-
marginal of Q in Section 2. Also, by definition, h%(j,7) = ho(j, 7) pathwise.
Thus one concludes
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Proposition 5.3. For 0 < ¢; < ¢y < oo it holds

[ ae@in <)) = [ duPo({hotin) < u)

= F(e3)Golca) — F(e1)Goler).  (5.24)

To prove Theorem 2.4 one has to investigate the asymptotics of F'(u)Go(u)
under the scaling (2.12).

6 Edge scaling
Following (2.12) we set

om=1—1 = [(1—2x)t+2w(l—2p)x*3t*3],
2d =73 = [(1—2p)t+ 2wyx/3t*3], (6.1)
u o= [t4sx VP,

with x = p(1 — p). Then, by Proposition 5.3, the proof of the limit (2.14) in
Theorem 2.4 reduces to the large t limit of

XRG4 sy (6.2)

where the prefactor takes into account the scaling of dd—u, as well as the large
t limit of the Fredholm determinant

det(1 — PyK,naPy) (6.3)

on L*(R.). This latter limit has been studied by Johansson, see Theorem
1.6 in [10].

Theorem 6.1. (Johansson) Let u = t + sx~Y3t/% and m,d as in (6.1).
Then
lim det(1 — P, K aP.) = Foun(s + w?), (6.4)
—00

where Foug is the GUE Tracy-Widom distribution function [24].

In order to state the limit of Gy we have to introduce some auxiliary
quantities. We define the functions

Pus(2) = Ai(w? + 5 + z)er @+t =50 (6.5)
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and

Sws = 3—1—/ dzdyp., s(x +y),
R

2
+

D, (&) = ewg/]R dycpms(yqtf)(l—/]R dxgow,s(ijy)), (6.6)
Vau(6) = (1= [ drputor)

These functions can be written as a single integral using the identity (D.3),
i.e.,

= /R Arpuu(e+y) = / oo+ ) (6.7)

for w > 0 (for w = 0 the same holds but only as a improper Riemann
integral). Using a contour integral representation, in case w > 0, one rewrites
Sw,s as (see Section D.3)

&M:/dewu+w (6.8)
R2

It is easy to see, using the super-exponential decay of the Airy function, that
P, € L*(Ry) for w >0, ¥, s € L*(Ry) for w > 0, and in the case w = 0,
Uos — 1 € L*(Ry). Finally we denote by Ka;, the operator with kernel

ka@h&%:/‘dMMW+Z+fDAKq+z+§ﬂ. (6.9)

R+
K, is the Airy kernel shifted by q.

Theorem 6.2.

lim X3t Y3Go(t + sy 3t/3 6.10
t—

= S‘w|,3 ‘f‘ / d2®|w‘75(2)P0(]]_ — PQKAi,wQ_‘_SPQ)_lPQ\Iqw‘75(2)

R+

= g(s +w*,w).

Theorem 6.1 and Theorem 6.2, in conjunction with Proposition 5.3, fur-
nish the proof of Theorem 2.4 and hence of our main result Theorem 1.2.
Beyond the existence of the limit, they also implies Corollary 1.3.

Proof of Theorem 6.2.
A change of variable: from ¢ to N. We change variables with the effect
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to have N instead of ¢ as large parameter. This is not really necessary but
simplifies our computations. Let us define N =m —d = (71 — 1 — j)/2 and
N + a = m + d. The relevant parameters for what follows are o = 2d = j
and u which, in terms of N, are given by

12 1
o = — PN 20! f) N2/3
p p
8 (1—p)*®
+<§w2(1 —p)+5(1-2)) N o), (6.11)
N 1 — p)/3 1 — p)2/3
u = —+ Qw%]\ﬂ/3 + <§w2 + 3>%N1/3 + O(1).
p? p? 3 p?

Moreover the scaling y~'/3t!/3 writes as
X V3R = kNYE 4 O(1) (6.12)

with
k=p1(1—p) V2 (6.13)

After edge scaling the terms of Gy will be expressed via the functions Hy
and Hy, defined as

kN/3 1/
Hy(y) = Z(a)——INtajzap(u+ysNT), (6.14)
- kN3
HN(y) = Z(a) ! o IN+a/2,a/2(u+yﬁN1/3)'

Using the bounds on I and I of Section 7 we obtain, for any § > 0 fixed,

[Hx ()
()]

Cge™, (6.15)

<
< Cﬁ@fﬁy

for some Cs > 0 independent of N and y > 0. Moreover we also have the
pointwise convergence

3

lim Hy(y) = Ai(w® +s+y)e™ e = o, (y),  (6.16)
—00

lim [N{N(y) — A1(w2 + S+y>67w(w2+s+y)€%w3 = (wa,s(y)'

N—o0
We simplify the notations in this proof by setting K = Ky1a/2,a/2-
The estimate of the terms for x '!N~Y3G,(u + sk N'/3).
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First term of (5.21) and (5.22). Using (6.11), 2d = a, and m — d = N, we

have

2
lim w+ M = s. (6.17)

N 1 _ .2

Second term of (5.21) for w > 0. We compute the limit

lim & 'NTV3(4,, PKh_y). (6.18)

N—oo

Y_, is eigenfunction of R, see (3.15). Thus we have

(o, PuKU_0) = Z(a){tha, PuLP_th_y) = kN3 /0 " dz /O h dyHy(z + v).

(6.19)
Using the bound (6.15) we can apply dominated convergence. Then by the
pointwise limit (6.16) we have

lim & *N"Y3(y,, P,Kv¢_, / dx/ dypw.s(z + y). (6.20)
N—oo 0 0

Second term of (5.22) for w < 0. This case is analogous to the previous one.
One obtains

lim & NTY3 (4., KPab_,) / dx/ dyp_ws(z + y). (6.21)

N—oo

The sum of (6.17) and (6.20), resp. (6.21), yields S},|s as the first term in
Theorem 6.2.

Third term of (5.21) for w > 0. The third term of K~ N~Y/3Gy(u), including
the prefactor —1, is S
ﬁ71N71/3<®N,AN\IfN> (622)

with

&)N(x> = (K*Quwa) (.’L’),
Un(y) = ((1-K)w-a)y). (6.23)
An(z,y) = (P.(1-P,KP,)'P,)(z,y).
To establish the scaling limit, z = u + £k N'/3, we define the rescaled quan-
tities
V(€)= Yalu+ERNT(E)7
V() = YoalutERN)0 (), (6.24)
Ky(61,&) = ﬁNl/gK(U + fllle/?’, U+ 52/€N1/3)V(51)V(52)_1,
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where
Y(€) = e aHEnN) o —ug, (6.25)

Then (6.22) becomes
(D, AyUy) (6.26)

with

On(&) = (KyQovh)(&),
Un() = ((1—Ky)vl,) (&), (6.27)
An(&1,6) = (Po(1 = RKyPo) ' Ro) (&1, &)

We can rewrite the &, ¥y, and K} by using the functions Hy and Hy,
On(&1) = ew£1</ dyHn(y + &) — /2 dxdyHN(ery)ﬁN(yﬂL&))’
R+ RY

W) = (1= [ i+ &), (6:25)

K;](gl, 52) e_wglew@ / d[L‘HN(ZL' + 51)1:11\7(1' + 52)
R+

We want to avoid to write always the projection F,. Therefore from now
on (-, -) refers to the scalar product in L?(R,dx), || - || is the corresponding
norm, and the integral operators act in L?*(R.,dz). First let us consider
w > 0. Let us denote A = (1 — Kaju21s) . Then for finite N we have the
bound

(O, ANUN) = (Pus, AWy )| < [[On [ [[Ax — Al [ ][ (6.29)
HOn = Cu [ AN+ [P s | AT N = W

In Lemma 6.3 we will prove that ®y converges to ®,,,, ¥y converges to
U, s, and Ay converges to (1 — Kaj,24s) " in operator norm (in L*(Ry)
according to our convention). This implies

lim (®Pn, AvUn) = (Pus, (1 — Kpjuwrgs)  Was) (6.30)

N—oo

which is precisely the last term in (6.10).
For the case w = 0 we have to modify slightly the argument. In this case
Wy is not in L*(R+), but Un(§) — 1 = — [ dyHn(y +¢) € L*(Ry) and

converges to — f]R+ dzpgs(z +€) in the N — oo limit. We write
(On, ANUN) = (Pn, AN(Py — 1)) + (Dn, AN1). (6.31)
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Here 1 denotes the constant function 1(x) = 1, for all x € R. By the same
argument as for w > 0, the first term in (6.31) converges as

(O, AN(Un — 1)) = (P, (1 — Kpjzis) (Vo — 1)). (6.32)

lim
N—o00
The second term in (6.31) can be rewritten as

(Pn, An1) :/

d&1d P (€1) An(6, §2). (6.33)
RQ

+

In Lemma 6.4 we will prove the convergence

lim (@, Ax1) = (Dy 5, (1 — Kpjueis) 1) (6.34)

N—oo

Third term of (5.22) for w < 0. The computations for this case are as before
and the third term of (5.22) converges to

<\I/—w,sa (I]- - KAi,wQ—i—s)_l@—w,s)- (635)

Since K aj 24 s symmetric, this concludes the proof of Theorem 6.2.

O
Lemma 6.3. Let w > 0. Then
lim ||®y — ®,4]| =0,
N—oo
lim |Vy — ¥, | =0, (6.36)
N—oo

lim [[Ay — (1 — Kpjw24s) H|| =0,

N—oo ’
where the functions @y, Yy, and the integral kernel Ay are defined in (6.27)
and (6.28).

Proof. Convergence of 5. Let us consider, for any fixed £ > 0, the function

Oy (&) defined in (6.28). We first show that

N—oo

pointwise. Using the exponential decay (6.15) of Hy and Hy, we apply
dominated convergence and exchange the integrals with the N — oo limit.
Then using the pointwise limit of Hy, see (6.16), one obtains

lim Oy (&) = e /]R dyp—w,s(y + &) — e /

N—oo R

, dydxgo,ms(y + g)‘Pw,S(x + y)a
+
(6.38)
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which is precisely @, :(§). By the exponential decay (6.15) with § > w
it follows that ®y € L?*(R,). Moreover, ®y is uniformly bounded by an
integrable function since, for all 5 > w,

|y (€)] < Che e e (Bmi, (6.39)

Therefore, by dominated convergence and by pointwise convergence (6.38),
we obtain

lim @y — By |2 / d¢ lim [Dy(€) = Dus(E)=0.  (6.40)
N—o0 ]R+ N—o0

Convergence of Wy . Let us consider, for £ > 0, the function Wy (&) defined
n (6.28). We first show that

N—oo

pointwise. As before, (6.15) allows us to exchange the limit and the integral
with the result

lim Uy (€) = e "¢ (1 - /0 " dypua(y + g)). (6.42)

N—oo

Then by (6.15), with 8 > w, ¥y € L*(R;) and Uy is bounded by an
integrable function. Therefore

lim [|[Uy — U, |* = / d¢ lim |[Wy(€) — W, (&)]* = 0. (6.43)
N—oo R, N—oo

Convergence of Ax. Denote ¢ = w? 4+ s. We want to show that

lim |[(1— Kpy) ™' — (1 — Kaig) '] =0 (6.44)

N—o00

in operator norm. Assume that we can show:
1) limy e | K5 = Kiigll = 0
2) [[(1 = Kaig) 7'l < oo
Then with the notation K. = Kju;, — K} we have

(1 - K5) = (1= Ka) |

= [I[(T+ (1 = Kaig) " Ke) ™ = 1(1 = Kaig) |

< = Kaig) DN = Konig) "] (6.45)

n>1
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which converges to 0 as N — co. So we have to establish properties 1) and
2). Let us start with 1). For fixed z,y > 0, using (6.15) with 8 > w, K} (z,y)
is uniformly bounded by a function which is integrable in R%. Therefore, by
dominated convergence and the pointwise limit

lim Hy(z+ 2)Hy(y +2) = Ai(qg+ z + 2) Ai(g + y + 2), (6.46)

N—oo

one obtains
Aim K (2,y) = Kaig(2,9)] (6.47)
—00

§/ dz[}\}im HN(x—I—z)ﬁN(y—l—z) —Ai(g+z+2)Ai(g+y+2)] =0.
0 — 00

Moreover, it is easy to see that K} is a Hilbert-Schmidt operator with norm
uniformly bounded in N, and so is Ky;4. Therefore

i (K () = Kaig(@,p)lI* < Jim [[K5 (2,9) = Kaig(@,9) lhg

-,

Next consider point 2). 1 — Kj;, is invertible as bounded operator, since for
every ¢ € R, ||Kaiq4ll < 1. To establish the claim, let us denote by Ky; the
standard Airy operator with Airy kernel Ku;o. Then

dzdy ]\}im | Ky (7, y) — Kaig(z,y)> = 0. (6.48)
—00

2
+

| K aigllz2my) = 1K aill 22 ((g,00)- (6.49)

Ka; is an operator on L?([q,00)) which is Hilbert-Schmidt. Therefore the
norm of Kyi, on L*([q,00)) equals its largest eigenvalue, A\o(q). In [24] it is
shown that A¢(g) is monotonically decreasing in ¢ and is strictly less than 1
for any ¢ > —oo (it converges to 1 as ¢ — —o0). O

Lemma 6.4. Let w = 0, then
A}EHOO@N, An1) = (Do, (1 — Kpio) '), (6.50)

Proof. We first rewrite
(On, An1) = (Bn, 1) + (Pn, (1 — Kj) ' K1), (6.51)

The first term, (Py,1) = [, da®y(z), converges to [ dzPo,(z) =
(@, 1) as N — oo because @y € L'(R,) with norm L'(R,) uniformly
bounded in N. For the second term, define @y = (1 — Ky*)"'®y. From
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Lemma 6.3 it follows that, for N large enough, ®y € L*(R.) with uniformly
bounded norm. Then

(. (1 — KT) KT 1) /dx/ dyd (1) K (v, )_/ dz Dy (2).
Ry Ry

(6.52)
Dy (z) is bounded by an L' function independent of N. In fact, using the
representation (6.28) of K}, one writes

Dy(a)| < / Ay + 0] [ dylBxy+ V] Bx)  (653)

R+
~ /2
< [ s NI( [ asltint+ D) 1Bl
Ry R+
Since Hy and Hy decay exponentially, see (6.15), we have |Dy(z)] < Ce™*

for some C' > 0 independent of N. Therefore by dominated convergence we
obtain

lim <cI>N,(]1—K;“V)—1K}‘V1>:/ dz lim [ dy®y(y)Ki(y,z). (6.54)

N—o0 Ry N—oo Ry

ThlS last integral can be mterpreted as the L?(R,) scalar product between
dy and K7, ~v(-,x). By Lemma 6.3, ®y converges to (1 — Kajs) '®g,. More-
over, K} (-, x) converges to Ka; (-, x), thus

lim (@, (1 — Ki) ' Ki1)

N—oo

= / d.’L’/ dy(]l - KAi,s>71q)O,s(y>KAi,s(ya .’L’) (655>
Ry Ry

= (Do g, (1 — Kais) "Kaisl).
Adding the first and second term one obtains (6.50). O

7 Asymptotics used in Section 6

In this section o and w are defined as in (6.11). First we summarize the
asymptotic results required. Let m = N 4+ «/2 and d = a//2.

7.1 Asymptotics of I, 4(u+ysN'/?), 0<p <1

7.1.1 For fixed y € R,

Z(a)kNY2 L, g(u+ysNY?) = —2mi Ai(w?+s+y)e w(w2+8+y)6_%w3+(9(1\7—1/3).
(7.1)
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7.1.2 For 0 < L <y < eN?3, ¢ > 0 small enough, L > 0 large enough,
|1 Z(a)k N2 Ly a(u + yeN'/?)| < Ce 59" (7.2)

for some C' > 0.
7.1.3 For y > eN?/3 ¢ as in (7.2),

| Z(a) kN3, g(u+ ye N3 < Cema "N (7.3)

for some C' > 0.

7.2 Asymptotics of I, 4(u+ysN'/3), 0 < p <1
7.2.1 For fixed y € R,
Z(a)ﬁNl/gfm,d(u+y/fN1/3) = 27 Ai(w?+ s +y)e—w(w2+s+y)e%w3 +O(NV3),

(7.4)
7.2.2 For 0 < L <y < eN?3_ ¢ > 0 small enough, L > 0 large enough,

3/2

| Z(a)k N3, q(u + yeNV3)| < Ce™3¥ (7.5)
for some C' > 0.
7.2.3 For y > eN?/? ¢ asin (7.5),
| Z(a) kN3, g(u + yeNY3)| < Cemas N (7.6)
for some C' > 0.
Proof of (7.1). We have to estimate
I (u+ysNY3) = / dze—2(utysN'/?) (z+p)" (7.7)
N+a/2,0/2 Yy - e, (1 —p— Z)NJra ’

= / dzeN i)
T,

with
fn(z) = —z(u/N + yﬁN’2/3) +In(z+p)— (1+a/N)In(1—p—2) (7.8)

for any fixed y € R.
Let us define

(1 ;2p) In(l—p—2) (7.9)

fool2) = lim fiy(2) = —p—ZQ +n(z +p) —
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Figure 3: Integration path used for the asymptotics for fixed y.

and find a steep descent path for it which is close to the steepest descent one
for z close to the critical point, which is the solution of
dfoo(2) 1 1 (1—p)? 1

= —— = 0. 7.10
dz p2+z+pjL P 1l—p—2=z ( )

There is a double solution for z = 0, thus f” (z = 0) = 0. Moreover,

3
Ploolz)) _ 2 (7.11)
dz? =0 p}(1—p)
Therefore we choose as integration path the one shown in Figure 3. The
chosen path is a steep descent path for f., as is discussed now.
The path 7, is given by {z = te=/3t € [0,2(1 — p)]}. The real part of
foo ON 72 is then

Re(fs) = —2%2 + % In <(,0 +1t)?+ 21&2) — % In ((1 —p—it)+ %ﬂ).
(7.12)
Therefore
dRe(fx) t2(2p(1 — p) +t(1 — 2p) + t?) (7.13)
dt 202 (PHpt+2)(1—p—t)2+1t(1—p)) '

The denominator is positive and it is easy to see that the numerator is always
strictly positive for ¢t € (0,2(1 — p)] and for all p € (0,1). Therefore v, is a
steep descent path, and by symmetry 7, is a steep ascent path.
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The path 3 is given by {z =1— p+V3(1 — p)e**, p € [-7/2,7/2]}. On 73

(1—p)V3cosp 1

Re(fs) = — > + 5 In(1+3(1 - p)? 4 2v3(1 — p) cos )
_4 ;2’))2 In(v3(1 — p)), (7.14)
which implies
dRe(fo) _ _(1=p)V3 V3(1 - p)
dcos p? 1+3(1—p)2 +2V3(1 = p)cosp

__(1=p)VBRVB—pleosp+3(1—p+1-p)

P2(1+3(1 — p)2 4+ 2v/3(1 — p) cos )
Thus the path of Figure 3 is a steep descent path I'1_,.
The first consequence is the following. Denote by I'y_,(0) = Fl,p}|z|<5
the part of the path I';_, closer than ¢ to the origin. Then for any 6 > 0 and
N large enough,

/ eNfN(z)dZ_/ eNIv@ | < eNfN(O)O(e—uN) (7.15)
Fip Fi—p(9)
for some p = pu(d) ~ 6% > 0. Remark that

eNINO) = 7). (7.16)

Consequently we need to estimate the integral close to z =0 on I';_,(d) only.
We use the Taylor expansion,

fx(e) = Ix(0)+ fu(0)z 4 SIH0)2 4 SO (1)
+O(J2I* max 113" (2)]). (7.18)

Some computations yield

0 = =NPy+s)s+ON),
) = NY32uwk? + O(N~3), (7.19)
fR0) = 263+ O(N~V3),

and |f{")(2)| = O(1) for |2| < 6. The change of variable 7 = N'/3kz leads
to

Nfn(z) = Nfn(0) — 7(y + s) + w7 + %7’3 +O(r, THN"V3, (7.20)
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Consequently

e—NfN(O) / eNfN(Z)dZ — K/—lN—l/E}/ dTe—T(y+s)+w72+%73
T'1-,(8) KN1/3T1_,(5)

P / rerlr 17 (00PN ) (1)
kN1/3T1_,(3)

The last term can be estimated using that |e* — 1| < |z|e?!, i.e., using
<€O(’T,T4)N_1/3 N 1) _ 60(7—’7—4)1\7_1/30(7" 7_4)N—1/3' (7'22)

The term in the exponent is of the form —7(y + s)x1 + wr?xa + %7'3)(3 for
some X1, X2, x3- By taking ¢ small enough x1, x2, x3 can be made as close to
1 as desired. Thus the second integral converges and the error term in (7.21)
is of order O(N~%/3).

Finally we estimate the leading term

3

o IN—1/3 / dTe—r(y+s)+w72+§f (7.23)
;@Nl/?’rl,p(é)

Deforming the integration path from I'(§) N3k to I'(§) N'/?k—w, one obtains

e(y+8)we§w3/{_1N_1/3 / dTe_T(y+S+w2)+%T3 (7-24)
T(§)N1/3k

+im/3

up to an O(e V) error. By extending the integral to e oo one picks up

an error at most O(e "), again. But

/ dzes” % = —27i Ai(x), (7.25)
r(c0)

where I'(oc0) is the path joining 0 with e*"/300 by straight lines oriented with

imaginary part decreasing. Note that in (D.2) the orientation is the opposite.

The error term O(e™#N) can be bounded by O(N~'/3). Thus putting all the
terms together we have proved that for any fized y

INtaj2.a72(u + yeNYHZ(a)eNV? = —2mi Ai(w? + s + y)ew(w2+5+y)6_%w3
+O(N~V3). (7.26)
U

Proof of (7.2). Let us define §j = yx N~%/3 € [LkN72/3  ke],
In(z) = —2(u/N+79)+In(p+2) — (1+a/N)In(l — p — 2), (7.27)
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, ’72

Figure 4: Integration path used for the asymptotics for large value of y. s
is the dashed line.

and
_ -2~ (1—p)?
g(z)=—z(p "+ 7)) +In(p+2) — p In(1—p—2). (7.28)
g has a real positive critical point at
ze = §2732 4 O()). (7.29)

Let 29 = §'/2573/2. Then as integration path we choose I';_, = 71 Ay, where
v = {z|z = 20 — it,t € [V/320,v32]}, 72 the path used in the case of fixed
y restricted to Re(z) > zp, see Figure 4. Since § > 0, the path 7, is steep
descent because it is for § = 0 and Re(z) > 0 on 2. Thus we only have to
check it on ;. On ~; we have

Re(f(2) = —20 (s +7) 4 In (o420 +#2) 5 (145 ) In ((1=p—20)?+%)

(7.30)
and
dRe(fn) (t* 4+ (p+ 20)*)/N 4+ 2p — 1 + 2z
—— = . (7.31)
dt ((p+20)2+12) (1 — p— 20)2 + 12)
The denominator is obviously positive.
Next consider the numerator
M = (t*+ (p+ 20)*) /N +2p — 1+ 22. (7.32)

For p € (0,1/2), a/N = (1 —2p)/p* + O(N~/3), M can be rewritten as

M = o/ Nt + (1 = 2p)((1 + 20/p)* = 1) + 220+ O(N"%) > 0
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for N large enough. For p € (1/2,1), a = (1 —2p)p? + O(wN~/?) and M
can be rewritten as
P, 212

o 1
M=—t*+2

+ O(wN~3).

Since zy = §Y2k32 > L2k IN~1/3_ and that zy < ex~! < 1, both the
quadratic term in zy and the O(wN~'/3) are dominated by 2z4(1 — p)/p for
L>1,e <1, and N large enough. Thus M(t = 0) > LY2x~'N~/3 > 0
for L large enough. By monotonicity of M in t we have to check that M (¢t =
V/32y) > 0, the maximal value which ¢ takes in ;. But M (t = v/32)—M(t =
0) ~ 22, which is dominated by the linear term in zy again. Thus M (¢) > 0
for N large enough and for all ¢t € [—\/_zo, \/_zo]

We have shown that for all p € (0, 1), dRe(fN < 0fort >0, dRe(fN > 0 for
t<Ofor L>1,e<1,and N large enough Thus 71 is a steep descent path.
Therefore, if we denote by I'1_,(6)¢ the portion of I'1_, with |z — 2| > J,

/ dzeNIn ()
Fl—p(5)c
for some p > 0.

Finally we have to evaluate the contribution coming from I';_,(J), the
portion of I';_, with |z — zp| < 0. The contribution of the part in v, is
estimated as follows. On

< NN O (g7 (7.33)

2

t "
Re(fn(2)) = f(z0) = 5 fi(20) + O(tY). (7.34)
Some computations leads to fw(z) = OwN™Y3) + (2x%2 +

O(wN=Y3)N G2 + O(f). For L > 1, ¢ < 1, and N large enough, it fol-
lows that f{(z9) > %/{3/2;&1/2. On the other hand, the term proportional
to t* is much smaller than the ¢* term. In fact, for 0 < t < /32y ~ §/2,
2 < goO(1) < §Y20(e'?) <« f#(2). Therefore

’ / dzeV/n ()
71

In (7.33) and (7.35) we still have to evaluate fy(z0) — fn(0). A compu-
tation leads to

< NfN 20) /dt€t2fN(ZO) < eNfN 20) /dt — t2 yl/2N2/3
R R

= NInGE)ymUAN=IB0(1), (7.35)

2

N fn(20) — Nfn(0) = —sy'2x1 + wyxs — 2y

; 32y 4 (7.36)
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for some X1, x2, x3 which can be made as close to 1 as wanted by choosing ¢
small enough. On the other hand, since we have y > L, for L large enough,

1
Nfx(z0) = Nfw(0) < =3y (7.37)
Thus the contributions (7.33) and (7.35) can be bounded by

(7.33) < Z(a) e Ve 3" O(1),
(7.35) < Z(a) "N~V 3’ [110(1). (7.38)

The final step is to bound the contribution coming form v, U I'1_,(9).
From the asymptotics of fixed y one has, using z = te™/3,

t
Re(fn(2)) = fn(0)—(g+ SHN’Q/B)a + O@N™) (7.39)
2
+w/§2N1/3% + O(*N~3) — §t3 + O(EPN3 1.

In this case, the parameter ¢t takes values in 0 < 2z < t < 5/\/_ < 1.
Moreover recall that zy > LY/25~*N~1/3_ In the term linear in ¢, § dominates
the others for large L. For the minimal value taken by ¢, the quadratic term
is ~ LN~! and the cubic term is ~ L3/2N~'. Thus for large L, the cubic
term dominates the quadratic one. But since ¢t < §/4/3, the quartic term is
also dominated by the cubic one. Therefore,

gt Kt 7% kt?
Re(fn(2)) < fn(0) — T &% = fn(0) = 232§ (7.40)
Thus
00 _1,3/2
/ dzeNINE)| < QeNfN(O)eéyw/ dte” 5N < MO(U.
YUl — p(5 0 N N1/3

(7.41)

From (7.38) and (7.41) the desired bound follows.
U

Proof of (7.3). The proof of this bound is based on the estimate (7.2). We
use (7.2) for § = ex/2 with the result

In(2) = f(2)] —z(j—er/2) < [n(2)];

ey 2732\ [eyN =23 (7.42)
because z > /e/2k71 and § — ex/2 > §/2. Tt follows that

J=¢eK/2

Ivsapaps(u+ yaN RN Z(a)| < Come N2 VAN R/ < e Vet
(7.43)
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Proof of (7.4), (7.5), and (7.6). The asymptotics of I are similar to the
one of I. Instead of computing everything again, we show that, via the
transformation p — 1 — p and w — —w, one obtains essentially the same
integrals as already studied for I. More precisely, we have to estimate the
asymptotics of

W(N,p,w) = Z(a)kN"Iniasas(u+ysN'?) (7.44)

N
—z(u(N,p,w)+yr(p) N1/3) 1/3 (1 + i)
B r dze . FL(p)N N+a(N,p,w)
1—p < . L)

and

W(N,p,w) = Z(a)_lﬁNl/ngJra/z,a/g(u + ysN1/3) (7.45)

z

= / dZQZ(u(N,p,w)erﬂ(p)Nl/g)ﬁ(p)N1/3 < tr .
r_ z
: (1+3)
Here the dependence in N, p,w of u,«, x is displayed explicitly, since it is
needed below. A simple calculation shows that

)N—i—a(N,p,w)

W(N,1 - p,—w) (7.46)

N _/ dze 2N =pmw)tys(=pN) () )y N1/3 < - N
Fiee (1 + 1ip>

Let us define M = N + a(N,1 — p,—w), then with an explicit but lengthy
computations one establishes

>N+a(N71p7w)
z

u(N,1—p,—w) = u(M,p,w)+ O(1),
k(1 —p)NV? = k(p)MY? 4+ 0O(1), (7.47)
N = M+ a(M,p,w)+ O(1).

(7.47) implies that in the asymptotics of W(N, 1 — p,—w) are the same as
the asymptotics of —W (M, p, w), since the corrections of O(1) in (7.47) are
negligible for the asymptotics (7.1), (7.2), and (7.3).

O
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A Scaling functions

The scaling function g(s,w) defined in (1.18) is precisely the one derived in
(6.10) except for the shift to s — s — w?, since in (6.10) g(s + w? w) is
obtained. Below we establish that ¢ is identical to the Baik-Rains scaling
function ggr [2]. ¢(s,w) is continuous at w = 0 and even in w. gpgr(s,w)
has the same properties. Thus it suffices to consider w > 0. We first rewrite
(6.10) in another form by moving the factor s from the integrand to the limit
of the integral, since later on we have to deal with the derivatives % g(s,w).
Define the functions

D, (z) = /0 dyAi(x—I—y)/ dze* Ai(y + 2),

—00

U, (z) = / dye™ Ai(z + y), (A.1)

ps(zy) = (L—PKuP)  (z,y).
Then by using the representation (6.8) for S, s, (6.10) rewrites as

g(s,w) = e 3" 3{/ dx/ dy Ai(z + )@+
+/5 d‘”/s dyd, ()7 (e, ) Tuly) | (A2)

The relamons with the functions of (6.10) are ®,(z) = Py s—uw2(x — 5),
U, (z) = e3 Wy w2 (z— ), and py(x,y) = (1 — PyKaiPo) Yz — s,y — 5).

Baik and Rains [2], see also [18], use the Riemann-Hilbert techniques
and arrive at a limit function, ggg, which is given as the solution of a set
of differential equations®. More precisely, with a = a(s,w), b = b(s,w),
q = q(s), one considers

%a = qb,
gb = —wb A.3
U p— (43)
and
9 2 !
550 = o~ (d +wab,
ai]b = (¢ —wq)a+ (w* — s — ¢*)b. (A.4)

2Comparing with the functions in Lemma 3.1 of [2], one sees that there has been
a change from 2w to w, so that for example, the function a(s,w) below equals to the
function a(s,w/2) in [2].

39



Here ¢ = ¢(s) is the Hastings-McLeod solution to the Painlevé II equation
q"=2q"+sq. (A.5)

which is singled out by the condition ¢(s) < 0 for all s € R. The Hastings-
McLeod solution has the asymptotics g(s) = — Ai(s) for s — 0o and u(s) =
—(—s/2)1/% for s — —o0. (A.3) and (A.4) have to be solved with the initial
condition

a(s,0) = —b(s,0) = exp (/ ds'q(s')). (A.6)
The Baik-Rains scaling function is defined through

gBr(S, w) = /_s ds'a(s’,w)a(s', —w). (A.7)

o0

Proposition A.1. With the above definitions

9(s,w) = gpr(s, w). (A.8)
Proof. We fix w > 0. We will establish that
0
ag(s,w) = a(s,w)a(s, —w). (A.9)
Then
g(s,w) = gpr(s,w) + c. (A.10)
Now, by construction,
0
F,(s) and FPR(s) = s (Faur(s + w?)ger(s + v, w)) (A.11)

are distribution functions with mean zero. From (A.10) we infer

d2
/deFw(s) = /]deFfR(s) —l—C/]RdS S@FGUE(’(UQ + s). (A.12)

Since Fgug(s) is also a distribution function and < Fgug(s) has a fast decay
at infinity, (A.12) amounts to 0 = 0 — ¢ and thus ¢ = 0.

To check (A.9) we will differentiate §j = “*/3¢. It is convenient to follow
the scheme in [9], Section 4.2, according to which

a(s, tw) =1 — / T / h dy Ai(z) s (2, y) Vrw(y). (A.13)
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Remark that for w > 0 one can rewrite ¥, (z) = ffoo dye"? Ai(x + y) using
(D.3).
We differentiate as

D) = e Tul) = 805) [ il Tuly)
() / " e, ()7 (o, 5)

o o 853 T) . ~
+/ dx/ dy ai )ps(x,y)‘llw(y)

4 / T e / h dy&)s(x)w\flw(y). (A14)

The central identity for the proof is, see [9, 24],

SPo) =~ L) - S A0 - Q@QE) (A9
with -
Q) = [ dup(o.y) Aily) (A.16)

We insert (A.15) in (A.14) and integrate by parts to eliminate the terms
L ps(z,y) and (%ﬁs(:p, y), which requires the derivatives

(%Efw(x) = Ai(z) — wl,(z), (A.17)
Gob) = wh() - Aile) [ dyaie - (o)

In the end only four terms remain, which can be assembled as

% (s, w) = (1~ / N Ao, (2)Q(x) ) ( / OO dz Ai(z)e" "+ / ) d2d,(2)Q(x)).
(A.18)

The first factor in (A.18) equals a(s,w). To prove Proposition A.1 it
thus remains to establish that the second factor equals e%wga(s, —w). Let

U_y(z) = €“*. Then
&)s = KAi¢—w + (I]- - KAi)Ps¢—w - Psd)—w (Alg)

and

Q(z) = (1 — P,KaiPy) ' Py Ai(x). (A.20)
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Thus the second factor in (A.18) writes

<1/}fw7 Qs A1> + <&)sa PSQ> = <1/}fw7 Qs A1> + <KAiw7w7 PSQ> — <1/}fw7 PsQ)
+(th—w, Po(1 — Kpi) Po(1 — PKpiPy) ™" P, Al)
= <1/}*U)7 Al) + <KAiw7wa PsQ)
_<w7w7 PSQ>7 (AQl)

since the last term in the middle part equals (¢ _,, Ps Ai). According to
(B.14)

1

eéwga(s, —w) = e’ — (e5°W_,,, P,Q) (A.22)
and by (D.3) it follows that 3" = (4_,,, Ai). Morcover,

ST (@) = tu(z) — 3 /O " dye ™ Ai(z + y). (A.23)

An explicit computation shows that e’ fooo dye " Ai(z + y) =
(KaiY—_y)(z). Thus

3 W _y = Yy — Kaith_y. (A.24)
Inserting (A.24) in (A.22) one establishes that (A.21) equals e3% a(s, —w).
U

B Determinantal fields: proof of Proposi-
tions 3.2 and 3.3

B.1 No boundary sources

To prove Proposition 3.3 we find it computationally convenient to approx-
imate the exponential distribution through a geometric one. Then w(3, j),
i,j > 1, are independent random variables with P({w(i, j) = n}) = (1—¢)q¢",
0 < g < 1. The RSK construction, as explained in the main text, can
be carried through with minor modifications, compare with [9]. The lines
j = he(j,7) take values in Z and are pinned as hy(£7,7) = ¢, { =0,—1,....
The weight of a jump of size § is (\/31)'5‘. Let us denote the corresponding
point random field by ¢%(j,n), |j| < 7, n € Z, i.e.,

1 if there is an ¢ such that hy(j,7) = n,

0 otherwise.

¢1(jn) = { (B.1)
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It is determinantal and, at equal times j = 2d, 7 = 2m,

M
B( [T ot2d.n0)) = det (K, o m40)), oy (B.2)
k=1

We will first compute the kernel K g% 4 and then show that in the exponential
limit, lattice spacing €, ¢ =1 — ¢,
lime 'K}~ (le7 'z, |[e7']) = Ko alz,2) (B.3)
e—0 ’
for z, 2’ > 0.

We have to compute K, ;, for which we use the Fermion formalism of [20].
Let [-N,—N +1,...,N] = Ay and F be the Fermionic Fock space over
ly(An). If A is a linear operator on {5(Ay), then I'(A) denotes its second
quantization as an operator on F. Let P be the projection onto [—N, ..., 0]
and let Qy be the corresponding Slater determinant. We set, as operators in

627
(\/ﬁ)i’j for i > 4,
TH),: = B4
( +) / {O for i < 7, (B4)

and T9 = (T2)*. TN, T?" is the restriction of T?, T? to f3(Ay). Finally
let a(j) be the Fermion field with index j, |j| < N. Then

1
K3, (0:9) = lim = (@, DTN TEY) ™ a ()a() D (TN T )4 0) 5

N—oo N
(B.5)

with the normalization
Zn = (Qn, T(TPN TN )™ 5. (B.6)

Here (-, )7 denotes the inner product in Fock space. Working out the limit,
see [20], results in

Ky (i, 5) = (T (@)= =0 p(T) = (T (i, 5),  (B.T)
where P_ = limy_,, PV projects onto Z_ = (..., —1,0].
In Fourier space T is multiplication by (1 — \/ge~*)~! = T9(k) and T
multiplication by (1 — /ge™)™ = T (k). The rescaling in (B.3) amounts to
replacing ¢ by 1 — ¢ and k by k. Then

lim eT}*(ck) = (1 + 3ik)™', limeT'~(ek) = (1 —

e—0 e—0

By inserting the limit (B.8) in (B.7), the claim (B.3) follows.

ik)~t (B.8)

1
2
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B.2 Boundary sources

We add boundary sources through the random variables w(0,0), w(j,0),
w(0,4), j > 1. They are independent and geometrically distributed according
to

P{w(0,0)=n}) = (1—ab)(ap)",
P{w(5,0) =n}) = (1 -avglayqg)",
P{w(0,5) =n}) = (1-5va)(Bva)", (B.9)

with 0 < af8,a/q, B\/q < 1.

The corresponding random field ¢? 5 is again determinantal with defining
kernel Kfoi%ﬂ), where we set 7 = 2m + 1 in accordance with the convention

of Section 3. K ;72;%“) at equal Fermionic time 2d is computed by the same
method as in Section B.1. In particular we first restrict the height lines to
the interval [—N, ..., N| and then take the limit N — oco. Let

falj) = a’, a(fa) = Z fa(d)a(y) (B.10)
JEZ
and let 2, be the ground state vector with sites —N, ..., —1 filled and sites

0,..., N empty. Then a*(f,)S2y gives the correct weight to the jump at the
right boundary, correspondingly for the left boundary. Therefore the defining
kernel is given through

(2m+1) . N 1 — N g, N\ym+d
Kq,aﬁ (2d,l,2d>.]) - ]\}Ego Z—N<QN>a(fB)F(TYg Ti ) (Bll)
a*(D)a() DTN TENY =g (£,)08) 7

with the normalization

Zy = (Qy, al ) DTN TEY )™ (f2) ) 5. (B.12)

We note that
D(A)a*(f) = a*(Af)(A) (B.13)

and
Tifa = (1 - Oé_l\/@_lfa, \/6 < q,

T = (1— By s, ﬁ<%- (B.14)
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Therefore

1
K& (2d,i;2d,5) = lim ———(Qy, DTSN TENymtd (B.15)
’ N—oo ZN,aﬁ

a(fg)a* (Da(f)a” (fa)T(TEVTEY )00 £
with
ZN.ap = (v, T(TENTEN ™ a( fg)a* (fo) D(TEVTEY )™ Q) . (B.16)
Following the steps of Section B.1, one concludes that

lim Zyap = Zap = (@B) " (far, (L= KT, ) fa)e, (B.17)

N—oo

= (1-aB)! ((1 —a/8)(1 - ﬂﬂ))d ((1 —Vaq/a)(1 - \/g/ﬂ))m
(1= v@/a)(1 = q) (11— ) 1-ya) ) -

At this stage it is of use to recall a general property of quasifree states
on CAR-algebras. Let A be a CAR algebra indexed by Z and let w be a

quasifree linear functional (a state) on A, uniquely defined through

w(a(y)) = w(@ (7)) =0, w(a*(f)aly)) = K( ) (B.18)

with K a positive linear operator on ¢y, ||[K| < 1. Let f € ¢y and a(f) =
ZjeZ f(3)a(j). For fy, f, € ly we define

Z = w(a(fo)a™(f)) = (fr, (L= K) fe)e, < 00 (B.19)

and a linear functional @ through

B(4) = Zwlal(fAd(£), AcA (B.20)

Then ©(1) = 1 and @ is again quasifree with @w(a(j)) = @(a*(j)) = 0 and
covariance

1

w(a*(@a(j)) = K(i,j) + - (1 = K) fo(@)(1 = K)" f,(j)- (B.21)

With the results from Section B.1, the limit state (B.15) is a quasifree
linear functional precisely of the form (B.20) with

K(i,j) = K, 4(i+ 1,5+ 1), (B.22)
see (B.7), and fo(j) = 4, f,(j) = o, T < o, < /T .
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We take the exponential limit by choosing

1 1
g=1—¢, a=1—ca, p[=1—c¢b, —§<a,b<§, a+b>0. (B.23)

Then
lin fi-eall/2)) = tali) = ¢ (B.24)
and, for z,y > 0,
lim 5’1[(8@;2 (2d, [e7"z]; 2d, [e7'y)) (B.25)
1 *
= Kma(z,y) + 7 b(]l — Kina) s () (1 — Kina) " Ya(y)

with Z,; given in (3.24). This completes the proof of Proposition 3.3.

B.3 Proof of Proposition 3.2

Proof of Proposition 3.2. By Proposition C.1 K,, 4 is a similarity transform
of the Laguerre kernel. Therefore K, g = (Kna)?, || Kmal =1, PuKm.aPy is
trace class, and all eigenvalues of P, K, 4P, are in the interval [0, 1]. Thus
we only prove that, if w > 0, 1 is not in the spectrum of P,K,, 4F,, which
is accomplished by reductio ad absurdum. Assume that ¢» € L?(Ry) is an
eigenfunction for eigenvalue 1,

PuK o aPub = . (B.26)
Then ¢(x) = 0 for x € [0,u). On the other hand,
[l < [ EKmaPutbll < [140]]- (B.27)
Hence || K, aPu¥|| = ||¢]] and, since || K, aPy|| = 1, one concludes that
KoaPuth = 1. (B.28)

Therefore 1) is of the form (finite polynomial) x e~®/2, which cannot vanish
identically on [0, ). Thus the contradiction.

To establish the second claim we use that v, is eigenfunction of R to
obtain

(Pu(L= o)) () = O(o—u) (¢ = Z(~0) [ dybl.g)ly)- (B:29)
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Moreover, it is easy to see that |1, 4(2)] < 27C,y, ge™%* for any 0 < 8 < 1—p,
Cpn,q being a constant (take as path I'y_, the circle centered in 1 — p of radius
1 —p—p). Let us choose any 8 € (1/2 —p+a,1 — p). Then, for u > 0,

|(Pu(l = Ko a)tba)(z)| < O(x)e™*" + (B.30)
+0(2) Z(—a)Cly ge~B310)7 / A
5—%+p>0, because a > 0, andﬁ+,0—%—a>0, because [ > %—p—i—a.

Thus P,(1 — K,y 4)%. € L*(R) with norm uniformly bounded in u. The
second part of (3.22) is treated similarly. 1), is eigenfunction of L*, thus

(Pu(1= Ko a)*t6a) (@) = O(z—u) (e~ Z(a)"! /R dyR(yx)e ). (B3)

\fm7d(z)| < 2W6m7de_5z for any 0 < 8 < p. Thus, by choosing 8 € (p+a —
1/2,p), for u > 0,

(P = Kna)ba) (@)] < O(a)e™ + (B.32)
+O(2)Z(—a)Cly ge~ B30 / dyevB-rri—a)

which, by the choice of 8 and since a > 0, implies P,(1 — K, 4)*%, € L*(R)
with norm uniformly bounded in wu.

O

C The Laguerre kernel

Let L be the standard n-th Laguerre polynomial of integer order o, a > 0
[16], Chapter 5.3. The Laguerre polynomials are orthogonal on R, relative
to the weight x%e™ as

/R+ dzzfe™ <(n Z!&ﬂ) " L) (x) (#'a),) " LO(z) = 6. (C.1)

The Laguerre kernel is the orthogonal projection onto the first n Laguerre
polynomials and is given by

n—1

+ § )L(a)( ) a/2ya/2e—z/2€—y/2 (02)
j Oé

=0

<.

for z,y > 0.
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Proposition C.1. With definitions (3.13) and (C.2) one has

Km,—d(xa y) = Km,d(xv y) (Cg)

and
Knale.) = K24 (2)' (C.4)
for0 <d<m and x,y > 0.
Proof. Let us define
ak) = (L —ik)" (L k)"
Gek) = (L —ik)™ (L k)Y, (C.5)

We set o« = 2d, n =m —d — 1. By [16], p. 244, it follows

/gdkémﬁdk)ngx)=(—1W(nitoﬁ”%1—1%M”L?Wxﬂxx)(Cﬁ)
and
jﬁgﬂkeﬂmgr<k>=:grc—x>, (1)
with
g(2) = (54 2)" (3 = 3) " (~1) e LY () (@).  (C8)

ge is supported on [0, 00) with a discontinuity at 2 = 0. As a distribution g,
is supported in [0, 00) with the singular part concentrated at {x = 0}.
By [16], Section 5.5.2, one has the identities

(1= 0L = =0, L), 0, L = —L{Y. (C.9)
Using them repeatedly in (C.6) and (C.8) yields, for z > 0,

n!

ge(r) = (—1)n+lm€_z/2 (x“c?foﬁ@l(w) +az* 'L), (C.10)
and
gr(x) = (1", L), (w). (C.11)

With these notations the integral kernel from (3.13) is expressed as

(Tt D pop A pmedy (g y, (C.12)

)
- / dug(x —w)g,(~(w~)) = [ dug(z +w)g,(y+ ).
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Note that for z,y > 0 only the regular part of g, is used. We insert (C.10)
and (C.11) in (C.12). Then (C.4) of Proposition C.1 amounts to

n

j' ar(a o n! —w (a)
> Gra® LY (@)L (y) = W/R dwe™ (9, LYY, (x + w))
j=0 +

x ((z + w)o‘ﬁwaf_‘gl(x +w) 4+ a(z +w)* LY (y + w)). (C.13)
We check recursively by setting the left hand side as > 7 j!/(j + @)!B;
and the right side as n!/(n + a)!A,. Then (C.13) is equivalent to
n! (n—1)! n!

Ay = B I Ly L - S 1
0 " (n+a) n—1+a) "' "
(C.14)

Ag = By amounts to a partial integration. For the second equality we write

A" [ e (B )+ )
R+

n+ o

L (z+w)L (y+ w)) + / dwe ™ a(x +w)*!
R+
n+a

X (Lne +0) Ly + 0) = Lo s+ w) Ly + w)),  (C.15)

omitting the superscript a. In the second integral we use the identities
L, ,=L,—L,and 2L}, = nL, — (n+ oa)L,_1. Then the terms combine as

n+u«

A, —

Ay = /]R dwe™ (z + w)* (Ly(x + w) Lo (y + w)
—L! (x4 w)Ly(y + w) — Ln(z + w) L], (y + w))

_ / dwe “a(z + w)* 'L, (z + w)L,(y +w)
R+

= — /}R dw% (7 (2 + w)"La(z +w)La(y + w))

= B,, (C.16)

which is the recursion relation (C.14). O

D Some useful relations

D.1 Two representations of the Airy functions

For any o < 0, define the path 7, = o + i¢R. Then
1 1
Ai(z) = — / dee 58+ (D.1)
Yo

= om
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and for any p > 0, with v, = p + iR,

1
Ai(z) = — / dgest’ (D.2)
2mi ),
m
One can deform 7, so that it goes from coe™2™/? to coe?™/3 and crosses the

real axis at o. In this case the paths will be denoted by ~%. Similarly the
deformation of v, goes from coe™™/3 to coe™/* and is denoted by 7.
A formula which will be employed later is

M(w) = / dye™? Ai( +y) = es®’ P (D.3)
R
valid for all w > 0 (for w = 0 as improper Riemann integral). To prove it

one derives the differential equation

) _ prw)? - ) (D.4)

by integrating twice by parts. (D.3) follows from (D.4) and the initial value
M(w=0)=1.

D.2 Two integrals around a pole

Let I, be the path enclosing z = w and anti-clockwise oriented. Then

38— 3w+ (w?+s) (w—¢) 38— 3wl (w?+s)(w—¢)
/ d¢ :Res< ;fzw):—s

27i(w — €)? (w—¢)?
(D.5)
and
d o $E b (ws) (E-w) R e~ 5 FwiH(w?+s) (E—w)
/w ¢ 2mi(€ — w)? B es( (€ —w)? ,f—w)—s.
(D.6)

D.3 Two equivalent expressions for 5,

Let us consider w > 0. The representation of the Airy function (D.2) allows
one to write

Sw,s = s+ eéw?’/ dx/ dy A1(w2 + s+t y)ew(w2+s+x+y)
0 0

1 o o 1 1 2
= 3—1—6_3“’3/ dx/ dy— [ dges® e’ tstaty)w=o) (D.7)
0 0

271 o
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By choosing p = 2w, one obtains an integrand which is absolutely inte-
grable. Thus by Fubini’s Theorem we are allowed to exchange the order of
the integrals and compute first the one in (z,y) with the result

0563w +(w?+s) (w—¢)

Sws =5+ /T d¢ Smilw — € : (D.8)

V2w

Let I'y, be as in (D.5), then

36— FuwH(w?s)(w—g) 368w (ws)(w—g)
Sws = s+/ d¢ +/ d¢
v Cw

e 2
:, 27mi(w — &) il =)

/ 33— L+ (wP+s) (w—¢) (D.9)
= - 2mi(w — §)? |

On the other hand,

1
/ dxdyq)w,s(x + y) = / d.fll'dy— / dgeégsf%wse(wff)(w%rSJerry)
RZ R2 w/2+iR

271

/ 1 56%53,% B (w?+s) (=€) . D.10)
= - — w,s 10
w/2+iR 2mi(w — §£)?

by deforming the integral on w/2 + iR to Va2
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