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Abstract

A statistical mechanics model for a faceted crystal is the 3D Ising
model at zero temperature. It is assumed that in one octant all sites
are occupied by atoms, the remaining ones being empty. Allowed atom
configurations are such that they can be obtained from the filled octant
through successive removals of atoms with breaking of precisely three
bonds. If V' denotes the number of atoms removed, then the grand
canonical Boltzmann weight is ¢V, 0 < ¢ < 1. As shown by Cerf and
Kenyon, in the limit ¢ — 1 a deterministic shape is attained, which has
the three facets (100), (010), (001), and a rounded piece interpolating
between them. We analyse the step statistics as ¢ — 1. In the rounded
piece it is given by a determinantal process based on the discrete
sine-kernel. Exactly at the facet edge, the steps have more space to
meander. Their statistics is again determinantal, but this time based
on the Airy-kernel. In particular, the border step is well approximated
by the Airy process, which has been obtained previously in the context
of growth models. Our results are based on the asymptotic analysis
for space-time inhomogeneous transfer matrices.

1 Introduction

As a very common phenomenon, crystals are faceted at sufficiently low tem-
peratures with facets joined through rounded pieces. Of course, on the atomic
scale the crystal surface must be stepped. These steps meander through ther-
mal fluctuations. On a facet the steps are regularly arranged except for small
errors, whereas on a rounded piece the steps have more freedom to fluctu-
ate. Our aim is to understand the precise step statistics, where the step
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Figure 1: Crystal corner viewed from the (111)-direction for ¢ = 0.98.

bordering the crystal facet is of particular interest. To gain some insight
we will study a simplified statistical mechanics model of a cubic crystal. Its
equilibrium shape has three facets, each consisting of a part of one of the
coordinate planes. The facets do not touch each other and there is an in-
terpolating rounded piece, see Figure 1. For this model the step statistics
will be analyzed in great detail. In [5] we explain how our results relate to
the predictions of universal properties of crystals with short range step-step
interactions.

Let us first explain our model for the corner of a crystal. The crystal is
assumed to be simple cubic with lattice Z3. We use lattice gas language and
associate to each site z € Z‘j’r, Zy = {0,1,2,...}, the occupation variable
n, = 0,1 with 1 standing for site x occupied by an atom and 0 for site x
empty. Up to a chemical potential the binding energy of the configuration n
is

Hn)=J Y  (n,—ny)* J>0. (1.1)

lz—y|=1

We consider very low temperatures, meaning that all allowed configurations
have the same energy, i.e. the same number of broken bonds. To define
properly, we introduce the reference configuration n'' in which only the
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octant Z?3 is occupied,

wf | 1 forazeZ3,
: _{ 0 forxeZd\Z2. (12)
n is an allowed configuration if for a sufficiently large box A one has
n, = for all z € Z3 \ A and H(n) — H(n™) = 0. (1.3)

The set of allowed configurations is denoted by €2. By construction 2 is
countable. To favor a crystal corner, we introduce the fugacity ¢, 0 < ¢ < 1,
and assign to each n € 2 the weight

q" ", (1.4)

where V(n) is the number of atoms removed from n*, i.e.

Vin)= > (1—mn,). (1.5)

3
xEZ+

A configuration n € € can uniquely be represented by a height function
h over Z2. For the column at (¢,7) € Z2, all sites below h(i, j), excluding
h(i,j), are empty and all sites above h(i, j) are filled. n € Q if and only if

hii+1,5) < h(i,j), h(i,j+1)<h(,j), h(,j)—0for (i,j) — oco.
(1.6)

By abuse of notation, the set of height functions satisfying (1.6) is also de-
noted by Q. For h € Q let V(h) be the volume in Z3 below h. Then the
weight for the height h is ¢¥' ().

There is an alternative way to describe configurations n € €2, which we
just mention for completeness, but will not use later on. One builds the
crystal out of unit cubes and projects its surface along the (111)-direction,
which results in a tiling of the plane R? with lozenges (rhombi) oriented
along 0, 27/3, and 47/3. With the orientation of Figure 2 there are three
sectors of the plane corresponding to the polar angle 6 with —7/6 < 0 < 7/2,
/2 <0 <Tr/6, Tr/6 < 6 < 117/6. n € Q if and only if the tiling in each
sector becomes regular sufficiently far away from the origin.

Instead of tilings, if preferred, one can also think of covering the dual
hexagonal lattice by dimers such that every site is covered. In computer
science this is called perfect matching. Equivalently, to have a more statistical
mechanics flavor, one can consider the fully frustrated antiferromagnetic Ising
model on a triangular lattice, i.e for an allowed spin configuration every
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A3

1 - N
Figure 2: The (111) projection of a configuration n € Q. In each of the three
sectors the tiling becomes regular far away from the origin.

triangle must have exactly two spins of the same sign. Erasing all bonds
connecting equal sign spins yields a lozenge tiling, and viceversa.

Following the conventional pattern we should now state our main results.
This would mean to bring in a lot of additional notation making our intro-
duction unwieldy. Thus we sketch only the general goals, explain our results,
and connect to previous studies of the model. The precise theorems will be
given in the respective sections.

The step statistics is studied in the limit ¢ — 1. Thus it is convenient to
set

1
qzl—T, T — 0. (1.7)
Let hr denote the random height function distributed according to
1
— exp[In(1 — %)V(h)] (1.8)
Zr

relative to the counting measure on €2, Z7 the normalizing partition function.
For large T' the heights are O (T"). Thus one expects a limit shape on scale
T. In fact, as proved in [2, 13],

. 1
lim —h([uT], [vT]) = hua(1,0) (1.9)

T—o0
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Figure 3: Zoom to the facet edge in Figure 1.

in probability. Here (u,v) € R% and [ | denotes the integer part. Let
D = {(u,v) € R2,e7%2 +¢7%/2 > 1}. On D, hy, is strictly decreasing in
both coordinates and h,,, > 0, whereas h,,, = 0 on Ri \ D. The analytic
form of hy, is given in Section 3. If r denotes the distance to 0D = {(u,v) €
R2,e"%2 4+ e /2 = 1}, it follows that hmy, vanishes as %2 This is the
Pokrovsky-Talapov law [14].

Our interest here is to zoom to the atomic scale. One possibility is
to consider a macroscopic point (u,v) € D and the local height statistics
{hr([uT] + i, [vT] + j), (i, ) € Z*}. In the limit T — oo, locally the height
profile is planar and one expects that the height statistics corresponds to a
random tiling of the plane with the three types of lozenges from Figure 2,
such that the relative fraction of lozenges yields the average slope VA, (u, v).
This property will be proven in Section 4 and we refer to it as local equilib-
rium: as T — oo, locally one sees an infinite volume translation invariant,
spatially ergodic Gibbs measure for the lozenges with their chemical poten-
tials determined through Vhy.(u,v).

An even more intriguing issue is to zoom to the facet edge, which means
to take (u,v) € 0D, see Figure 3. Since the step density vanishes at 9D,
typically there will be only a few steps in focus. Thus it is more natural to
consider directly the crystal step bordering the facet. By symmetry we can
choose the border step lying in the 2 —3 plane. Then the border step is given
as the graph of the function

t— bT(t) = hT(O,t), t e Z+. (110)
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From (1.6) we have br(t + 1) < bp(t) and lim;_.o, br(t) = 0. For large T, br
is O (T), and there is a limiting shape according to

Jim T p([rT)) = beo(7), (1.11)
where
boo(7) = —=2In(1 —e™™/?), 7> 0. (1.12)

(1.12) tells us only the rough location of the step. For the step statistics
the relevant quantity is the size of the fluctuations of by ([7T]) — Tbeo(T).
As will be shown they are of order T/ which is very different from steps
inside the rounded piece of the crystal which are allowed to fluctuate only as
In7T [19]. On a more refined level one would like to understand correlations,
e.g. the joint height statistics at two points ¢t and ¢’. They have a systematic
part corresponding to b, (7). Relative to it the correlation length along the
border step scales as T%?, which reflects that on short distances the border
step looks like a Brownian motion. Thus b, has to be expanded including
the curvature term and the correct scaling for the border step is

T_1/3{bT([TT—|—ST2/3]>— (boo(T)T—i—b;O(T)STQ/S‘}'%bgO(T)S2T1/3> }:AT(S).
(1.13)

Here 7 > 0 is a fixed macroscopic reference point and s € R with s72%/3 the
longitudinal distance. s — Ap(s) is regarded as a stochastic process in s.
Our central result is the convergence

Jll_r)xgo Ar(s) = kA(sk/2) (1.14)

in the sense of convergence of finite dimensional distributions. The limit
process A(s) is the stationary Airy process. Its scale is determined by the
local curvature via k = {/2b” (7). The Airy process appeared first in the
study of shape fluctuations for the polynuclear growth model [15]. It can also
be obtained through edge scaling of 3 = 2, GUE Dyson’s Brownian motion.

2 Line ensemble, determinantal process

2.1 Gradient lines

In view of Figure 2, it is natural to represent h in term of its level lines with
the hope that they have a tractable statistics. In fact, it turns out to be more
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Figure 4: The gradient lines for the tiling of Figure 2.

convenient to consider the gradient lines as drawn in Figure 4. In Figure 5
the underlying lattice is distorted in such a way that the gradient lines be-
come “trajectories” on a square lattice. It is this latter representation which
will be used in the sequel. Clearly, the surface statistics can be reconstructed
from the statistics of the line ensemble. As first noticed by Okounkov and
Reshetikhin [13] the occupation number field corresponding to the line en-
semble of Figure 5 has determinantal correlations. In this section we will
rederive their results using the fermionic framework, which is a convenient
starting point for our asymptotic analysis.
The gradient lines of Figures 4, 5 are defined through

t=j—i, het)=h(ij) =€ 7), (2.1)
where
(i) = i+ - li— 4)/2 22)
labels the line, (i,j) € Z%. hy is increasing for ¢ < 0 and decreasing for t > 0,
he(t) < he(t+1), t<0, he(t) > he(t+1), t>0, (2.3)
with the asymptotic condition

m he(t) = —. (2.4)

t—+o0

By construction the gradient lines satisfy the non-crossing constraint

heot(t) < he(t—1), t<0,  he(t) <ht+1), t>0.  (2.5)
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Figure 5: The gradient lines for the tiling of Figure 2.

Height configurations h € €2 are mapped one-to-one to gradient lines satisfy-
ing (2.3), (2.4), and (2.5).

We extend h, to piecewise constant functions on R such that the jumps
are at midpoints, i.e. at points of Z + % For a given line, hy, let tp; < ... <

tekey < 0 be the left jump times with jump heights sg1,... , sk and let
0 < trr@+1 < .- < leg@)+ne be the right jump times with jump heights
—S0(0)+15 - - - s —St(0)+n(e)- 1t follows from (1.4), (1.5) that the weight for the

line configuration {hs}—o .. is given by

ﬁexp {111(1 —1)T) (Wim sm|tm|>] . (2.6)
P

J=1

The line ensemble with weight (2.6) can be thought of as world lines
of “fermions”, where t refers to time and j to space. It is then natural to
introduce the random field of occupation variables, denoted by 7(j,t). Thus
n(j,t) = 1 if there is a line passing at (j,¢) and 7(j,t) = 0 otherwise. As to be
shown, the random field 1 has determinantal correlation functions, which as
one crucial ingredient relies on the non-crossing constraint (2.5). However,
in previous applications only nearest neighbor jumps appear, whereas our
model has the unusual feature that jumps of arbitrary size are allowed.

2.2 Fermions

The basic tool is the transfer matrix from ¢ to ¢t + 1, ¢t € Z. A fermion is
created (resp. annihilated) at the position j € Z by the operator a; (resp. a;).
The CAR algebra {a},a;,j € Z} over Z is defined by the anticommutation
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relations
{ai,a;} =0, {aj,aj} =0, {ai,a;} =0 (2.7)

for 7,7 € Z. First we consider t < —1, in which case only up-steps can occur.
To each unit up-step at time ¢ we assign the weight ¢, = ¢/**/?| which satisfy
(2.6). The rule is that in a jump from i to j, j > i, one creates additional
particles at sites m with ¢ + 1 < m < j and annihilates particles at sites
m with + < m < 75— 1. E.g. if a fermionic world line jumps from —1 to
3, one creates particles at positions 0, 1,2, 3, and annihilates the particles at
—1,0,1,2. This rule ensures the non-crossing constraint (2.5), since, if two
fermionic world lines would intersect, a fermion is created twice at the same
position, which leads to a zero contribution. The corresponding rule applies
to t > 0 with the difference that the jumps are downwards only.
Let us define the operators

bl = Z aZHak. (28)

keZ

The transfer matrix from ¢ to £ + 1 is a sum of the n-step transitions 7, as
Tt t4+1)=1+¢T+@To+ ...+ ¢ T+ ..., (2.9)

where

_ * *
T, = E Ay o Ay Qg g - gy - (2.10)
k17~~'7kn

The (—1)" prefactor results from the left ordering of the a; and aj’s.
We would like to reexpress 7, in terms of products of the b;’s only. For
n,m > 0 the commutators are

bnay, = apby, + aj,, bpag = apby — ap—n, [0y, by] =0, [b_,,b_p] = 0.
(2.11)

These relations lead to
b\ Y 1
T.= > H (7> ar (2.12)
di,...,dn>1 j=1
di1+2do+...=n
The Schur polynomials {pg(y)}x>0 are polynomials such that

eXP (Ztkyk) =Y ot y=vi1,..., (2.13)

k>1 1>0
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and given explicitly by

nly)= ) HZJ (2.14)

x>l g=1
x1+2x2+...:l

Comparing with (2.13) yields
tt—|—1 thTl—eXp<th ) (2.15)
1>0 k>1

We conclude that the transfer matrix is given by

~ b
T(t,t+1)=exp (qu|t+1/2?’€> (2.16)
k>1
fort € Z_ ={-1,-2,...}, and, by the same reasoning,
N by
T(t,t+1)=ex W“/?)—) 2.17
(t.t+1) = exp (Zq : 2.17)

fort € Z,.

T(t,t + 1) is quadratic in the fermion operators. Hence it is the second
quantization of a one-particle operator acting of /5. For easier reading second
quantization is merely indicated by a “77 e, for A acting of /5 we set
A =T(A) as its second quantization. From (2.16), (2.17) we read off

Mt/
T(t,t+1) = exp (Z - ak> (2.18)
E>1
fort € Z_, and
(t+1/2)
T(t,t +1) = exp (Z - ak) (2.19)
E>1

for t € Z with matrices a4 defined through

(1 iti-j=Fk
lowig = { 0 otherwise. (2.20)

T(t,t + 1) are invertible with the f3-norms
jt+1/2|
[Tt + D] < exp (m) )

» 172
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For the state at t = +00 all sites in Z_ U {0} are filled, those in Z, \ {0}
are empty, which, together with the transfer matrices (2.16), (2.17) deter-
mines the Green’s functions of an imaginary time (Euclidean) Fermi field.
It is inhomogeneous in space-time and uniquely given through the two-point
function (a}(t)a;(t')). To compute it correctly one has to employ the stan-
dard finite volume approximation. We first restrict all world lines to lie in
the spatial interval [—M, M|. Thereby the transfer matrix depends on M in
the sense that all creation and annihilation operators with index |k| > M are
set equal to zero. The state at +o00 is (1,...,1,0,...,0)" which is 2M + 1
long with the last 1 at site 0. The projector on this state is approximated
through

exp[BN ] (2.22)

in the limit 8 — oo with Ny = Sy aiar— M aiay. We first compute
the equal time Green’s function through

(a; (to)a;(to))r = (2.23)
1 N L to—1

= Jin lim Tim ———Tr (eBNM [T 7wt t+ Daja; T TM(t,t+1)),
—00 L—00 3—00 B8,M,L t—t, iy

where the trace is over the antisymmetric Fock space F with one-particle
space lo([—M, ..., M]). The products are time-ordered increasingly from
right to left, which is indicated by the superscript t at the product symbol
[I- Zs.a,L is the normalizing partition function, which is defined through the
same trace with a}a; replaced by 1. As explained in Appendix A.1, (2.23)
can be expressed in terms of one-particle operators as the limit M, L, f — oo
of

-1

to—1 L -1
(ai (to)a;(to))rpnr = |1 + <1_[t Tag(t,t 4+ D)™ T Tt t + 1))

t=—L t=to ji
(2.24)
Let P, + P_ =1 in ¢, with P, the projection onto Z, \ {0} and let
o) to—1
eOrilo) = TTT(t,t+1), eDeet) = T T(tt+1), (2.25)
t=to t=—00

and

min(0,tp)—1 00
oGilto) — H T(t,t+1), &t = H T(t,t+1). (2.26)

t=—o00 t=max(0,to)
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By (2.21) the infinite products are well-defined, as are their inverses. The
T(t,t+ 1)’s commute and no time-ordering is required. Hence

min(0,tp)—1

7"|t+1/2|
GT(tO) - Z Zﬂr Z50 Q.
t=—0c0 r>1 r>1
7 t+1/2
Gi(to) = Z > = wnlt)a, (227
t=max(0,tg) r>1 r>1
with
r/2 —rmin(0,to) r/2 . rmax(0,to)
qgq q9'9q
(ty) = 2 (t) = 2.28
W=y T S 22

In (2.24) we take limits as indicated in (2.23). Then

<a: (to)aj (t0)>T _ [eGleft(tO) P (P_ e Cright (to) eCleti(to) p + P+)—1P_ eGright(tO)}

g’
(2.29)
Let
=[] Ttt+1), e =][T(tt+1). (2.30)
t=—00 t=0
Then eCrignt(t0)eCere(to) — oGreCG- = ¢G-eC+ and, decomposing o = P_ly ®
P, 0y, we have
. a0 ¢, | ad ¢
e _[cbl’ e _[Ob’ . (2.31)
Thus
. _ aa’)™t 0
P_(P_eGrlght(tO)eGleft(tO)P_ 4 P+) IP_ _ |: ( O) 0 :| (232)
and, since
-1 Nn—1 N—=1 (-1
—a_ a 0 . _ | (@) —(a) (V)
€ - [ _b—lca—l b—l :| ) |: 0 (b/ -1 ) (2 33)
we obtain

e+ P_e G- = P_(P_elrani(t) Gt p 4 p )=1p_ (2.34)
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Therefore

<a;f (t[))aj (t0)>T — [eGleft(to)e—GJrP_e—G, eGright(tO)} - (235)

]7Z

which rewrites as

(a;(to)a;(to))r = [eGT(tO)*Gl(tO)Pief(GT(tO)*Gl(tO))}ji ) (2.36)

The Fermi field depends on T through ¢ = 1 —1/T. For this reason we keep
the index T'.

Using the anticommutation relations (2.7) in (2.23) we immediately ob-
tain

(a5(t0)a (t))r = [¢C10)-CL0 Py ~GrU0-GIWN]  (2.37)

Thus our final result for the equal time correlations reads

(aZ(to)a;(to))r = Z [eCrto=Gilo)] [emGrltGro]
<0

(a;(to)a; (to))r = Y [T G [emGilo)rGilo)] —(2.38)

>0

To extend (2.38) to unequal times we have to go through the same limit
procedure as before. Since the argument is in essence unchanged, there is no
need to repeat. We define the propagator from a to b, a < b, through

b—1
G0N = T[T(t,t+1), OO0 =1, 00 = Geh (230)

t=a

Using the identity

efG(U,to)ameG(U:tO) = Z [eG(O’tO)]m L Ok (2.40)
keZ

for t > t/, the full two-point function is given by

(ai(t)ay(t))r = Z [eGT(O)—Gi(O)‘FG(O:t/)}j/ [emC1O+GLO-60Y]
<0

(aj(t)as (t)r = Z[BGT(U)—G¢(0)+G(0,t)}
>0

Ly’

—G1(0)4+G | (0)~G(0,
jJ[@ 1(0)+G 1 (0)~G( )L’j,. (2.41)
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2.3 Determinantal random field 7(j,t)

Moments of the random field 7(j,¢) introduced above can be expressed
through fermionic correlations. We consider first equal time correlations.
The basic identity is

Er (H nT(jmt)) = <Ha}fk (t)ajk(t)>T7 (2.42)

where Er is the expectation with respect to the normalized weight (2.6). If
{j1, ... ,Jn} are distinct, then, as explained in Appendix A.2, the fermionic
expectation is determinantal and

Er (H 'rz(jk,t)> = Det (Rr(jk, 1 i, 1)) 1<p1<n (2.43)
k=1

with
Rp(i,t;7,t) = (a; (t)a;(t))r- (2.44)

If coinciding arguments are admitted, then (2.43) still holds with the con-
vention

o @ ®a ) for i < J,
Re(i,5;5,%) = { (@t ()a; () — 615 = —{a;(B)az()r  fori > ).

%

(2.45)

(2.42) is easily extended to unequal time correlations. Let us consider
n disjoint space-time points (ji,t1),... , (Jn, tn) ordered increasingly as t; <
ty < ... <t,. Then the basic identity is

Er (H n(jk,tk)> = (aj, (tn)a, (tn) - - - @, (t)aj, (1)) - (2.46)

Using (2.40) the left hand side equals

Z H [B—G(O,tq)}qujq [eG(o,tq)Lqu <aznaln . azlamT‘ (2.47)

k1,...,kn q=1
llw" 7ln

Let us set

(ai(t)ay (t")r fort >t
{ —{ay(t)as(t))r for t < ¢'. (2.48)



3 LIMIT SHAPE 15

Then the unequal time correlations are given by

Er (H TI(%J!«)) = Det (Rr(Jk, th; Jis t1) ) 1<pi<n - (2.49)
k=1

The identity (2.49) has been derived from left to right. One can read
it also from right to left. Then Ry is the defining kernel, resp. Green’s
function, which is considered to be given and (2.49) defines the moments
of some determinantal space-time random field over Z x Z. Of course, Ry
cannot be chosen arbitrarily, since the right hand side of (2.49) must be
moments of a probability measure. For determinantal random fields over the
space coordinate only, compare with (2.43), proper conditions on the defining
kernel have been studied in detail [18, 17]. The space-time variant is less well
understood, see [8] for a discussion.

The determinantal property is preserved under limits. Thus through bulk
and edge scaling further determinantal space-time random fields will be en-
countered below. One of them is over Z x Z with equal-time given through
the sine-kernel. The other is over Z x R with equal-time given through the
Airy kernel.

3 Limit shape

On the macroscopic scale, in the limit 7' — oo, the random field 7(j, 1)
becomes deterministic with a profile given by

1 for ¢ < b (1),
p(¢,7) =< Larccos (cosh(T/Q) — e*<+|f‘/2/2) for b (7) < ¢ < beo(T),
i for = b (7).
(3.1)
with

bo(T) = =2In(1+e?), bo(r) = —2In(1—e"7?).  (32)

o0

More precisely, for all continuous test functions f : R?> — R with compact
support

Jim s S SG/T D) = [dcdmcnscn) (33)

almost surely. (3.3) assumes more spatial averaging than needed. In fact, it
suffices to choose a test function whose support on the scale of the lattice
diverges as T" — oo and to properly normalize.
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As a consequence of (3.3) the limit (1.9) holds. A, can be read off from
(3.1) and is given in parametric form through

(o0 for (u,v) € RY \ D,
hos®9 = { Yt~ o] 4 o) o (o) € o

where 7 = v — u and where ((u,v) is the unique solution ¢ of the equation

¢
gore=l = [ 0-acmac ¢ (35)
in the interval [b (7), boo(7)]. While the limit (3.3) has been established by
Okounkov and Reshetikhin [13], compare also with Section 4, the existence
of the limit shape has been proved before by Cerf and Kenyon [2]. Instead of
(1.8), they used the fixed volume constraint V (h) = 2(r(3)T?, resp. V(h) <
2(r(3)T?3, with (p the Riemann zeta function. They write the limit shape
So, as a set of R?, in the parametric representation

So ={2(f(a,b,¢) —Ina, f(a,b,c) —Inb, f(a,b,c) —Inc)|a,b,c >0} (3.6)

1 2w 2m ) )
fla,b,c) = —/ du/ dvln(a + be™ + ce™). (3.7)
472 J 0

Here a, b, ¢ denote the weights for the three orientations of the lozenges and
f(a,b,c) is the corresponding free energy per unit area for the lozenge tiling
of the plane. As expected from the equivalence of ensembles, the shapes
given by (3.4) and (3.6) are identical. This can be seen as follows. Let
z = (21, 22, 23) represent a point on the limit shape. We compare z; — z; and
23 — 21 (resp. z3 — 29) for zo > 21 (resp. zo < z;) for the parametrizations
(3.4) and (3.6). This leads to a = 1, b= e ™/2, ¢ = e~%/2 for 2z, > 2, and to
b=1,a=el2 c¢=e2for zp < 2. Since (3.7) is symmetric in a, b, c,
one verifies that indeed

¢
/ (1= p(¢' ) dC = 20 (L, e /2, 7)1 ¢, (3.8)

—2In(1+e=I71/2)

According to (3.4), hma = 0 on RZ \ D. Close to the edge the height
vanishes with the power 3/2. E.g. in the direction 7 = v — u one has

2
Pona (1, T) 3 cosh(7/4)7T7121/4T3/2 (3.9)
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with r the distance to the edge. The 3/2 power is known as Pokrovsky-
Talapov law [14].

A limit shape theorem is a law of large numbers. It is available also
for related tiling models. A famous case is the Aztec diamond [3]. Cohn,
Larsen and Propp [4] consider the 3D-Young diagrams constrained to the
box aN x BN x yN with a, 3,7 ~ O (1) and compute the limit shape as
N — oo. In the line-ensemble representation their model corresponds to
q = 1 with the boundary conditions that at t = —aN, BN all lattices sites
are occupied except for those in the interval [1,yN]. [4] computed the line
density and from it the limit shape. Two or higher order point functions are
not studied. From our representation we see that higher order correlation
functions are determinantal even in this case. However the computation of
the two-point function is more complicated, since one cannot rely any more
on an expression like (2.36). For a list of further limit shape theorems we
refer to the survey [11].

The limit shape can be determined through minimizing the appropriate
macroscopic free energy functional. The input is the microscopic surface
tension at given slope Vh. For example in the (111)-frame the surface tension
o1y (Vh) is given by (3.7), where a, b, ¢ are defined through the prescribed
surface tilt Vh. o(111) has been computed in [10, 21, 1]. Correspondingly
there is a surface tension in the (001)-frame, denoted by o o1)(Vh).

To obtain the free energy F for some macroscopic height profile h over
a bounded domain B, one argues that h is made up of little planar pieces,
each one of them having the surface tension at the corresponding local slope.
Adding up yields

F(h) :/Bdudva(ogl)(Vh(u,v)). (3.10)

In our case we have B = R%, h is decreasing in both variables such that
h(u,v) = 0for (u,v) — oo, and V(h) = [, dudv h(u,v). The minimizer of F,
under these constraints and V' (h) = 2(g(3), is Ama from (3.4). Equivalently
one could minimize F(h) + V' (h).

Probabilistically, F(h) + V' (h) can be viewed as a large deviation func-
tional in the sense that in the limit 7" — oo, with respect to the normalized
probability Z~1¢"®"),

Pr (T hy([uT), [vT]) =~ h) = O (e—T2<f<h>+V<h>—f<hma>—vwma>>) (3.11)

for given macroscopic height profile h [2].
Expanding (3.11) to quadratic order in dh = h — hy, yields a heuristic
formula for the covariance of the Gaussian shape fluctuations. In spirit it
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is proportional to (—9% — 9%)7!, hence like a massless Gaussian field. This
implies in particular, that on the macroscopic scale shape fluctuations are
small, of order InT only. Gaussian fluctuations are proved for the Aztec
diamond in [9] and for domino tilings of a Temperleyan polyomino in [12].

The limit shape theorem (3.1) implies that also the border step has a
deterministic limit. We state a result, which is stronger than what could be
deduced from (3.1) and which follows by the transfer matrix techniques to
be explained in Section 5.

Theorem 3.1. Let by be the border step as defined in (1.10). Then for any
0>0,¢>0,0<u_ <uy <oo one has
lim P (|77 br([uT]) — boo(w)| > T2 u_ <u<uy)=0.  (3.12)

T—o00

4 Bulk scaling, local equilibrium

For local equilibrium we zoom to a point (g, 79)7" with b (70) < (o < beo(T0)
at average density p = p((o, 70), which means to consider the random field

(3 1) = (G T] + j, [ T] + 1) (4.1)

with (j,¢) € Z? and | | denoting the integer part. Properly speaking we
should keep the reference point ((p,7p) in our notation. Since it is fixed
throughout, we suppress it for simplicity. In the limit T — oo, p2&(j,¢)
becomes stationary. Then at fixed ¢, one has to fill the Fermi states up to
the density p which implies that n®%(j, ), ¢ fixed, is a determinantal point
process on Z as defined through the discrete sine-kernel. Only at 79 = 0, the
inhomogeneity of the underlying 7n-field can still be seen, which, of course, is
an artifact of our coordinate system. In the (111) projection the line 7 = 0
would be just like any other local slope with a corresponding stationary
distribution of lozenges. The case 7y = 0 can also be treated. For simplicity
we omit it and require 75 # 0.

Let us define the kernel S(j,t;j',t") by

t—t |
Sy, t;5',t) = M/dk exp [ik(j' — j) + (' —t)In(1 — e~ ™12
27T I(t,t,)
(4.2)
for 79 > 0 and
_ 4 .
50.1:7'1) = B [ e [ih( = ) — (= 1) (1 — 26
27T I(t,t/)

(4.3)
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for 79 < 0, where

n | [=mp,mpl, ift >t
I(t,t) = { [mp, 21 — mpl, if t <,

and sgn(t —t') =1, if t > t, and sgn(t — ') = —1, if t < ¢’. In particular at

equal times

S(it: j,t) = W (4.4)

which is the sine-kernel. S depends on the reference point ((p,70). In the
particular case of equal times the dependence is only through the local den-
sity.

Theorem 4.1. In the sense of convergence of local distributions we have
hm ﬁbulk(], t) — nsme(]’ t) (45)

For o > 0, n®"°(j,t) is the determinantal space-time random field with defin-
ing kernel (4.2) and for 1o < 0 the one with the kernel (4.3).

Remark: Theorem 4.1 is identical to Theorem 2 of [13]. We use here an
integral representation for the defining kernel Rp which differs somewhat
from the one of [13] and which turns out to be convenient in the context of
the edge scaling.

PrOOF: We consider the case 75 > 0 only, since 7y < 0 follows by symmetry.
Let us set

Br(j, t; j',1') = #I 9 R ([GT) + 4, [10T] + 5 [GT] + 5, [T] + 1), (4.6)

where Ry is defined in (2.48) and ¢(j) = j |70| 7' In(1 —1/7")/2. The determi-
nant in (2.49) does not change under similarity transformation, in particular
not under multiplying by e9(#)=9(4)  Therefore

Er (H nbulk (Js ) = Det (BT(jkatk;jl;tl))lngSm (4.7)

and we need to prove that pointwise

71im Br(j,t;5',t) = S(j,t; 5, t). (4.8)
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First consider ¢ > t'. For 79 > 0 we take T" large enough so that 70T+t >
0 (this simplifies (4.13) below). Using (2.49) we obtain

Br(j,t;5,t') = /@00 (4.9)
Gy (10T)—G | (T0T+t) G (toT+t)—G1(70T)
X Z[e e . }COT-Q—jl[e s e L,ggTﬂ‘/'
1<0

An explicit expression for the matrix elements of the two-point functions can
be found using the translation invariance of the one-particle operators. In
Fourier representation they are given by

lexp(zarar)] = L[ ottt myesp (S o) a

rel r€Z
(4.10)

for o, € R. Then using (4.10) and changing [ into —[, we have

Br(j.t;j',t) = /dk;e T ypq(k,t) o —ik(CoT+j) ,—ikl
z>o
X 629(3) /7r dkle_a(kl)Te_(p"(k,’t/)e"k'(@T*j/)eik,l, (4.11)
@ —T
where
qr/2 . . N
7)== 3 g e )
r>1 q
and
r/2 1 .
Zq {a q s i (4.13)
_q

To study the asymptotic of integrals as (4.11) we consider the complex k
plane and regard the integration in (4.11) as being along the real line from —7
to m. Such a line integral can be deformed to another path C' with the same
endpoints. The complex integration along C' will be denoted by fc dk - - -
In the particular case when the path is on the real line, say from a to b, the
integral will be denoted by f: dk---

Let us consider the following four paths: { = —7 — 7, &1 (p) = —7+ip —
T+ip, & = —m — —7m+ip, and &3 = m+ip — 7 with 0 < p < 79. The factors
in (4.11) are integrals along &;. Their integration contour can be deformed
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from & to & 0&; 0 &3 without changing the integrals, since the integrands are
holomorphic. Moreover the integrals on & and &3 cancel exactly because of
periodicity of the integrands. We transform the integral in k into the integral
along & (f) and the one in &’ into the integral along & (0 +¢), with 0 < e < 1
and 0 = —7oT'In(1 — 1/T)/2. 6 is chosen such that the exponentially large
function in T passes through the critical point of o(k’). Consequently we
have

Br(j,t;5,t") = M/ dk’/ Aleel@B) = ()T LiGoT (K —k)
&1(0) &1(0+¢)
x erakt)—pq(K' ") iK' ’*ka)(l _ ik k)) . (4.14)

As T — oo we obtain

6—1’7-0/2

sin((k —imo/2)r) + O (1/T). (4.15)

Therefore the terms that increase or decrease exponentially in 7" in (4.14)
are E(k) and —FE(k'), where

e—rTo/Q
E(k) =2i sin((k — im0/2)r) — i(ok. (4.16)
The critical points of E(k) are
—Co+70/2
+k.+i19/2, k.= arccos (cosh(To/Q) - T) eR. (4.17)

For Im(k) = 19/2, Re(E(k)) = (o70/2, the analysis of Re(E(k)) for k close
to the line Im(k) = 70/2 shows that, for Re(E(k)) € [—7, —ke] U [ke, 7], it
decreases when increasing Im(k) and, for Re(E(k)) € [—k., k.|, it decreases
when decreasing Im(k).

Next we transform the integral into a sum of three terms, the first two
vanish as T — oo and the third one gives the final result, see Figure 6. We
have flodk’dk--- = fIl dk/ dk - - + fbdk’dkwn +f13dk:’dk:---, where the
integrand is the one of (4.14). Let us compute the three integrals separately.
For the integration along I3, first we integrate out k taking the residuum at
k = k’. Then changing the variable to z = kK — 10 we obtain

/dk’dk-~-: _/ dzePa(zHi00) —pq(z+i0,t") Jiz(5'—3) (4.18)
I3
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Im Im
”””””” ]’Ci””””””””””’> ]. R }é = I
0 ST
* : i W - !
K 4 et
Re Re
Im ><|_
: + Im
K : |
l/;"‘/ﬂl% ”7\\;\1 I L\\ k /7}
T | e =
; I
fRe € ;
fRe

Figure 6: Deformation of integration paths. The original integral, along Iy,
is deformed to the sum of integrals along I, Is, and I3. k is integrated along
the dashed lines and k' along the solid lines. The full dots are the critical
points of o (k).

The asymptotic of ¢,(z + i6,1) is

o(z,t) = lin% (2 +1i0,1) = —tIn(1 — e ™/2e77), (4.19)
q*)

The integrals along I, and I, are treated in the same way. Let us estimate,
e.g., the one along I;. First we integrate in k. The integral ‘fdk:|,
such that the integration avoids the two arcs of circle of radius £ around
the critical points (see Figure 6), is bounded by O (7T /(eT)) for some
a> 0. O (e *"/T) comes from integrating e?®” and O (1/) because the
minimum of |k — £’| equals €. The integration through the two arcs around
the critical points is bounded by O (e”<"/(¢T)) for some a’ > 0, because
the integrand is at most of O (e*T/£) for some o’ > 0 and the length of
the path of integration is O (1/T"). We choose therefore £ = 1/T', so that
| [dk---] <O(1). The integration in k" gives an extra-factor O (1/T’), and

lim [ dk'dk--- = 0. (4.20)

T—o00 I
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Summarizing for ¢ > ¢, we have proved that,
i ity = 7 qertet) i)
Tlgrolo Br(j,t;5',t') = o dze?* e : (4.21)

—pm

where p = k./m and ¢(z,t) as given in (4.19). In particular for ¢ = ¢,
o(z,t —t') = 0, which implies (4.4). The case t < t’ is treated in a similar
way, leading to

1 2m—pm L
li B it ./,t/ ___/ d p(zt—t") Jiz(j 7])' 4.99
dim Br(j, b5 1) = =5 g ze € (4.22)
Therefore

lim Er (HU?UIk(Jkatk)> = Det (S0 ts 1> 1)1 <pi<m
k=1

= Ey (H Usme(jk,tk)) : (4.23)

k=1
The proof for 7y < 0 is identical. O

(4.21), (4.22) define a space-time homogeneous Fermi field. Physically it
corresponds to fermions on the lattice Z in their ground state at density p
and with kinetic energy

Ekin(k> — ln(l _ e—\To|/2—ikSgHT0)‘ (4.24)

Eyn is complex reflecting that the fermions have a drift.

The moments (4.23) define a probability measure P, on the lozenge tilings
of the plane, where the relative fraction of their type depends on the reference
point ({y, 79). P}, is a Gibbs measure in the sense that its conditional expec-
tations satisfy the DLR equations. We refer to [6] of how DLR equations are
adjusted in the context of surface models. Py, is translation invariant with a
definite fraction of each type of lozenges. Py is even spatially mixing, since
truncated correlations decay to zero. One would expect that Py, is the unique
Gibbs measure with these properties. A proof would require that the same
limit measure P}, is obtained when other boundary conditions are imposed,
at fixed lozenge chemical potentials. To our knowledge, only for the surface
model studied in [6] such a uniqueness property has been established.
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5 Edge scaling

For the edge scaling one zooms at a macroscopic point lying exactly on the
border of the facet, i.e. at ({p,70)T with (o = buo(70). For simplicity we set
To > 0. 179 < 0 follows by symmetry. Since at the edge the step density is
zero, one has to consider a scale coarser than the one for the bulk scaling
in Section 4. From our study of the PNG droplet we know already that the
longitudinal scale is 7%/ and the transversal scale is 7'/3. On that scale the
curvature of b, cannot be neglected. Therefore the correct reference points
are

t(s) = [roT + sT*?, (5.1)
G s) = [boo(T0)T + bl (70)sT?? + %bgo(To)SQTl/B’ + T3],

Note that (r,s) € R% The discrete lattice disappears under edge scaling.
Let us abbreviate

a =  byo(rg) = —2In(1 —e /2,
ay = b (r) = 6*70/2/(1 - 6*70/2), (5.2)
az = W (r) = 6*70/2/2(1 — 6*70/2)2.

Then the edge-scaled random field reads

n;dge(r, s) =T nr(onT — apsT?? + %angTl/?’ + rTY3), 1T + sT?/3)).
(5.3)

The prefactor T'/3 is the volume element for T3, Properly speaking we
should keep the reference time 7. Since it is fixed throughout, we suppress
it in our notation.

Since 75" is determinantal, so must be its limit. For the PNG droplet
under edge scaling the limit is the Airy random field and, by universality, in
our model the steps close to the facet edge should have the same statistics in
the limit 7" — oco. The Airy field is determinantal in space-time with Green’s
function

KA (r s;7' s') = sgn(s’ — s) / AN (s — )M Ai(r — N AL (r' — \) |
R
(5.4)

where the step function 6(s) =0, if s < 0, and 6(s) = 1, if s > 0. The Airy
field is stationary in time. In particular, the equal time correlations are given
through the Airy kernel

0
KAiry<,r’ s 7a/, S) — / d\ Ai (7" — )\) Ai (’]“/ — )\) (55)

= L (Ai() AY(Y) — A(F) AT (1))

r—r
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Theorem 5.1. Under edge scaling (5.3) the correlation functions have the
following limit,

g o ([T ) 2 (T (o (5))) 69

k=1

uniformly for ri, si in a bounded set. Here k = /20 (7). In particular for

the process N (f,s) = [daf(x)nse(x,s), smeared over continuous test
functions f : R — R with compact support, one has

lim 75%%°(f,s) = /dxf(/ix)nAiry(x, sk/2) (5.7)

T—o0
in the sense of the convergence of joint finite-dimensional distributions.

To prove Theorem 5.1 one only has to establish that under edge scaling
(2.48) converges to (5.4). We define the rescaled kernel (2.48) as

79(7‘75)
Ka(r,s7,8) = —— =T R (j(r, ), 1(s): 507, ), 8()) - (5.8)
e 7,8
where g(r,s) = —j(r,s)(roTIn(1 — 1/T)/2 + sT?*In(1 — 1/T)/2) and

Rr(j,t; 7', t') from (2.48).
Proposition 5.2. The edge-scaled kernel (5.8) converges to the Airy kernel
, oA (TR TR
jlgrolo Krp(r,s;r',s') = k LKAMY (E’ 55 7 58’) (5.9)

uniformly for r,r', s, s in bounded sets.
Granted Proposition 5.2 we establish Theorem 5.1.

PROOF OF THEOREM 5.1: From (2.49) and (5.3) it follows that

Er (H 058 (ry,, 5k)> = Det (T1/3RT(j(Tk, sk), t(sk); g (71, Sl);t(sl)))1§k7l§m~

. (5.10)

This determinant does not change when multiplied by the factor e ~9($)+9("s")
and therefore

Er <H 1 (1, sk)> = Det (K7 (rk, Sk 71, 51)) 1<hi<m - (5.11)
k=1
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Note that g(r, s) diverges as T — oo. On the other hand

E < —1, Airy (,r_k E >> -D t( 71KAiry (T_k E R >> .

<1:[ ol K 9 5k e K 2% K '9° 1<k,i<m
(5.12)

Theorem 5.1 thus follows from (5.9). O

We turn to the proof of Proposition 5.2. As bounded set we fix throughout
a centered box B C RY, where the dimension d depends on the context.

PROOF OF PROPOSITION 5.2: Let us first consider sy > s;. By definition
of Kp(rg, se;71,51), (2.41), (4.10), and (2.48), we have

e—9(ri,s1) 13
Krp(rg, s9;71,81) = ——— X
T( 292511, 1) e 9(7,2 52)
: : _ —ikn 1 _,—ikn
% 2 / dke lk] 1,51 elklezn>1(p’"e —Uneé )6277,21 ¥Pn€ (513)
m
<0
1 ’ —ik’ 2 —ik!
1 ik j(ra,s2 —ik’l ue —vpe Ty — pre
X 27T dk‘ )e e En>1( n n )e anl n ,
—T

ntol

where 11, = ¢"2/n(1 — "), v, = ppng"™", and ¢!, = v, (1 — q”siTz/g). As in
Section 4 we regard the integrals in (5.13) as complex line integrals and use
the notation explained below (4.13).

The integrands in (5.13) are holomorphic away from {k € C| Re(k) =
0, | Im(k—ito/2)| > 70/2} and the straight path from —= to 7 can be deformed
provided no singularities are touched. In our choice the deformed path has
three straight lines, the first one from —m to —m + i5;(7T"), the second one
from —7 4+ if3;(T) to m +i5;(T), and the last one from 7 + i3;(T) to m with
B; € (0,70), see Figure 7. To be precise, the path along the real line touches
at k = 0 the starting point of a branch cut of the term in the exponential,
but still the integral remains unchanged by the above deformation. Since the
integrands are 2m-periodic along the real axis, the first and the last integrals
cancels exactly. (1(T") is determined such that the terms in the exponential
are purely imaginary. We obtain

ﬁi(T):—%(siT2/3ln(1—1/T)+70Tln(1—1/T)), i=1,2.  (5.14)

We also define | = LT*/®. Then the summation goes over L € T~'/3(Z_u{0})
and

e—g(rl,sl) T1/3 -
Kr(re, 89571, 81) = o 9a) 4n? Z Ji(L o2, (5.15)
LeT—1/3(Z_ u{o})
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Im

To
e =
i B YRe

Figure 7: Deformation of the integration path. The original integral, from
—7 to m, is deformed along the integral on the dashed path.

where

6 = j(ri, ) 3:(T) — Bi(T)LT"3 (5.16)

Ji(L) = / e~ kirs) gIRLTY? oy [22’ Z,un sin(kn)eﬁl(T)”} dk, (5.17)

-m n>1

<72(L) _ / €iklj(r2’s2)€_ik/LTl/3 exp |: _9; Z Lin Sin(kln)e—BQ(T)n:| dx’

- n>1
Finally defining J;(L) = TY/3J;(L), we have

Kr(ra, 82:71,81) = Z (47T2T1/3)—1€§L(sz—s1)(1+o(T—1))JI(L)J2<L)'
LeT—1/3(z_u{0})

(5.18)
For the case sy < s; the result is
KT(T‘Q, S9:71, 81) _ Z (471_2T1/3)—16%L(82751)<1+O(T—1))JI(L)JQ(L).
LeT=1/3(Z4\{0})
(5.19)

Now we proceed as follows. First we prove that, as T — o0,
Ji(L) — 27” Ai (%) for L € B, by using the steepest descend curve for the
term which is exponentially small in 7. Secondly we consider separately
s9 < s1 and sy > sq. In the latter case, for large L, we need the steepest
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descend curve for the whole integrand. The same strategy has been used
in [7]. In the case sy < s, for large L, the steepest descend curve does
not exist anymore. On the other hand the term e %(17%2) gerves as a
convergence factor and we only need to find bounds for the J;(L).

Convergence for L in a bounded set.
Let L € B. The integral J;(L) is written as

(L) =T / T T T g (5.20)
where
V17(k) = —ik T j(ry, s1) + 2i ; %6751" sin(kn). (5.21)

We make a saddle point approximation by using a curve which, for small k,
is very close to the steepest descend curve for ¢(k), where

(k) = lim (kLT + 4y 2 (k))/T (5.22)
and the convergence is uniform for (sy,r;, L) € B. For the limit we obtain
W(k) = Po(k) + 2ikIn (1 — e ™/?), (5.23)
where
o—"70/2

(k) = Z 2isin(kn) (5.24)

n>1

n2

In particular ¢ (k) is holomorphic in C\{k =z +iy € C|z =0, |y| > 70/2}
and the whole integrand is 27-periodic along the real axis.

Instead of integrating along the straight path —m — 7 we integrate along
C ={k =a+iy,y = — |z| /v/3}, see Figure 8. For x small this path is almost
at steepest descend. The real part of ¢ (k) reaches its maximum at k = 0.
To evaluate the errors for x away from zero we prove that the real part of
(k) is strictly decreasing for |z| increasing. By symmetry we consider only
x € [0,7]. A simple computation gives

dy (k)

S = i+ 1/V3) Q) (5.25)

with
(1 o ez’z+m/\/§—T0/2)(1 - e—im—x/\/g—m/2)

Q= (1— e ™/2)2

(5.26)
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Figure 8: Deformation of the integration path. The path from —m to w is
deformed into C' plus the dashed ones.

and

cosh(79/2) — cosh(z/v/3) cos(x)

Re@ = 2 sinh2 (o /4) ’
sin(z) sinh(z/v/3)
Im@Q 2 sinh?(ry/4) (5.27)

Using that cosh(z/v/3)cos(r) < 1 and is maximal at 2 = 0, we have
Re@Q(z) > Re@(0) = 1, the inequality being strict if  # 0. Obviously
Im @ < 0. Therefore

dw(k) _—Ln € 2 m 2 arctanfim (S
Re (H10) — L n((Re@)? + (1 @)%) + arctan(m O/ Q)(SO)
5.28

for all x € [0, 7] and for all 7y € (0,00). The inequality is strict if = # 0.

Since w = Re (%ﬁ?) and by (5.28), Ret (k) is maximal at k = 0,

¥ (0) = 0, and is strictly decreasing for |z| increasing.

Let us fix ¢, 0 < ¢ < 1, and let C. be the part of C' with z € [—¢,¢].
Then the contribution at J;(L) coming from C'\ C. is exponentially small in
T.

Lemma 5.3. For some § > 0,

JU(L) =0 (7)) + T3 / V1T MT GIRLT? g (5.29)

€
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PROOF: Let C be the part of C with € [e, 7] and C- the one with z €
[, —¢]|. For x > ¢, Rey(k) < Ret(0) — 2§ < 0 for suitable § = d(¢) > 0.
In addition

V1p(R)T + ik LTY3 = (k)T + O ((L — r)TY? + s,T%%) . (5.30)
Then

/ 1 (BT KLTS dk;‘ <ot / T2 (Rewt-T O((Lor) T34 T2) g
fors - V3

(5.31)

For (L, s1,7m) € B, the integral on the right side is uniformly bounded and
therefore

‘ / ePra (T kL T2 dk‘ =0 (). (5.32)
c:

Similarly for the integral along 55_ . 0

Lemma 5.4. Uniformly for (L,ry,s1) € B, one has

J(L) =0 (") +0(T7?) + 2% Ai <“ — L) (5.33)

for large T, with kK = /2as3.

ProoF: By Lemma 5.3 we have to evaluate the contribution of the integral
along C.. For k close to 0 we have

2
Yrp(k)T + ikLTY? = —gz'ozgk?’T — ikTY3(ry — L) (5.34)
+ O (s%k’ + s k3T + k5T) )

Let CF be the part of C' with = € [0,¢] and C_ the one with z € [—¢,0].
Then | o= /. ot /. o+~ We consider explicitly only one of the two
integrals, the second being evaluated in the same fashion,

T1/3/ ewl,T(k)TﬂkLTl/?’ dk
o
_ Tl/?’/ 67%iask3T6*ikT1/3(’“1*L)eo(sfk“lk?’w/ukw)dk (5.35)
cr

T / e~ 3i0ak T kA=) 4k 4 [, (L).
c:
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The error term is the integral along C with integrand

T1/3€7%ia3k3TefikT1/3(r1fL)(eo<5%k+81k3T2/3+k5T) —1) (5.36)

_ T1/36—§ia3k3Te—szl/3(m—L)eo(s§k+51k3T2/3+k5T)O (s%k + 51k3T2/3 + k5T).

The term in the exponential is —2icsk®T'(1 + x1) — ikT"*(ry — L)(1 + x2),
where x; and x» can be made arbitrarily small by taking € small enough (s;
is bounded). With the change of variable z = K7"/% we obtain

1 —iZ2a z°—1 ri—L)z _
Ey(L) = Tis /T1/€30+3 3(la)2?—i(lbxa)(n-L)z (siz 4 s12° + 2°T 1/3) dz.

(5.37)

Remark that at the boundary of the integration, the real part of the integrand
behaves as e 3%°°T This integral is uniformly bounded in T for (L, 7y, s;) €
B. The same holds for the integral on C-. Consequently Ey(L) = O (T~/3).
Next we extend the integration from C. to —mT"'/3(1,cos(7/6)) and
7T3(1, — cos(7/6)), obtaining the path D;. In this way we add an error
of O (efél(E)T) with §’(¢) ~ €®. Similarly we can complete the path up to
x=+NrT'3 y = —NzT"3/\/3 by straight lines. The integral is equal to
the integration from —N7T'3 to N7T'?, since the function is 207T? peri-
odic in the real direction and the error added by completing the integral is
exponentially small in T, for all N. Therefore we may take the limit N — oo.
Finally we obtain (5.33), since

/ e—i§a3z3—iz(r1—L) dz = 2_71- Ai (7”1 _ L) (5.38)

o K K

with kK = J/2as3. O
Convergence of Kr(rq, s9;71,51) with sy < s1.

Lemma 5.5. Uniformly for (s;,r;) € B, i =1,2,

K K K

(5.39)

=

[eS)
lim KT(TQ,SQ;T1,81> = —/ e
0

T—o00

with kK = /2as.

PROOF: Since (r1,73) € B, let us set Ly such that Ly < 2(|ry| + |r2| + 1) for
all 71, 75. K7 can be transformed into an integral adding an error O (T‘l/ 3).
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Let us fix an € with 0 < € < 1. Then

—LX

Lo e eT2/3 o LX
—KT(T2,52;7”1,S1) = / J1(L)J2(L) dL+/ Jl(L)J2<L) dL
0 L

472 . 472

+ / C MDRL AL O (T (540)

T2/3 47T2

with X = 1(s1 — s2)(1+ O (1/T)) > 0. Since |J;(L)] < T3, i = 1,2, the
third term is bounded by T%3¢=T**X /X — 0 as T — oo. By Lemma 5.4
the first term converges, uniformly for (u;, s;) € B, to

LO — L —_ L 89—s 1
/ Ai (” ) Ai (L) HH AL (5.41)
0 K K K
as 1 — 0.

We consider the second term. We have already established the point-
wise convergence of J;(L) to 2fAi (%) If we obtain that for large T,
|J:(L)| < G with a constant G independent of r;, s; and L € [Lg, eT?%/3], then
by dominated convergence

eT2/3 ) . _ L1 (s2—51)
L L
lim Jl(L)Jg(L)e‘LXdL:/Ai (“ )Ai (” )62 ———dL

i (5.42)

uniformly for (r;, s;) € B. This property is proven in the following lemma. [

Lemma 5.6. For L € [Lo,cT?3), |J;(L)| < G with the constant G indepen-
dent of s;,r;, and L, provided 0 < ¢ < 1 and T large enough.

PROOF: The exponential terms in (5.20) are purely imaginary for k real. Let
us set

HOE %(mLT—% + 1 7(k)), (5.43)

then

Ji(L) = T3 / eMIT g, (5.44)

—T

In particular for & close to 0,

(k) = —geak? (140 (0 7"15)) — (= YT (140 (4717)).
(5.45)
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Since (1, — L)T™2/3 ~ O (¢) at most, we set L = (L — r)T~%3. I(k) has
two local extrema at +k(L) with

L)= Ve (1 + O (Z + s%T—l/?’)) (5.46)

and ¢o = (203)" /2. Moreover for |k| > 2k(L), ¢! (k) is strictly decreasing.
Ji(L) = f_ﬂ cee = Z¢=1 fIi .-+ where I} = [, —200\/2], I, = [—200\/? 0],
I = [0,200\/2], and I, = [200\/2, 7]. The integrals along I, and I, are
evaluated similarly and so are the integrals along I, and I3. We present in
detail only the integration along I3 and I4. Let v = \/f Then

u(m) )
/...:Tl/?'/ BT qf = T1/3/ fw)e™ du (5.47)
Iy 2¢coy

(2co07)

where u = ¢! (k) and f(u) = dk(“) . Integrating by parts we obtain

u(m) u(m) u
—/ dfu)c . Tdu. (5.48)

u(2¢o7y) u(2¢o7) du T

uT

7173 /14 — f(u) ez'T

For k € I, with |k| < ¢ follows from (5.45) that 9 < 0 and % > 0. For
k> e,

- —T0 __ —70/2
du _L_ln(l—i-e 2e cos(k)

dk 14+ e — 2e—70/2 ) +0 (SlT_l/s) ‘ (549)

Then for k € I, with k > &, 9 < 0 and &% > 0. Therefore 4 —

2, dk dk? du
(jZ) 3ij Where = <0 and &% > 0 for every point in I,. Thus df ) does

not change sign along Iy, and

‘/ ‘ = T2/3 (1f ()] + 1 f (u(2e0m)]) (5.50)

Using (5.49), for T sufficiently large,

de

|f(u(m)| = ‘ 2In(l —e ™) —2In(1+e ™)+ 42+ 0O (81T71/3) | !
< (1= ™) —In(1+e™?)| " =Gy, (5.51)

provided ¢ small enough (which implies ~ sufficiently small). The second
term is bounded by

1+ O (v + 5, T7/3)

—3 <2/ (5.52)

| (u(2c07))] =
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for € small and s; € B. Therefore we have, uniformly in (rq, s1) € B,

2G1 2 2G4 2
< < + . 5.53
‘/14 ‘ ‘/Il ‘ T2/3 (L_Tl) 12/3 (Lo —7“1) ( )

Next we estimate ‘ ffs e ‘ .

2¢coy c27y ~
/ . Tl/S/ ezﬁ/){(k)T dk = Tl/S/ 6i¢(k)T dk (554)
I3 0 —c1y

where ¢ (k) = ¢! (k—k(L)), ¢1 = co(14+O (7)) and ¢3 = ¢o(1+O (7). Let us
define the paths & = {k =z, 2: —c17 — o7}, & ={k = —c17e ™, 0 : 0 —
74}, & = {k = e w0 —c1y — e}, &3 = {k = cyye®, o /4 — 0},
Then [, -+ = f&) o= 303 f& .-+, The integrals along & and &3 are
estimated in the same way.

~ /4
T1/3/ eV WT qf = T1/3/ e e FOTcin(1+ O (7)) dy (5.55)
& 0
and therefore

. /4 ~
‘T1/3/ ez¢(k)Tdk’ §2T1/3700/ e~ TIm(¥(k(¢))) de. (5.56)
&1 0

Since G(k(i)) = $(0) + 20 (0)k()2(1+ 61 (¢)) with 81(p) — 0 ass & — 0 and
K()? = (1 + O (3))e~2%, one has

Im(k()) = —%&”(0)%(@)2(1 +02())co7* (1 + O (7)) sin(2p)  (5.57)

with d2(p) — 0 as e — 0. Moreover, for € small enough, sin(2¢)(14+02(¢))(1+
O (v)) > . From this it follows

B 71'/4
& 0
AT B¢y
T2 | §70) |

o°] ~
< 2T1/3007/ eTegy* v (0)/2 dyp =
0

We compute 9" (0) = —2ycg" (1+ 0O (v*+ s1T7'/3)). Therefore for s, € B
and T large enough,

. 4 4
T3 / eW’f)Tdk;‘ < < . 5.59
‘ . ST =T (5:59)
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Next we need to evaluate the integral along &,

Tl/S/ RN g — /3 p—im/4 iTi(0) /C27 T (0)22/2(140(2)) 4,0 (5.60)

&2 —c17y

Then for sufficiently small 9,

&2 c1y
o0

< T / I/ gy < s / e Tlody  (5.61)

_ VAe _ i 7

VL —r a \47[/0—7‘1'

Thus we have, uniformly for s; € B and 7' large enough,

‘/13‘ S(Loérl)—’—m’ (5.62)

Therefore J;(L) is bounded by

4G, 20 N
< + + . 5.63
’ N T2/3 (LO - ri) Y 2043([/0 — T'i) ( )

|Ji(L)
Since Lo — r; > 2 and X > 0, it follows that Jy(L)Jy(L)e ¥ is bounded by
an integrable function on [Lg, T3] for 0 < ¢ < 1 and T large enough. [

Convergence of Krp(ry, s9;71,51) with so > sq.

Lemma 5.7. Uniformly for (s;,r;) € B, i = 1,2,

0
. — L — L\ dL
lim Kop(rg, so;71, 81) :/ ezl(s2—51) A4 <T1 ) A <7’2 ) e
T—o0 o K < o

) (5.64)

with kK = /2as.

PROOF: Let us set Lo such that Ly > 2(|ri| + |ro] + 1) for all (ry,r) € B.
Then the sum in Kp can be approximated by an integral at the expense of
an error O (T‘1/3). Let us fix ¢, 0 < e < 1. Then

0 oLX ~Lo oL X
Kp(re, s2;71,81) = / J1(L)J2(L)—dL+/ J(L)Jo(L)— dL

*LO 47T2 ET2/3 47T2

—eT2/3 eLX
+ / Ji(L)Jo(L)— dL+ O (T73),  (5.65)

2
. Am
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with X = 1(sy — s1)(1+ O (1/T)) > 0. The convergence of the first term

has already been proved. Let us set L = —(L — r{)T~2/3. In the remainder
of the proof we set

1 -
(k) = ;%,T(/{?) — kL. (5.66)
First consider L > e,

Ji(L) =T"3 / BT q. (5.67)

—Tr

With the change of variable u = ¥(k), f(u) = d’;glu), and integration by parts,
we have

21p(m) df(u)

J(L) <TY3222) max 5.68
L) = T kep-maum) | du (5.68)
To compute ’%&f) we use dﬁg‘) = —(%)—3%. @ is (5.49) with

L replaced by —L. It is easy then to see that uniformly for s; € B,
MAX e [ (— ) 45 ()] ’L(“)‘ < Gy L7 for Gy = 2/(sinh(9/2)¢)? < oco. Then

du
for a suitable constant G5 < oo,
|J1(L)| < Ga(ry — L)~ (5.69)
The same holds for J,, therefore the third term in (5.65) is bounded by
—eT?2/3 2
Gy
dL, 5.70
L. @i o1

which is convergent for 7" finite and vanishes for T' — occ.
Finally we consider 0 < L < e. Let us set 8 = /2(cosh(7/2) — 1). We

integrate over C' = {k =z +iy(z),y(r) = —/y(0)% + x2/3}, with iy(0) the
stationary point of (-, L), see Figure 9. y(0) = —ﬁ\/f +0 <Z3/2> and C

is almost the steepest descend curve for x small. This path has the property
that the real part of ¥(k) is strictly decreasing as |z| increases and

: 2 ~ _ ~
V(iy(0) = 5L (1 +0 (sz 13 4 L)) . (5.71)
We divide the integral in the part with |z| < ¢ and the remainder,

Jy (L) =TY3 / eYWT gk = T3 / eVWT qf = T3 / /T Ak + By (L),
—1TT C £
(5.72)

™
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Yo 'Re
| C |

Figure 9: Deformation of the integration path. The path from —m to w is
deformed into C' plus the dashed ones.

where

Ey(L) =T"3 /

VBT qk = © (6—5T6w(r:0)T) -0 <e_§T6_%5(r1_L)3/2> .
C\C:

(5.73)

We then need to integrate only close to x = 0. We first establish some
properties of ¥ (k) for x = 0.

Lemma 5.8.

) 0D oI PG
i) %lk:iy(o) = 0, _ N _ (574
i) COED) o = —2VI +O<L+\/231T*1/3>7 .
i) d31§§£’m|k:z‘y(0) = —%z’+(’)(f+51T—1/3>_

PROOF: i) follows from Equation (5.71) and ii) because k = iy(0) is a sta-
tionary point of ¢ (-, L). iv) follows from (5.34) because 2az = 1/3%. Finally

let A = \/f Then
d ¢k, L) d*y(k, L) dk

d\  dk? dk3  d\

(5.75)

and evaluating at k& = iy(0) and A = 0 we obtain iii). O
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With these properties
Ji(L) — Ey(L) = T3 / VT 4k, (5.76)

:6-g5Z3/2T60(E5/2T+Z3/28§T2/3)T1/3/ dke—%\/f(k—iy(()))zT —S,ﬁ(k iy(0))3T

v O< L(k—iy(0 2T+\/_(k 1y(0 51T2/3+Z(k—iy(0))3T+(k—iy(()))351T2/3+(k:—iy(0))4T>
(& .

Let v = /ry — L, then VI = yT~1/3. Let k' = k—iy(0), then the integration
is along C! = C. + 1y(0).

k3T

3@2

J(L) = By(L) = 7 307 OG0T s / dke

!’

x explO (VKT + ysi kT3 + B3T3 + k331T2/3 + E'T)]. (5.77)

Since L can be made arbitrarily small, for s; € B the exponent of the term
in the integral can be written as

V25273 3
——=k“T°(1 — —k T(1 5.78

6 ( + Xl) 362 ( + X?)? ( )
where the y; can be made as small as desired by choosing ¢ small enough.
After the change of variable kT/? = 2 the integral becomes

/ dze 57 () g (xa), (5.79)
Cl

171/3

The integration is taken along a contour, symmetric with respect to the
imaginary axis and such that for Re(z) > 0, arg(z) € [—7/6,0]. This implies
that the integral is uniformly bounded.

Replacing the term in front of the integral (5.77) by one, the error can be
estimated as

A (PR ), (5.50)
since the integral in (5.77) is bounded. For L < e,
(ry — L7738 4 (ry — L*T7V3 < (ry = L)*?e 4 (r, — L)Ve.  (5.81)

As a consequence

2 5m—2/3 3427—1/3
6—3373 (6(9(7 T=2/34y siT / ) _ 1)

IA

%, (e 8.3 (v 5T_2/3+733%T_1/3)>

< 0 (T-1/3 —5(n- LWQ). (5.82)
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After this step we can also remove the error inside the integral (5.77). As in

the case of L € B, the removal of this error leads to an additional error of
2 2 .

T-1/3 with the prefactor e~3%=1** " Consequently we have obtained

Jl(L> e efgﬁ(rlfL):WZ / dze—%z2€7$2-z3 + O (T*1/36*%ﬂ(7'1*L)3/2)
C,

éT1/3
£ O (T et 4 0 (T Pn -t (5.83)
Next we change to the variable z = w + i¢3+v/r; — L. The integral becomes
/ ¢ wE’ = g, (5.84)
CLTY/3+4iBy

Finally completing the contour of the integration such that it goes to
infinity in the directions arg(w) = ¢4 with ¢, = —7/6 and ¢ = —57/6
leads to an exponentially small error. Using that 2as = 1/3?, the main term
goes to 27” Ai (%) Since the errors are integrable in L and go to zero as
T — oo, we obtain, for sy > s1,

0 — L — L\ dL
lim Kop(ry, s9;71,81) = / ezlls2=51) Aj <L) Ai <T2 )
K

T—o0 o K l€2

(5.85)

with kK = /2as3. O
With the change of variable A = L/k, (5.85) is rewritten as

T—o0 K K

0
lim Kp(rg, se;ry,s1) = /1_1/ eaAs2=s)R A (ﬁ - /\> Ai (7“_2 - /\> d\
_ —1AiryEE.EE>
kK (/-g’QSQ’/-g’QSl : (5.86)

0

6 The border step, Airy process

As explained in [15], the Airy field is a random field which is concentrated
on line ensembles {h(t),t € R, ¢ € Z, } with the properties

i) t — hy(t) is continuous,

i) he(t) < he—1(t) for all ¢.

The first line, ho(t), of the Airy field is by definition the Airy process, denoted
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by A(t). A(t) is almost surely continuous, stationary in ¢, and invariant
under time-reversal. Its single time distribution is given by the Tracy-Widom
distribution [20], known from the largest eigenvalue of GUE random matrices.
In particular, for fixed t,

P(A(t) >y) =~ e V"3 for y — oo,
P(A(t) <y) =~ e P2 for y — —oo. (6.1)

The Airy process is localized. On the other hand it has long range correlations
as

(A0)A()) — (A0)? =~ |t for |t] — oo. (6.2)

The convergence of 75 to the Airy field, as stated in Theorem 5.1,
implies that the border step statistics, properly scaled as Ap, cf. (1.13),
converges to the Airy process.

Theorem 6.1. Let Ar(s) be the border step rescaled as in (1.13) and let
A(s) be the Airy process. Then for any m,s;,a; € R, i =1,... ,m, the limit

hm Pr (ﬂ{AT ) < ay > =P (m{A(SiI{/Q) < ai/m}) (6.3)

holds.

PROOF: Let f; be the indicator function of (a;, 00). Then (6.3) corresponds
to

hm Pr (ﬂ{nedge firsi) = 0}) - P (ﬂ{nAiW(fi/,i,sm/Z) = 0}) . (6.4)

We choose a large enough and split f; = f+¢® with f the indicator function
of (a;,a] and ¢ the one of (a,00). Then

Z]PT ( edge(ga g) > 1) . (65)

IA

The term

Py (ﬂ{nedge —0}> (6.6)
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converges to

P (ﬂ{nmry(ff//ﬁ sif/2) = 0}> (6.7)

which yields the right hand side of (6.3) as a — oc.
The terms in the sum of the right hand side of (6.5) are bounded by

Pr (U%dge(9a> si) > 1) < Er (U;dge(gaa Sz‘)) = /OO Er (ﬁ;dge(ra Sz')) dr.
(6.9)

From (5.18),

472

E; (n;dge(r, si)) ~ /OOO L —p2ar. (6.9)

Ji(—L) is indeed a function of r 4+ L, which asymptotics has been studied
already for r + L large, but bounded by r+ L < T?/3, with the result (5.83).
Therefore the integrals in (6.8), (6.9) converge for r + L < eT%3.

Next consider r + L > eT%/3. Let L = (r + L)T~2/3. With the change of
variable u = ¥ (k) and integrating twice by parts, we obtain

21 () d*k(u)
Ji(—L)| < T3~ 6.10
(=Dl < T2 kelu(omb(n)] ‘ du? (6:10)
Similarly as for (5.69) we have,
d*k(u) ~
max < G{L7?, 6.11
RE[b(—m).3 ()] ‘ dus | =7 (6:-11)
for a suitable constant G; < oo, which yields
|Ji(=L)| < Go(r + L)2T771/3 (6.12)

for some constant Gy < oo. Therefore the integrals in (6.8), (6.9) have a
bound G(a) uniform in 7" which vanishes as a — oo
0

Probabilistically, it would be natural to lift Theorem 6.1 to the weak
convergence of path measures. The missing piece is the tightness for the
sequence of stochastic process Ar(s). We have not attempted to fill this gap.
The interested reader is referred to [8], where tightness for the edge scaling
of the Aztec diamond is proved.
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A Fermionic correlations

A.1 Two-point function

Let A= >k 1ez Aryaga; be the second quantization of the one-particle matrix

A. It is assumed that e~ is trace class and Det (1 + e?) # 0 (see [16], Chap.
XIIT). We use the identities

e Aaret = Za; e e aet = Z [e4]:ja;. (A.1)
jez jez
Then
1 ~
(afaj) = 7 Tr (6 Aafaj) = Z 7 Tr (a:;[e A]me’Aa]) (A.2)
nez
= D e ni(=(a505) + 850) = [0 = Y (anaz) e ns
nez nez
and
D Aapl + e Mnaaz) = [ (A.3)
neZ

Finally multiplying this expression by Y., [(1 4+ e )], ,, we obtain

(amaz) = [(1+e)jm. (A.4)

A.2 Proof of (2.43)-(2.45)

We prove recursively that

<a:1aj1 T a;“n) = Det (R(ikvjl))lgk,lgn ) (A.5)
where
o et ay) if k£ <1,
R(ir, j1) = { _<Zjlafk> Hk> L (A.6)

Then, taking iy = jj for all k, the result (2.43)-(2.45) is obtained. For
n = 1 the formula holds by definition. Suppose the formula (A.5) has been
established for some n, i.e.

<a7>;k1a]'1> <a/;<1aj2> T <a7>;k1ajn>

<a* A, a* a; > = _<aj2a>;1> <a2{2aj2> e <a’>ik2ajn>
7:1 1 Z.n In - . . X

(A7)

*

—(aj,ai) —(aj,ai,) -+ (aj aj,)
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We will need one more expression for (---) such that in the first k pairs the
annihilation operator precedes the creation operator,

*
<a]1ai1 tr a]kalkalk+1a]k+1 : a a]n> -

_<aj1a;<1> U <a2<1 ajk> <azlajk+1> U <a:<1a]n>
— (_ k _<a’jka’2<1> e _<a’]ka’>:k> <a’2ka]k+1> e <G/’Lka]n>
_<a’jk+1a’i1> T _<ajk+1a’ik> <a1k+1a]k+1 <azk+1ajn
—(aj,a;) - —(aja;)  —(aa, ) o (afag,)
(A.8)

Let us prove this formula. For k& = 0, it agrees with (A.7). Suppose it to be
true for some k. Let us then prove that the formula (A.8) holds for k + 1,

* * *
<ajlai1 T a’jk+1aik+1aik+2ajk+2 : (I a]n> -
- — . * . .
<a31ai1 a]kalka2k+1a]k+1 : CL a.]n> (Ag)

*
+ 6ik+1vjk+1 <aj1 ail ' a]k alka’lk+2ajk+2 tet ainajn>'

Using the expression (A.8) and considering the expansion of the determinant
in the (k + 1) column (or row), it is easy to see that (A.9) corresponds,
up to a factor of —1, to the expression (A.8) but with the diagonal term
aj, . aj., replaced by —aj,  aj . Therefore (A.8) holds for k + 1, too.

Now we prove (A.7) for n + 1 by using (A.7) for n and (A.8) for n and
k<n,

1 ~
* * e — _A * . .« .. * .
<aqaj1 e ain+1ajn+1> - 7 Tr <€ Qg aj, ainHaJnH)
1 ~
_ E A * *
- E[ ] Tr ( jl U a’in+1ajn+1a’m)
meZ
=— e Mg lata; ---a’  a; ..) (A.10)
m.q J1 tn4+1 Jn+l .
mEZ
n+1
2 : * % *
+ ]p q a]l 7,2 U ajpfla/ipa’ip+1a’jp+1 M ain+1ajn+1>

+ [eiA]th <0J G Qo = * a:n+1ajn+1>'

We take the term with the sum over m € Z together with the first one and
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multiply the whole expression by >, [(1 + e~ )71, to obtain

<a“;‘k1 ajl T ajn+1ajn+l> = <a”>;1 aj1><a”>;2aj2 T a;f(n+1a/jn+1> (A]‘l)
n+1

* * * * *
_'_ : : <a’i1ajp><aj1 a”ig T ajpfla’ipaip+1ajp+l e a’in+1ajn+l>'
p=2

Using (A.7) and (A.8) for n terms we see that this last expression is noth-
ing else than the expansion with respect to the first row of (A.7) with n
substituted by n + 1.
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