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INTRODUCTION iii

Introduction

Self-avoiding random walks on a lattice with nearest neighbor steps are used to model
polymers. Variations of such walks, such as the Domb-Joyce model where each walk
receives a penalty e™? for every self-intersection are also used. But many questions
are not known rigorously in the most interesting dimensions (two and three). Known
results are in dimension one or dimension five or higher (see [3]| for a discussion of
one dimensional random polymers).

In [1] the authors proposed a model of protein folding in which the interaction
between carbon atoms is replaced by linear springs with Gaussian fluctuations. The
equilibrium correlation between fluctuations of two carbon atoms can be expressed
in terms of a connectivity matrix (similar to contact maps used in [4]). Their re-
sults on the variance of atom positions are in good agreement with experimental data.

In the present work we investigate properties related to self-intersections of
random walks on various lattices. We are motivated by [4] where the authors studied
contact maps for self-avoiding walks. The contact map of a self-avoiding walk of
length N is the matrix S € My,1(R) such that S;; = 1 if steps ¢ and j (¢ # j) are
nearest neighbors and S;; = 0 otherwise. They studied some statistical properties of
these contact maps analytically and also carried out numerical simulations.

Here we will consider random walks that intersect with or without constraints (like
the avoiding of immediate return), the contact matrices of such walks are the matrices
C € Mn41(R) such that C;; = 1 if steps ¢ and j (i # j) are at the same spatial
position and C;; = 0 otherwise.

The main quantity we investigate is the exponential growth factor of the number of
different contact matrices in the asymptotic limit when the length of the random
walk goes to infinity. Our principal result is that, to leading order, the number of
contact matrices equals the number of random walks for unweighted random walks.
We also present some results on the degeneracy of the different contact matrices (i.e.
the number of random walks that cannot be distinguished by looking only at C).

Now we describe the structure of this paper.
— In section 1 we give some definitions and introduce the problem to be studied.
— In section 2 we consider the one dimensional random walk.

— In section 3 we consider random walks on a strip. We give the asymptotic
behavior of the number of contact matrices. We also compare the end-to-end
distance of two cases.

— In section 4 we consider random walks on two dimensional lattices. We give
some results on the growth factor, on the degeneracy and on the end-to-end
distance. The recurrence property of these walks will be important.
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— In section 5 we consider simple random walks on Z?. We give a result on the
degeneracy (proved for d = 3) and on the growth factor. In this case the result
will be determined using properties on large deviation of the support of simple
random walks.

— In section 6 we look at self-avoiding and bond-self-avoiding (i.e. each bond
cannot be occupied more than once). In these case we have a different result on
the growth factor. First we adapt a theorem of Kesten on self-avoiding walks
for bond-self-avoiding walks. After that we give the result on the exponential
growth factor.

— In section 7 we consider a particular case of random walk. Each walk receives a
probability weight as function of the number of intersections. We give a result
directly related to the growth factor but for a weighted number of matrices.
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1 Definitions

We consider the set of random walks on a d-dimensional lattice £ starting from the
origin. The random walks are not necessarily simple and while £ is often Z<, it is not
always so (for example it can be isomorphe to a subset of Z?, like for the honeycomb
lattice). First some definitions.

Definition 1. The probability space (2, F,P) is defined as follows:
— Sample space: Q ={w = (0,w(1),w(2),...) s.t. w(i) € L foriec N*},

— Set of events: the g-algebra is the one generated by the set of cylinders C, which
1s defined by

C={A,={weQst wk)=a,€L fork=1,...,n},n>0}.
Let us consider a cylinder

Ay ={weQst wk)=a,e L fork=1,...,n} =[ay,...,a,)
The complementary set AS is given by

Ar = {weQ st wlk)#a, €L forat least a k € {1,...,n}}

= U by, ..., b

b1,..., by s.t.
30 s.t. a;#b;
and the union of two cylinders A, = [ay,...,a,] and By, = [by, ..., by] is given
by
A, UB,, ={w e st w(i)e{a;b} fori=1,...,min{n,m}}.

Let? be the algebra generated by C. Then F = T(g) s the o-algebra generated
by C.

— Probability measure: we define the probability measure on the cylinders.

P(4,) = Pw(l)=a,...,w(n)=ay,)
P(4y) = 1

The probability measure depends on the constraints on random walks. Since it
is bounded (P(€) = 1) there exists an unique extension of the measure P on the
o-algebra F.

We will often consider the random walks with a fixed length N. In this case
Qy = {w = (0,w(l),...,w(N)) s.t. w(i) € L}, the o-algebra considered is the one
generated by the set of cylinders of length N at most.
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The probability Py is defined in the same way'. In fact we are interested in those
w € )y that occur with non-zero probability. Therefore we define

QN = {w < Q?V s.t. ]P)N(CL)) §£ O}

Let the cardinality of Qy be denoted by Card(2y). In what follows, with the only
exception of section 7, we give the same weight to each w € Qy:

1

IEDN(w) = m

Definition 2 (Random walk). Let £ be a d-dimensional lattice (e.g. Z%). A random
walk of length N, a N-random walk, is an element of y.

Definition 3 (Simple random walk). The simple random walk on Z<¢ is the one
such that the wvector-valued displacements X are independent and identically dis-

tributed with P(Xy = ¢;) = P(Xy = —¢;) = % where Z¢ 3 (e;), = 0pi, i =1,...,d.

Definition 4 (Concatenation). The concatenation of two walks wy and ws of length
N1 and Ny respectively is the walk of length N1+ Ny defined as follows:

(k) = wi (k) fork=0,..., Ny,
o wl(N1)+w2(k—N1)—w2(O) fO?”]{?:Nl—I—l,...,Nl—f-NQ.

Definition 5 (Support or Range of a random walk).
The support (or range) of a N-random walk w = (0,w(1),...,w(N)) is the number of
different lattice sites visited by the random walk, i.e.

Ry = Card({0,w(1), ..., w(N)}).

Definition 6 (Intersections). The number of intersections of a random walk is
defined to be the number of steps for which the random walk visits a place that was
already visited by it. Therefore the number of intersection is N +1 — Ry.

Definition 7 (Contact matrices). Let w = (0,w(1),...,w(N)) € Quy be a random
walk of length N. We define the application C

CZQN — MN+1(R)
W — Ci,j(w),i,je{o,...,N}

_ S ifwi) =w(j),i #
where Cij(w) = { 0  otherwise.
The contact matriz of w is its image by C. The degeneracy of a contact matrix is

the number of random walks corresponding to that contact matriz®.

'In what follows the index N on Py will not be written explicitly when not necessary.
2See figure 1, page 4.
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Definition 8 (Growth factor). Let W(N) be the total number of different contact
matrices of the N-random walks. The growth factor of W(N) is given by

. WnW(N)
N Card(Qy)

The limit of the growth factor is denoted by 7:
Y= Nhlnoo TN

In the case considered (except for the m-strip with m > 2) the cardinality of Qy
is well defined because for each step we have a fixed number of choices?, say C, then

Card(Qy) = CV and % = In C. For the m-strip with m > 2 we expect that

exists a C' such that limy_ % = InC (but it is not necessary for the proof).
The existence of the limit is assured by a superadditivity property.

Proposition 9.
The total number of different contact matrices W(N) satisfies

W(N + M) > W(N)W (M) (1)
and this implies that
1 N
A}im In W(N) exists in (—o0, 0] (2)
and is equal to
. InW(N) InW(N)
l —_— — S e — 3
i TN )

PROOF.

Let us consider two contact matrices Py € My41(R) and P, € My;41(R). Then for
each choice of w; and wy, whose contact matrices are P; and P; respectively, the contact
matrix P € My n11(R) of w = wy o wsy, the concatenation? of w; and ws, is of the

form P 0
r=(gr )

where ) is a matrix in My y(R) that depends on the intersection of w; and ws,
(Pi)n+1.n+1 and (Py)1 7 overlap. Since generally each contact matrix corresponds to
more than one random walk, whose intersections with another walk can be different,
W(N + M) is greater than W(N)W (M) and equation (1) is verified.

The sequence {InW(N)}y>1 is superadditive. It also clearly has an upper bound
NlnD (D is the coordinations number of £), so (2) and (3) hold (see lemma 1.2.2
[7])- O

3The first step can have a different number of choices, C’, in which case Card(Q2y) = CVN=1C’
but the behavior is exactly the same.

41t is always possible to choose, for each P,, a wy such that the concatenation satisfies an eventual
constraint related to the previous step because of the first step freedom.
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Definition 10 (End-to-end distance). Let us consider a random walk on a lattice
L and let X1, ..., Xy be the vector-valued displacements. Then the total displacement
s given by the random variable Sy = Zi\;l Xy. The end-to-end distance is defined

by \/E(S%).
Formulation of problem

The main question we study is the growth factor of the number of contact matrices.
It can be expressed as

where the degeneracy of the matrix C(w), degC(w), is the number of different w
which give the same C(w).

A walk w
A subset of walks

@ with the same
contact matrix

Figure 1: Illustration of contact matrices and random walks.

Example 11. In the next figure, the first two random walks have the same contact
matriz and the third one has a different contact matrix.
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Figure 2: Three random walks of same length (23 steps). w; and ws have the same contact matrix
because they have the same intersections (1 = 5, 3 = 13, 9 = 21, 10 = 20). The contact matrix of

23 18 23
2
22 19
8 9 17 20 10
21
10[ 21
16 T
L
5 19 15 13 5
12
4 14
3 18 4
13
15 16
walk w; walk wo

22

15

22
23 21
11 10
12 |9
13
14 | 18 |19
17
16 3
4
1|2 5
_—
walk ws

ws is different because its intersections are 2 = 16, 10 = 20, 11 = 23, 13 = 17.
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2 The one dimensional random walk

The one dimensional case is almost trivial. In fact, let us consider a N-random
walk on Z (with unit steps), w = (0,w(1),...,w(N)). The cardinality of Qy is 2V.
Because of the symmetry of the positive and negative direction, the random walks
w = (0,w(l),...,w(N)) and " = —w = (0, —w(1),...,—w(NV)) correspond to the
same contact matrix. Let us consider the class of random walks such that w; = 1.
Then for each choice of the next N — 1 steps the corresponding contact matrix will be
different. In fact for the step k£ the contact matrix will have C ;_2 = 1 in the case that
the random walk come back immediately or Cj ;—2 = 0 in the case that the random
walk does not turn at step k.

Therefore the total number of different contact matrices W(N) for the set of N-
random walk is

W(N) =21,
The degeneracy of each contact matrix is exactly two and the growth factor is

N -1
nyziN —y=1as N — o0.

3 Random walk on a strip

We consider a random walk on a m-strip, i.e. the lattice Z x {0,...,m — 1}. We
prove that, if the probability that the end-to-end distance of an N-random walk
satisfies some weak decreasing conditions, then the growth factor goes to 1 as N goes
to infinity. To achieve this goal we find a lower bound of vy that converges to 1 as
N goes to infinity.

For the case of a 2-strip the cardinality of the total set of random walk is well defined.
For the unconstrained random walk we have Card(Qy) = 3" and for the case in
which the random walk cannot come back immediately Card(Qy) = 3-2¥~!. In the
case of a m-strip the cardinality of Qy grows exponentially in N, Card(Qy) = ™V
(clearly 7y > 2)°.

First we give the proposition for m € N fixed. After that we verify the hypothesis
used in the proposition for the z-component of the position (the one whose value can
be in all Z) for m = 2, both for an unconstrained random walk and for a random
walk that cannot come back immediately. We also give an argument for the m-strip.

Let us consider a random walk on a m-strip starting from (0,k) with
0<k<m-—1. We are interested in the position of the x-component of the ran-
dom walk after NV steps: Sy. We introduce the random variables of the displacement
in the z-direction X;,7 =1,..., N and the random variable Sy = 21]11 X;.

5For the random walk on a m-strip without constraints, 7 goes to 4 — %%1 when N — oo.
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Proposition 12.

Let Xy,..., Xy be 1D random wvariables corresponding to the x-component of a N-
random walk (the only non-zero probabilities are P(X; = 1), P(X; = 0) and P(X; =
—1)) and Sy = ZZ]\LI X;. If Sy satisfies the following property®:

1. B =limsup max NP (|S;| > N<) <1 for some a < 1,
Nooo 0SSN

then (W(N
o OVOV))

N n(Card(Qy))

PROOF.

Let Qu be the set of all random walks on an m-strip starting from (0,yp). In the
unconstrained case (case a) 3V < Card(Qy) < 4% and in the second case (case b)
2N < Card(Qy) < 3V.

We subdivide Qy in two disjoint subsets QY and (Q°)¢:

1. Qv D 00 = {w € Qy s.t. ’Sl’ < N* Vi e {O, ce ,N}},
2. On D () ={w e Qn s.t. T €{0,...,N}st. |Si| > N}
First we find an upper bound for Card((Q2°)¢) = Card(Qy)P(w € (2°)°).

Pw € (2°)°)

P({3ie{l,...,N}st. |S] >N}
P (UL, {15 = N*})

< Zizl IP)(|Si| = Na)
S NTN7
where TN = maXo<i<nN ]P)(|Sz| Z Na).

Then
Card((Q")¢) < Card(Q2x)NTy.

But as Qx = Q°U (Q°)¢ and Q° N (Q%)° = &,
Card(92°) = Card(Qy) — Card((2°)¢) > Card(Qy) (1 — NTy). (4)
We consider a subset of Q°:
Q5 Q={weQ st wi)=u(),Vie{0,...,m(N,a)}}

where m(N,a) < [N® — 1](2m + 2) + 3(m — 1) and @ is the following (fixed)
m(N, a)-random walk’. & starts from (0,yo), finishes in (0,70) and covers all points
of the strip such that |z| < [N®] — 1. The construction of such a walk is simple. First
w goes from (0,yg) to (—[N®] + 1,y0) directly, then to (—[N?] + 1,0) directly. After

6Tn fact this property can be replaced by a more general one: % In(1— NP(|S;| > N¥)) — 0 as
N — oo, forall0<i<N.
7[2] is the integer part of 2.
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that we fill all the desired points (remaining always in the rectangle to be filled).
In fact we can choose w such that it goes straight from left to right, then increase
the y-component of by one unit and goes from the right to the left directly. This
procedure is repeated until the rectangle is filled. After that @ goes from corner to
the starting point in less than m + [N* — 1] steps.

Now we estimate Card(€2):

PweQ) = PweQnw0)=a0)N...Nnwm(N,«a)) =o(m(N,«)))

m(N,a)
= Pwe QO)IP< () w(i)=&()|we Q°>
h w(k) =w(k),w e QO>

i=0

k=0
4-m(N:2) in the case a,
3—m(N:9) i the case b.

m(N,«

)
= Pwe) H P (w(z’) = (i)

> P(w eQO){

We have obtained:

_ 4=m(N:2) in the case a,
Cafd(Q) = Card(QO) { 3-m(N.2) in the case b. (5)

Putting together equations (4) and (5) we obtain,
for the case a:

Card(Q) > 47N (1 — NP(|Sy| > N®)) Card(Qy)

and then
1-B>0,N—oo
lim In Card(ﬁ) ~ lim (1 _ m(Na)nd lnm>
N—oco In Card(Qy) N—=oo NlnTy Ninty
= 1 because o < 1 and hypothesis 1. (6)

For the case b we proceed exactly in the same way. Now we can conclude the proof
because W(N) > Card(Q2). In fact, let w € Q, then for each step from m(N,«) + 1
to N the path intersects one of the first m(N, «) steps, therefore for each choice of
these N — m(N,a) + 1 steps we obtain a different contact matrix. Moreover, since
W(N) < Card(Qy), we have

1> Tim InW(N) > lim In Card(2)

A S — = 1.
~ N—ooln C&I‘d(QN) ~ N—ooln Card(QN>
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3.1 The unconstrained random walk on a 2-strip

In this case the random variables of the z-displacements X;, i = , N are iid and
such that
PX;=1)=PX,=-1)=P(X;=0) ==

When X; = 0 the random walk moves in the vertical direction.
Now we compute the distribution of Sy when N — oo. Let ®g, (&) be the character-
istic function of the random variable Sy and ®x, (£) the one of X;. Then

sy (§) = B (57) 2 (B ()" = (@, (€))".
For the random variable X; we have
Px,(§) =3 (¢ +1+e).

Therefore

> = E(X; —E(X) "= (~i) &by, (

)‘gzo:%

For a 1D random walk Wlth transition function p(x,y) = P(X; = y — ) that satisfies

p=0and o2 < oo, S\/—fi = \ﬁ Zl , X; converges weakly® to the Gaussian distribution

N (0,0?) (with mean 0 and variance 02). Therefore

Sy >

Pl =<=x d as N — oo.
(m = ,/—Am ’

Now we derive the property used in the proposition 12. By Markov-Chebyshev’s
inequality
E (ISn]*)

o
In our case for N large enough E (]Sy|*) = 3N%02. Therefore taking § = N with
a = 7/8 we obtain (for large )

P(|Sn| > 9) <

P (|Sy| > N7/8) < 30°N~%2.

Consequently

30 N—oo
NP (|Sy| > N7/8) < =—— =570

When N >> 1, N* >> 1 too and therefore
1. P(]S;] > N*) =0 for 0 <i < N® and

2. P(|S;] > N®) < 328 < 30°N~—3/2 for N® <i < N.

Property 1. is verified.

8See [11] proposition 8 chapter 2, paragraph 6, page 64. The method is the same that we use in
the other cases.
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3.2 The random walk on a 2-strip without immediate return

The end-to-end distribution is more difficult to compute in this case because the
displacement in the z-direction depends on the previous one. We prove that the
probability distribution of Sy converges weakly to a Gaussian with variance 2N.
Once we have this result, the property verified in the previous case are true also in
this case (with a different value of o2).

Let us define the following random variables®:

a(N,z) = P(Sy =z|Sy_1=2—1)
b(N,z) = P(Sy=z|Sy_1=2+1)
¢(N,z) = P(Sy =x|Sy_1=1)

Since the random walk cannot be in the same position after two steps, the relations
of these random variables for two consecutive steps are:

a(N,z) = %(Q(N—l,x—l)—l—c(N—l,x—l)),
BN, z) = %(b(N—1,x—|—1)+c(N—1,x+1)),
¢(N,z) = %(a(N— Lz)+b(N —1,x)).

We define the characteristic function of these random variables
O, (N,&) =Y p(N,z)e" for p=a,b,c
TEZ

and the characteristic function of Sy

B, (&) = Y P(Sy = 2)e’” = Bo(N, €) + By(N, £) + D (N, §).

TEZ

Finally we define

P, (N, §)
(N, E)
With these definitions we obtain a matrix relation between ®(N, §) and ®(N—1,&):
1 et 0 e
AN, =5 | 0 e e oV - 1)
1 1 0
=T

We choose the initial condition to be ®(0,€) = 5 (1,1,1), i.e. the initial position is
x = 0 and we have equal probability to go right, left or vertically. To obtain the

9P(A|B) is the conditional probability of A knowing B.
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asymptotic probability distribution of Sy we need to compute ®(N,¢) and then sum
over its three components. In order to compute ®(N,§) = 5TV (0,£) we diagonalise
T, whose eigenvalues are

A= _17
Ao = v+Vi2-—2,
A3 = v—V2 -2,
with v = W
A calculation gives:
DV R VAV

CI)SN(g)_ 62N ’ 1/2—2+ 22N

Now we want to study the characteristic function of Sy when N goes to infinity.

N—o0

For & near to 0, |Ao] > |A3], so that 1 + (:\\_3> — 1, 575= =1+ 8¢ +

O, Ny = 22(1 — &) + O(&").  Therefore E(Sy) = 0 (by symmetry) and
B(S3) = (—i)? s, (6)] ,_y = 2N

dag?
Let us consider the rescaled random variable
Ay = S_N
V2N

As N — oo, for each fixed &, \/% goes to zero and the terms (\o/A3)" vanish.
Therefore

Bay(§) = E(eisAN):E(eiii%):@SN (§:%>
- AQéé;)N-(lJrO(%))

|
3

oN ¢ >-(1+O(f_]\j)>
_ LN (o)) (1 e (575'))

2
_ SoE). (1 Lo (%)) Now -5

e ¢°/2 is a continuous function at £ = 0 and corresponds to the characteristic func-
tion of the normal distribution. Therefore the Paul-Lévy theorem implies that the

sequence of random variables { Ay = S converges weakly (in law) to the nor-
V2N J N>y

mal distribution A/(0,1).
The probability distribution of Sy converges to

SN ) 1 /x 42 . 9
Pl ——=<z| =— e 22 dy with 0 =2
(VN_ V2mo? J_oo Y
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as N goes to infinity.

Now that we have the probability distribution of Sy, hypothesis 1. of proposition 12
holds (their verification is the same as in section 3.1). Then for the random walk on
a 2-strip with the constraint that cannot come back immediately we have 7 = 1.

3.3 Comparison of the end-to-end distance

We can also compare the end-to-end distance of the two random walks considered!®.

Type of random walk E(S%)

unconstrained random walk

2N
3
random walk without immediate return V2N

Table 1: The end-to-end distance on a 2-strip.

The effect of the constraint on the end-to-end distance is not negligible. In fact the
end-to-end distance increases by a factor V3 due to the constraint.

3.4 Complete asymptotic behavior of W (N)

In this section we give the expected behavior of W(N) using numerical values of
C;Ki((];;)lv) for N € {15,...,25}, for the 2-strip with the condition of avoiding an imme-
diate return. We do not give an analytical proof but an argument for this behavior.
The asymptotic guessed form of W(N) is W(N) = A2V,

The expected number of visited points on the 2-strip behaves like C'v/N. Moreover
it returns to the origin a lot of times (C’v/N). Each of the C+/N steps for which
the random walk visits a new site, it has at most two possible choices (“degrees of
freedom”), which do not affect the contact matrices (until this step). But the contact
matrices can be different due to later steps, and since it comes back frequently and it
has only two possibilities to do that in the y-direction, a lot of “degrees of freedom”
are destroyed for the typical random walks. Clearly there are some remaining degrees
of freedom, mostly of them at the “boundary of the walk”.

Let us define A(N) = %. Then 2 cases can occur:

1. there exists a K > 0 such that W(N) > K2" for N large enough,

2. there does not exists a K > 0 such that W(N) > K2V for N large enough.

10The asymptotic end-to-end distance is equal to the one for the z-component because E ((S}’V)Q) €
[0,m?] becomes negligible with respect to the one of the z-component that grows linearly in N.

2
o0 —_—z_
Moreover 7\/21? = e zneZz? do = No?.
TINO -
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In the second case liminfy_, A(N) = 0. In the 2-strip case without immediate
return, the data shows (see figures 3 and 4) that A(N) “increases”!! with increasing
N, therefore we expect that A(N) goes to a limit value A > 0 when N — oo.
Therefore we are in the first case. Note that this behavior is the same as in the one
dimensional case'?.

If the A(N) ~ N~ for a 0 > 0, i.e. a power correction, then the limit of A(/N) would

be 0.

Remark 13. In all the 2D cases*® for which we have numerical results (for small
values of N) the situation is different. In fact A(N) “decreases” when N increases't.

0.085

0.0825 |- i
0.08 [ e i
0.0775 |- T g

0.075 |- g et 1

A(N)

00725 | e T A
007 | I

0.0675 - 1

0065 Il Il Il Il Il Il Il Il Il
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

1/N

Figure 3: A(N) as a function of + for random walk on a 2-strip with immediate return avoided.

3.5 The random walk on a m-strip

For the case of a m-strip we give an argument that v = 1.
First let us consider the unconstrained random walk on a m-strip. In this case P(X; =

1) = P(X; = —1) = 3P(X; = 0) = 7 when the random walk is not on the boundary

of the strip, i.e. the y-component is different from 0 and m — 1, in which cases we
have P(X; = 1) = P(X; = —1) = P(X; = 0) = 5. Then if we take the sequence of
the z-displacements, {X;}¥ ,, the probability of having a non-zero z-displacement is

"Tn the sense that the global behavior increases, not that A(NV) is increasing strictly speaking.

12The fact that a model on a strip is closer to a one dimensional model than a two dimensional is
of course not new (see [3], section 2.3).

13See table 4 in the appendix for the enumeration.

14See plots 10 to 14 in the appendices.
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0.1

0.09 | |
X B AA A

++++++++++++
0.07 | + + p
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0.04 - 1

0.03 ]

0.01 - 1

0 I I I I I I I I I I I I I I I I I I I I
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N

Figure 4: A(N) as a function of N for random walk on a 2-strip with immediate return avoided.

less than in the 2-strip case. Then the probability distribution of Sy cannot be more
spread out than in the 2-strip case. Therefore the probability distribution satisfies
the hypothesis of proposition 12.

In the case of a random walk on a m-strip for which coming-back immediately is
avoided, the same argument applies, and proposition 12 too'®.

15Tn [10] the authors computed that the diffusion coefficient for random walks on strips of finite
width m is K = 5= for the unconstrained random walk (except for the boundary constraints),
but they did not compute the exact distribution of Sy.



RANDOM WALKS ON TWO DIMENSIONAL LATTICES 15

4 Random walks on two dimensional lattices

We consider random walks on a 2-dimensional lattice. We have looked at the following
different cases:

1. the unconstrained random walk on Z2,

2. the random walk on Z? that cannot come back immediately,

3. the random walk on Z? that turns 90 degrees at each step,

4. the unconstrained random walk on the honeycomb lattice,

5. the random walk on the honeycomb lattice that cannot come back immediately.

For all these cases we have some exact numerical result for small N. If we look at
the data!® for the 2D walks we could guess that the total number of contact matrices
W (N) grows less rapidly than Card(Q2y) in the sense that 7 < 1. Nevertheless we can
prove analytically that also in this case 4 = 1. This result is related to the asymptotic
behavior of the range (the number of different visited points) of the random walk. For
recurrent random walks the proposition holds also if the displacements are not nearest
neighbors. First we prove that ¥ = 1, after that we verify that the used hypothesis
hold for the considered random walks. We also compute the end-to-end distance of
these different random walks and give two result on the degeneracy of the contact
matrices.

4.1 Growth factor

In what follows X}, 1 < k < N denote the vector-valued displacement at the k** step,
and the total displacement is given by Sy = Z,ivzl X, and Sy = 0 (the starting point
is fixed at the origin).

Let G be the expected number of visits to the origin and F' the probability of coming
back to the origin. A random walk is recurrent if G = oo (F = 1), otherwise the
random walk is transient.

For random walks with iid displacements (not necessarily nearest neighbors) we have
the following result.

Proposition 14 (Erdés, Dvoretzky 1951).

If a random walk is transient, then RTN converges in measure to é =1—F >0 and,
if it is recurrent RTN converges in measure to 0 =1 — F'.
In other words, for a recurrent random walk we have:
Ry
lim P| — >¢) =0forall € >0. 7
Jim ( N 5) or all (7)

16Gee plots 8 and 9 in the appendix for two examples.
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Following the proof given by Spitzer!” we can prove the same proposition for non
iid random walk for which the probability of a displacement depends on the previous
one but not on previous occupancy of lattice points. We prove it for the recurrent
random walk for which we use it.

Proposition 15.
Let us consider a random walk as above.
Then lmpy_ oo P (RTN > 5) =0 for all € > 0 holds.

PROOF.
The range of the N-random walk is given by

N
Ry = Z oy
k=0

1if S # S;,V0<j <k—1,

where ¢o(So =0) =1, (51, ...,5k) = { 0 otherwise.

Then by linearity

B(ty) - £ (z @k) _ S Bl

For k =0, E(pp) = 1 and for & > 1 we have:
E(pr) = Plor=1)-14+P(pr=0)-0
= P(Sk # Sk_1N...N S, #S1NSk#0)
= P(Sk—Sk1 #0N...NSL#0)
= P(Xk%OQXk—FXk_l Z0N...NXg+...+ X4 %0)
If the X}, were iid we could replace directly Xj_; by Xi4;Vj € {0,...,k —1}. Since
the X are not iid, we need to proceed in a slightly different way.

Let Py(A) denote the probability of the event A € Fy and similarly Py (B) the
probability of the event B € Fj. Let us define the one-to-one application in {2:

T: QO — Q
w — W =Tw)
where w = (0,5 (w),...,S(w)) and « = (0,5 (w),...,S(w)) with
S}(w) = Xp(w)+ ...+ X jr (w).
Since the event A = {X; #0N X+ X1 0N ... N X+ ...+ Xy # 0} is in Fy, we
have:
= Pk(Xk%OﬂXk—l-Xk_l#Oﬂ...ﬂxk—i-...—i-Xl#0)
Py(S;,#0N...NS, #0)
Py(Sy, £ 0N ...N Sy #0)
Pn(S1,#20N...N S, #0)

17See [11], chapter 1, paragraph 4, theorem 1, page 35.
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The probability of an event A € F}, is proportional to the cardinality of the subset
of random walks that satisfies A, then because of the bijectivity of the application T’
step four holds.

For the probability of never coming back to the origin we have the relation

1
P(S; #0,Vj=1,...,N) < ———
(j?é ) j ) I )_GN(0,0)
where G (0,0) is the expected number of visits to the origin after N steps!®.
Then for a recurrent random walk

. . . ) 1 1
]\}I_IEOE(QON) = A}%P(Si #0,Vie{l,...,N}) < ]\}l_l’)f(lxm =a- 0.
Therefore

. E(Ry) . =E(p)
dm TN =m0

We can now prove the proposition.

Ry k
k>Ne k>Ne
1 1E(Ry)
< — S KP(Ry = k) = -
T Nes~ (v = k) e N 7

therefore
=0.

— < —
Ve >0, J&lmP<N>5) €]\}1m N

[J

What we need to show now is first that the different random walks considered here
satisfy P(S; # 0,V j € N) =0 (i.e. the random walk are recurrent). If this is true, we
can apply proposition 17 to these random walk.

Lemma 16.
Let w be a N-random walk with a support equal to M and C(w) its contact matriz.
Then

deg(C(w)) < DM

where D is the number of choices for each step such that the position at k + 1 does
not coincide with the position at k — 1, w(k + 1) # w(k — 1).

PROOF.

Let us consider a fixed w and its contact matrix C(w). C(w) has N +1 — M columns
with an “1” in the upper triangular part, because we have N + 1 — M intersections.
Let us construct all random walks w’ such that C(w') = C(w). Consider its k' step,
then there are two possible cases:

18This follows from the proof of the proposition 4, chapter 1, paragraph 1, page 7 of [11].
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1. there exists a ¢ < k such that (C(w)),, =1,

2. foralli <k (C(w)),, =0.

(2

In the first case, the position of the k™ step is fixed by the " and therefore we have
only one choice for it.

In the second case, the k™ step will occupy a place which was never occupied before.
Therefore we have at most D possibles choices!?.

For a w’ with a contact matrix C(w’) = C(w) there are M — 1 steps® for which we are
in the second case and N + 1 — M steps for which we are in the first one.

Therefore there is at most DM~ < DM different o’ satisfying C(w') = C(w), i.e.

deg(C(w)) < DM.
[

In cases 1 and 2, D = 3, in cases 3,4,5, D = 2 and for a simple random walk on
74 is 2d — 1.

Proposition 17 (Growth factor).
Let us consider recurrent random walks such that each step depends only on the pre-
vious displacement. Then

N—oo

lim P<%>5):0foralla>0

holds and

v = lim In W(N) =1.

N—o In Card(QN)
PROOF.
Proposition 15 proves the first part (the convergence in measure of Ry /N to 0). Let

us prove the second part.
First we divide the set Qy in two disjoint subsets: Q% U (2%,)¢ where

0, = {w € Qy sit. RJ;\E”) < 5}

and

()¢ = {w € Qy s.t. Ri\g“’) > 5} .

In what follows we consider random walks w € Q% because its cardinality goes to
Card(Q%)
Card(Q )

Card(€Q2y) when N goes to infinity, i.e. — 1las N — oo.

9Tn fact there is only one exception if we do not fix the first step.
20Because the starting point is fixed at the origin.
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For all w € Q%, Ry(w) < N§, then the number of intersection is bigger than N (1 —4).
For each w € Q%, the corresponding matrix C(w) is at most D™° times degenerate

(by lemma 16). Therefore we have
deg(C(w)) < D,

The total number of different matrices W (V) satisfies:

Card(Q%) ~ Card(Qn)P(w € Q%)

Vé >0, W(N)ZW(N>‘Q§V = DNé DNé

If we define 7 = limsup_, ., 75 and 7y = % then

W(N) Z P (U) c QN S.t. RNT(W) < 5) eN(TN—(SlnD)‘

Then

_ In W (N)
5 I > lim —————
V>0, = 3y Card(Q2y)

—1 as N—oo
7\

N(ty —6In D) +1In (IP (wEQN s.t. RNT(M) <5)>

> lim
B ]\}l—wo Nty
S 1_51112)'

T

Let us define ¢ = 5IHTD > 0, then

, In W(N)
v 0, 1>1 — = >1—c.
= = NlaeTn Card(Qy) — N
this implies that
: InW(N)
lim

Bl A VA
N—oo In C&I‘d(QN)
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4.2 Results on the degeneracy
Now we give some results on the degeneracy of contact matrices.

Proposition 18.
Let us consider recurrent random walks such that each step depends only on the pre-
vious displacement. If the random walk is recurrent then, for each p > 0, we have

lim P (w € Qy s.t. deg(C(w)) > ) =0.

N—o0

PROOF.
Let D be as in propositon 17. Then

P(w € Qu s.t. deg(w) > D) =1—-P(w € Qy s.t. deg(w) < D).
Moreover
P(w € Qy s.t. deg(w) < DY) >P(w € Qy s.t. Ry(w) < BN)

because all N-random walks with a range less than 3N are less degenerate than DSV,
Then for each 1 > 0 we can choose § = F5 so that

P(w € Qu st deg(w) >e) < 1-P(weQys.t. Ry(w) < BN)

= 1—P(w€QNs.t. R]\]f\gw> <ﬂ>

— 0Oas N — oo.
O

In the next part we consider simple random walks in two dimensions and we apply
a result of [12]. Let w € Qu, then for each lattice site let us define the function

1 if  has not been visited by w,
m () = my(@,w) = 0 otherwise.

We consider the observables?! that can be written in the following form

My = My (w) = ZMAMAJV(W) where M y(w) = Z HmN(x +a,w)

r€Z2 acA

where A is a finite subset of lattice vectors. My (w) is the number of times that the
pattern M appears in the support of the walk. Van Wijland, Caser and Hilhorst proved
in [12] that in two dimensions*® AMy = My —E(My) satisfies in the asymptotic limit

A
In8N

21 An observable is a pattern M composed by visited and unvisited sites.
22We will not write always explicitly that the observables are functions of w.

AMy ~ (k+1) E(My)v(N) (8)
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where 7(N) is a random variable?® with mean 0 and variance 1. A is a constant whose
value is 1.3034 ... and k is an integer depending on the observable. The expectation
of such an observable My is given by

TN TN

" ( al
SN (In8N)?

C—-1 O ——
)m0+7rm1)—|— ((1H8N)3>7

where C' is the Euler’s constant (C' = 0.577215...) and mg, m; are coefficients com-

puted in what follows.

Now we apply (8) to the following observable. Let us consider the pattern Q?* com-

posed of the following sets of visited sites A,, and unvisited sites A,:

A’U(Q) = {(070) ) (_1’())}

E(My) =

and

AU(Q):{(LO) ) (07_1) ) (071) ) (_171)}'

Y

Figure 5: The pattern (). The visited places of () are the black ones and the unvisited places the
white ones.

Then the number of times that () appears in the support of a random walk is given

by

Qn =0Qn(w) = Z my(z +e1) - my(z 4 e2) - my(x —ez) -

my(z+ey—e1) - (1 =mp(z)) - (1 —mpy(z—e1))
= ZMAiMAi(N)

where e; = (1,0) and e = (0,1). The sets A; and the coefficients 114, are given in the
next table. The coefficients m; are expressed as

myp = — Z ,uAgfél’

A4o

23Tt is not the normal distribution, but is the Varadhan’s renormalized local time of self-
intersections (see [6]).
24The letter @ is used for this particular observable, the letter M for a general one.
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where g4 are coefficients to be computed. For observables whose sets of visited and
unvisited points are both non empty, we have ) , sz la = Y atta = 0, therefore in
our case we have my = 0. From the computations we find that m; # 0. The integer
k in equation (8) is the smallest one for which my # 0, therefore in this case k = 1.
In table 2 we report also the coefficients g4, that we have computed?”.

1 —27 (73 —15m24-687—88)

4 —2073+15272 —-5127+576

1 27 (7 — 157347372 —1287+64)
311 —4873 424072 —3847+128

1 27 (w2 —97+16)

w3 —8m2 432

_1 27 (w2 —97+16)

3 —8m24-32

{617 €9, —€2,€2 — 61}

{07 €1,€2, —€2,€2 — 61}

{617 —€1,€2, —€2,€9 — 61}

{07617 —€1,€2, =€, — 61}

=~ W NN

Table 2: The sets A; with the coefficients p4, and ga,.

From these values we obtain

my = —2(r—2)2(r—4)2(72—107+20)27 ;= 2.78 - 1073,

(12073 + 15212 —5127+576) (3n1—4873 124072 —3847+ 128
Proposition 19.
Let us consider the simple random walks on Z*. Then there exists a v > 0 such that

A}im P (w € Oy s.t. deg(C(w)) > e“:f]\\ffﬂ) = 1.

PROOF.
Suppose that the pattern @, up to a translation of ( € Z2, exists in the support of a
random walk w. Let us consider the following transformation:

TCZQN — QN

L, Jui=w if w; # ¢,
v TC(W)*‘”—{ P=(4(=1,-1) ifw =

In other words we exchange the points ¢ and ¢ + (—1, —1). This application does not
change the contact matrix of the random walk, i.e. C(w) = C(w’) because (+(—1,—1)
is connected only with ¢ + (—1,0).

Therefore if we prove that the probability of having at least AN times the pattern )
in the support of a random walk goes to 1 as N goes to infinity, then the degeneracy
of the corresponding contact matrix is at least 2*V. In fact we can apply or not ap-
ply T, independently for each ¢ such that () appears in the support of w (centered in ().

25For more details, see [12].
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Now we want an upper bound of P (QN < Oy %) ) for « € (0,1) and where

p=mym.

For each k > 0, there exists a Ny such that for N > N,

with ag = 2uA.
In fact, for N large enough, E(Qy) = ln8N b + O(N/(ln 8N)?) and therefore for each

a <1, (IHSN)2+O(N/(ln8N) ) — k:aQ( >«
N large enough

P(Qv < gryp) < P(@n —E@) < heorgyy)

Therefore for each £ > 0 and

In8N)? ( )

N
< 2 (1o~ 5| 2 kg 5
E(Qy — <@N>>2 Nooo 1
B kQGQ 1n8N) k

Therefore for each a € (0,1) we have

. uwN 1
k lim P < —
4 >O,N1_r)1[(1)o <QN<a(lnN) ) 2

This implies that for all a € (0,1),

. N
>qg——— | =
JP&P(QN—QQHNV) !

All the random walks with a number of pattern () on their support more than a%

Nln2
are more degenerate than e” =2 . Then for all choice of v < pIn 2 (because a € (0, 1))

we have

N—oo

lim P (w € Oy s.t. deg(C(w)) > 6(15115)2) = 1.

Proposition 20.
Let us consider simple random walks on Z2. Then there exists a 3 > 0 such that

lim P (w € Qy s.t. deg(C(w)) > e%> = 0.

N—oo

PROOF.
For this proof we consider the observable to be the support Ry. It has mg = 1 and
my = 0 for [ > 1. Its expectation and variance are given (for large N) by

TN

E(Ry) = SN

(1+0(1/InN))
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and
A2n2 N2

E(Ry — E(Ry))* = YT

Moreover by lemma 16

. N
P (deg(c(w)) > eﬁm) <P (RN > ﬁln?)W)

and taking § > = and ¢ = $In3 — 7 > 0 we obtain

N N N
P > (3Iln3—— = P —E >e——
(RN_ﬁn?)lnN) (RN <RN)_€lnN+O<(1nN)2))
eN N
< P —E >
< p (im0 () )
_ E(Ry — E(Ry))”
T (1001 I N))
Nooo . A*mEN?/(In8N)* _ A*r?
—  lim = lim ———~= =0.
N—oco g2N?/(InN)? N—co £2(In N)2
Therefore for all 8 > {75,
A}im P (w € Qy s.t. deg(C(w)) > e%> =0.

4.3 End-to-end distance

In the next pages we compute the end-to-end distance for the five different types of
random walks mentioned at the beginning of this section.

4.3.1 Unconstrained random walk on Z2

This is the easiest case for the computation of the end-to-end distance. Let us consider
an unconstrained random walk on a square lattice and let X;,1 < ¢ < N be iid
displacements whose probabilities are:

1
P(X: =(1,0) =P(X; = (-1,0) = P(X, = (0,1)) = P(X, = (0, -1)) = .
Then the characteristic function of Sy = Zf;l X; is

By (€ = (61,6)) = E (¢55%) X (B (¢55))Y = (@, (6)",

where
(eifl ‘I’ 6_if1 ‘I’ 6i§2 + 6—i§2) .

o | =

Py, (g) =
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The mean and the variance of X, are respectively u = 0 and ag(l = 1. Moreover,

O, (&1, &) =1 — (& + &) + O(). Defining Ay = \7]]\7\[_/2 we obtain

oo E3+€3
Day(€) = Psy ( fV/Q> _ NI (1= (@+8)+0(e/N?) Nogo ST

Since the limit of the sequence ® 4, (£) is continuous at (0,0) and corresponds to
the characteristic function of the normal distribution, by the Paul-Lévy theorem,

Ay = kly to the two dimensional 1 distributi
{ N N2 }N21 converges weakly to the two dimensional normal distribution
N(0,1).
Therefore probability distribution of Sy converges to
1 22442 1
]P)(SN = (;p, y)) — m@_ 21\;?2 with 0'2 — 5 (9)

as N goes to infinity.
The expected number of visits at the origin G is given by:

N 1
G= NX:OIP(SN = (0,0)) = oo because P(Sy = (0,0)) ~ a8 N — o0,

and the probability of never coming back to the origin is 1/G = 1 — F = 0. Therefore
proposition 17 holds that means ¥ = 1.

4.3.2 Random walk on Z? that cannot come back immediately

In this case the end-to-end distribution is more difficult to compute because each step
depend on the previous one. For this case we prove that the probability distribu-
tion converges weakly to Gaussian with variance 2N. Once we have this result, the
property of recurrence computed in the previous case is also true in this case (with a
different value of o2).

Let us define the following random variables:

a(N,z,y) = P(Sy = (z,y)|Snv-1 = (z—1,y))
b(N,z,y) = P(Sy = (z,y)|Snv-1=(x+1,y))
c¢(N,z,y) P(Sy = (z,y)|Sn-1 = (z,y — 1))
d(N,z,y) = P(Sy = (2,y)[Snv-1=(z,y+1))
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Since the random walks cannot be in the same position after two steps, the relations
of these random variables for two consecutive steps are:

a(N,z,y) = é(a(N—l,a:—1,y)+c(N—1,:v—1,y)+d(N—1,a:—1,y))
BN w,y) = 5 (BN — Lo+ Ly)+e(N — Lo+ Ly) +d(N — Lz +1,9))
¢(N,z,y) = %(a(]\f—l,x,y—l)—i—b(N—1,x,y—1)+c(N—1,:1:,y—1))
AN,2,y) = 5 (@N ~ Ly + 1) 4N — Loy + 1) +dN — Ly +1))

We define the characteristic function of these random variables
O (N6, 6) = Y p(N,2,y)e @) for p=a,b,c,d
(z,y)€Z?
and the characteristic function of Sy
q)SN (51’ 52) : Z IP)(SN — x)ei(§133+§2y)
(z,y)€Z?
= (I)a<Na fla €2) + (I)b(Na 517 52) + (I)C(Na 517 62) + (I)d(N7 517 52)
Finally we define:
(I)a(Nu 517 52)
Dy(N, &1, &)
q)C<N7 Sla 52)
q)d(Nv 517 62)
With these definitions we obtain a matrix relation between ® (N, &y, &) and (N —
1a 517 52):

®(N, &1, &) =

et 0 et el

0 e~ =il p—ify

1
(I)(N7 5) = g ezfg ez’ﬁg ei{g 0 (I)<N - 17 517 §2)

-

g

=T

We takes as initial condition ®(0,&,&) = 1 (1,1,1,1), i.e. the initial position is z = 0
and we have equal probability of going in each directions. To obtain the asymptotic
probability distribution of Sy we need to compute ®(N, &y, &) and then sum over its
four components.

In order to compute ®(N, &1, &) = sx TV P(0, &1, &) we diagonalise T'. The eigenvalues
of T" are

A= 1,
Ny = —1,
A3 = v+ Vr2—3,

)\4 = UV — V2—3,
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el e €1 42 f o2
where v = 5 .

A calculation gives:

AV AN AN Y

Dy (€1,62) = 4.3N y2—3+ 2.3N

Now we want to study the characteristic function of Sy when N goes to infinity.
N
For (£1,&) near to (0,0), [A3] > |A\4], so that 1 £+ <§—3> Mgy, s =1+ 3+
&)+ 0%, X3 =31 -8+ &)) + O(¢*). Then E(Sy) = 0 (by symmetry) and
. 2
E(SJQV) = (_2)2 <dd§2 d§2> gy (5) ‘ (£1,62)=(0,0) 2N.
Let us consider the rescaled random variable

AN¢S_N

%

As N — oo, for each fixed £ = (&, 52)
vanish. Therefore

0ay(e) = E() =B () —0g, (0= )

(0,0) and the terms (A3/M\)Y

L (w0 (Ho(ﬁ _)>

3N NN
e2+e3 oo 1463
= e_ 122+O(€4/N). (1_'_(9(5\?Y f\?)) ]V—> e_ 122
_gg+e . . ,
e~ "2 is a continuous function at (£1,&) = (0,0), therefore the Paul-Lévy theorem
implies that the sequence of random variables { Ay = \S/—% converges weakly to
N>1

the 2D normalized normal distribution A/(0, 1).
Consequently the probability distribution of Sy converges to

1 _ 2?4y
e 2no? with 02 =1
27 No?

P(Sy = (2,y)) =

as N goes to infinity.
By the same argument used for the unconstrained random walk (section 4.3.1) we
conclude that proposition 17 holds, i.e. ¥ = 1.

260(&%) is used for O(E7¢€d) for g +p = 4.
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4.3.3 Random walk on Z? that turns 90 degrees at each step

Let us consider the random walk on Z? which turns 90 degrees at each step. In
this case the displacements divide in the iid Xo;,1 < i < [N/2], for which P(Xy; =
(0,1)) = P(Xy = (0,—1)) = %, and Xp;_1,1 < i < [(N +1)/2], for which P(Xp;_; =
(1,0)) = P(Xy_1 = (—1,0)) = 1. All these displacements are independent. The
probability distribution is the convolution of the one of the odd steps with the one
of the even steps. If we define T = 27[,]1{2} Xo; and T¥ = ZE(:A;H)/ 2 X1 then
Dy (61,62) = Prg (§1,82) - Py (61, 62)-

When N — o0, ®rg (\/5@) — =% and Oy (

converges to N (0, 1).

) S

\/N_/Z) = e~ 2, then the probability

SN
N/2
Consequently the probability distribution of Sy converges to

distribution of

1 2?4y

1
P(Sy = (z,y)) = 27r—N<726_ No? with o? = 3 (10)

as N goes to infinity and proposition 17 holds and 5 = 1.

4.3.4 Unconstrained random walk on honeycomb lattice

Let us consider the unconstrained random walk on honeycomb lattice such that the
distance between two nearest neighbors is equal to one.

Figure 6: The honeycomb lattice. The sublattice considered is the emphasized one.

The honeycomb lattice is an union of two triangular sublattices. At each step the
random walk passes from a sublattice to the other one, so that after two steps the
random walk returns on the initial sublattice. We consider the sublattice containing
the origin and we compute the end-to-end distribution of a 2/ N-random walk.
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The sublattice considered is

() ot ot ere a0 2t (92, ) ()]

Let {Y;}_, be iid the random variable of the double steps. Then the position after
2N steps is given by the random variable Soy = 2521 Yi.
The probability distribution of Y} is given by:

— P(Yk_a—ﬁ)_IP’(Yk—ﬁ—oz)—%7

Y

Wl

and the characteristic function of Sop is given by

¢S2N(§:(£17£2)) = E(eismvf)
8 (g ()

= (Pn ()"
By symmetry E(Y;) = 0 ifnd VE(Y?) = 2. Let us define Ayy = 527% Then
Dy, (&) = (bel (\/% = §’>> and by the same method used for the previous cases:

_&2+4e3
2

lim (I)AQN(f) =€

N—oo
and the probability distribution of Sy converges to

1 2?4y , 1
]P(SN = (a:,y)) = W(ﬁ 2No2 with o° = 5

4.3.5 Random walk on a honeycomb lattice that cannot come back im-
mediately

To compute the end-to-end distance we use the same method as above, but this time
there is a little complication due to the lattice geometry.

Like for the random walk on honeycomb lattice without constraints, we consider the
sublattice of the even steps. Each of its points are given by the couple of integer
(M, My) in the basis of {«, 8}. Let us consider the position after N double displace-
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ments of the random walk, noted Zx. We define the following random variables:

ar(N, My, My) = P(Zy = (My, Mo)|Zn_1 = (My — 1, Ms))
as(N, My, My) = P(Zy = (My, Mo)|Zn_1 = (My, My — 1))
bi(N, My, My) = P(Zy = (My, My)|Zy_y = (My + 1, M, — 1))
bo(N, My, Ms) = P(Zy = (My, Mo)|Zn_1 = (M; + 1, Ms))
ci(N, My, My) = P(Zy = (My, My)|Zy_1 = (My, Ms + 1))
eo(N, My, My) = P(Zy = (My, My)|Zn_y = (M; — 1, My + 1))

Since the random walks cannot be in the same position after two steps, the relations
of these random variables for two consecutive steps are (the dots replace the argument
of the previous term):

ay(N, My, My) = %(al(N—l,Ml—1,M2)+a2(...)+cl(...)+02(...))
as(N, My, My) — i(al(]\f—1,M1,M2—1)+a2(...)+b1(...)+b2(...))
BN My M) = (N = LMy LMy = 1) 4 as( ) 4 ) ()
bo(N, My, My) = i(bl(N—1,M1+1,M2)+b2(...)+cl(...)+c2(...))
er(N, My, My) = i(bl(N—1,M1,M2+1)+b2(...)+cl(...)+cg(...))
(N ML My) = 7 (@(N = LM~ LMo+ 1) 4 as( )+l ) +esl..)

We define the characteristic function of these random variables

Dp(N, G, G) = Z p(N, Ml,Mz)ei(ClMﬁ@MQ) for p = a1, az,b1,00, 1,02
(M1,My)€Z?

and the characteristic function of Zy

Pz (C1,G) = Z P(Zy = (M, M2>>ei(C1M1+CzM2)
(My,M2)eZ?
- Z (I)P<Na ClaCQ)-
P=0a7 ..., c2
Defining a vector with the characteristic function of aq,...,cs we can find a matrix

relation between the steps N — 1 and N. Then we diagonalise the matrix, we take
its N power and we sum over its six component. One more time we take as initial
condition that the initial position is x = 0 and we have equal probability of going in
each directions.

But what we want is the distribution of Sy, the actual position after N steps. First
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remark that P(Say) = (2,y)) = P(Zy = (My = 22, M, =
have

% %)) and therefore we

Bopy (61:62) = > P(Say = (w,y))e ")
(z,y)€ lattice
_ 3 V3
= ¢ ith Cl - 551 + 762
Finally from the computations we obtain that the probability distribution of Sy con-

verges to
1 x 3
27TN026 2N+oy2 with 0% = 1

P(Sy = (z,y)) =

as N goes to infinity.
By the same argument used for the unconstrained random walk (section 4.3.1) we
conclude that proposition 17 holds, i.e. ¥ = 1.

4.3.6 Comparison of the end-to-end distance

All the end-to-end distributions we have computed converge to a two dimensional
normal distribution with mean 0, A/(0, No?), with a different value of 0. Therefore
the end-to-end distance®” of these random walks are v2No2. In the following table
we sum up them.

Type of random walk

=
8

Simple random walk on Z?2

Random walk without immediate return

Random walk that turns 90° at each step

Random walk on honeycomb lattice without immediate return

S35y S

Unconstrained random walk on honeycomb lattice

Table 3: The different values of the end-to-end distance

We see that the effect of the constraint of avoiding the immediate return is impor-
tant. In fact the end-to-end distance increases of a factor /2 for the square lattice
and \/3/72 for the honeycomb lattice. It is interesting to notice that for unconstrained
random walk on a honeycomb and on a square lattice the end-to-end distance is
asymptotically the same. This is no more true if we consider the random walks that
cannot come back immediately. In this case the end-to-end distance for the square
lattice is bigger than the one of the honeycomb lattice.

27rN02 f f e SeneT (22 +9?) do dy = 2No2.



RANDOM WALK IN d > 3 32

5 Simple random walks in d > 3

5.1 Growth factor for random walk on Z¢

In this section we prove that, due to the left heavy tail of the probability distribution
of the support, we have 4 = 1 in all dimension (for i.i.d. random walks). Nevertheless
the number of different contact matrices can be very far to the total number of walks.
In fact 4 = 1 implies only that the correction to the total number of walks is less
important than e~ for each ¢ > 0.

Proposition 21 (Growth factor). Let us consider simple random walks on Z°.

Then
ST InW(N)
—_ m —— =
v N—oo N 111 2d
PRrOOF.

Let Q% = {w € Qy s.t. Ry(w) < Nd}. Then using lemma 16, page 17,

Card(QN)IP(RN S N5)

W(N) = W(N)|qs, =

- (2d — 1)No
Therefore
In W(N InP(Ry < N&)+ NIn2d — NéIn (2d — 1
121imL<)_ hmn(RN_ 6) + N1n2d §1n (2d — 1)
N—oo In Card(2y) N—oo N 2d
In(2d — 1)
= 10
because?®

N—o0

1
lim NlnIP(RN < N§) =0 for all § > 0.

Let us define ¢/ = 62241 Thep

In2d
: InW(N)
¢ 1> lim ——————>1-¢
Vo0 Lz i () ©
that implies
, In W (N)
lim ————— =1
Noo In Card(Q2y)

%See introduction of [2].
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In the next proposition we give a lower bound for the first correction on ~yy.

Proposition 22. Let vy = % then there exists a C' > 0 such that
>1 _C
INZ L~ N2/(d+2)°

PROOF. N

When N goes to infinity, P(Ry = X) ~ e “x%7 for d > 2 and in the scaling limit
X — oo and & — 0 (see [9]).

Therefore for a € (0, 1),

7G,N1_2a/d

P(Ry = [N]) ~
But for an w with Ry = [N°], deg(C(w)) < (2d — 1) (see lemma 16). Therefore

(2d)"P(Ry = [N?])

W) = =g e

that implies, for large N,
1>y >1—-0(N,a)
where
NIn (2d — 1) N aN~2/d
Nln2d In 2d

The correction will be smaller if o(N, «) is smaller, then let us search the o € (0, 1)
such that o(V, @) is the smallest when N — oo. This is the case for a such that the

o(N,a) =

two terms of o(N, «) are of the same order, i.e. « — 1 = —2a/d. Then a = ﬁ'g (and
a—1=—3%). Taking C = % we end the proof. O

This proposition implies that for N large we have (up to smaller corrections),

W(N) > efCN‘i/(‘“'Q) In2d
Card(QN) - .

We believe that this lower bound is closer to the actual value for high dimensions
than for low dimension, because the upper bound for the degnerancy of a contact
matrix will be closer to the actual behaviour in these dimension. In fact for low di-
mension the constraints given by the matrix will eliminate some “degrees of freedom”,
more in low than in high dimensions.
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5.2 Degeneracy for random walk on Z3

The random walks start from the origin 0. Consider a random walk w € €y, then for
each lattice site let us define the function

1 if x has not been visited by w,

my(z) = my(z,w) = { 0 otherwise.

Let us consider the observables that can be written in the following form

My = My(w) = ZMAMA,N(W) where My y(w) = Z HmN(x +a,w)

z€Z3 a€A

where A is a finite subset of lattice vectors. Van Wijland and Hilhorst proved in [13]
that in three dimensions AMy = My — E(My) satifies, in the asymptotic limit??,

AMpy ~ apVNIn N((N) (11)

where ((N) is a random variable with normal distribution A/ (0,1) and ay; is a con-
stant.
More precisely they proved that the expectation of My behaves as:

MmN +\/HEmaV/N +0(1) (d=3)
E(Mn) =9 mN+ LmyInN+0(1) (d=4) (12)
miN +O(1) (d=5)

and the variance has the form:

SNInN + ¢y N +o(N) (d=3)
CuN + o(N) (d > 4)

27
B((My)) = { = (13)
In the article they also explain how to compute the coefficients my, mo, cpr, Cpr. We
apply this results to a particular observable in order to prove that the probability
of having a random walk whose contact matrix is exponentially degenerate goes to
1 as N goes to infinity. Nevertheless we prove that ¥ = 1 in dimensions d > 3.
This is due to the left tail of the distribution of the support of the random walk not
decreasing rapidly enough (the right tail instead decreases exponentially in N, see [2]).

The considered observable is a particular pattern P in which there is a local trans-
formation that changes a random walk into another but does not change the corre-
sponding contact matrix. Therefore if the probability of finding this pattern at least
a AN times, A\ > 0, goes to 1 (asymptotically), then using the transformation for each
pattern independently we can prove that most of the different contact matrices are
exponentially degenerate in N (see proposition 23).

Now let us define the pattern P. It consists of a set of visited points A, and a set of
unvisited points A, as follows:

29This does not imply that the tails of all observables decreases in the same way, in fact this is not
true, see for example [14].
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e Visited points:
Ay(P) ={(0,0,0) , (=1,0,0)}

e Unvisited points:

(1,0,0) , (0,1,0) , (0,—1,0)
A“<P)_{(0,o,1) , (0,0,—-1) | (—1,1,0)}

Figure 7: The pattern P.

The number Py of times that P appears in the support of the N-random walk is
given by:

Pu= o) = 3 T mto+a) T] (= mate )

TEZ3 a€Ay beA,

Explicitly we have

Py = Z my(z+e1) -my(z+ey) -my(z—es) my(z+es)-
T€Z3

my(z —ez) -my(x+e—ep) - (1 —mpy(z)): (1 —my(x—e))

where e; = (1,0,0), e; = (0,1,0) and ez = (0,0, 1).
We computed® the coefficients m;, ms and ap that are:

my=25-100° , my=99-10 and ap=12-10"2

Proposition 23.
Let us consider a simple random walk on Z3. Then there exists a v > 0 such that

lim P(w € Qy s.t. deg(C(w)) >e"V) =1.

N—oo

30We used numerical values from [8].
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PROOF.
Suppose that a pattern P, up to a translation of ¢ € Z3, exists in the support of a
random walk w. Let us consider the following transformation:

SleN - QN
Wi = w; if w; # ¢,

W o— deV¢w“:{ Z=§+(—L—L0) if w; = ¢.

In other words we exchange the points ¢ and ¢ 4+ (—1,—1,0). This transformation
does not change the contact matrix of the random walk, i.e. C(w) = C(w’) because
¢+ (—1,-1,0) is connected only with ¢ + (—1,0,0).

Therefore if we prove that the probability of having at least AN times the pattern P
in the support of a random walk goes to 1 as N goes to infinity, then the degeneracy
of the corresponding contact matrices is at least 2*V. In fact we can apply or not ap-
ply T¢ independently for each ¢ such that P appears in the support of w (centered in ().

We want an upper bound of P(Py < am;N) for o € (0, 1).
For each k > 0, there exists a Ny such that for N > N,

P(Py < amN) < P(Py —E(Py) < —kapV NInN)).

In fact, for N large enough, E(Py) = miN + O(v/N) and therefore for each a < 1,
mlN—l—(’)(\/N) —kapv NIn N > am;N. Therefore for each k£ > 0 and N large enough
]P)(PN < OémlN) < P(PN —E(PN) < —k’CLP\/ NIIIN)

< P(|Py —E(Py)| > kapVNIn N)
E (Py — E(Py))? N—oo 1
k?a%N In N k2

IN

Consequently for each o € (0,1) we have
. 1
Vk > O’J&E»nmP(PN <amN) < oL
This implies that for all « € (0, 1),
lim P(Py > am;N) = 1.

N—oo

All random walks with a number of pattern P in their support more than amN are
more degenerate than e N2 Then for all choice of v < m; In2 (because a € (0, 1))
we have

lim P (w € Qy s.t. deg(C(w)) > V) = 1.

N—oo

[J

Remark 24. Since in dimension d > 4 the variance goes like N and the expectation
of each observables goes like N too, we expect that this result is true also in dimension
greater than three. In order to prove that one should for example prove that my is not
zero also for higher dimension for a pattern similar to P.



BOND-SELF-AVOIDING AND SELF-AVOIDING WALKS 37

6 The self-avoiding and bond-self-avoiding walks
on Z!

In this section we prove that for random walks with the constraint to occupy at most
one time each bond, ¥ < 1.

Definition 25.

A bond-self-avoiding random walk is a random walk that passes at most one time
through each bond.

A self-avoiding random walk is a random walk that occupies at most one time each
lattice point.

We consider self-avoiding walks (SAW) and bond-self-avoiding walks (BAW) on
the d-dimensional lattice Z¢.
Let us make some considerations on the BAW. Each lattice point is connected to 2d
nearest neighbors and therefore each lattice point can never be occupied more than
d times, with only one exception, the case for which the first and the last step of the
random walk are at the same position and all the 2d bonds are occupied. But in this
case the random walk cannot continue (it is trapped). Therefore the properties of
BAW will be closer to the ones of SAW than the ones of simple random walks.

Definition 26 (Contact matrices for SAW).
Let w = (0,w(1),...,w(N)) € Qn be a SAW of length N. We define the application
C

C:Qy — M(N,R)
w — C@j((x))
L if Jw(@) —w()llee =1 and [i — j| > 1,
0  otherwise.

The contact matriz of w s its image by C. The degeneracy of a contact matriz is the
number of random walks corresponding to that contact matriz.

where C; j(w) =

In order to prove that ¥ < 1, we prove a theorem for BAW, the corresponding of
Kesten Pattern Theorem for SAW (see [5] and [7]). Let xn be the number of BAW
(or SAW) of length NV and W (N) the number of contact matrices of BAW (or SAW).
A consequence of the theorem is that

I InW(N)
msup ———
N—>oop N

< In 3 where g = A}im (xn)N.

The proof of the theorem is split in some lemmas. First we introduce some notations
and definitions, then we prove the lemmas which conduce to the theorem. After that
we apply it in order to prove3! that the growth factor is less than 1.

31In [4] this property was consistent to their numerical result for small length of the walks but
there was no proof. It was proven by Kesten in a personal mail with Lebowitz.
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6.1 Definitions and notations

Definition 27. The concatenation of two BAW wi and wy of length Ny and Ns
respectively is the walk of length N1 4+ Ny, not necessarily BAW, defined as follows:

w(k) = w1 (k) fork=0,...,N;
| wi(V1) Fwa(k — N1) —wa(0)  fork=Ni+1,...,Ni+ Ny

Since the walk issue from the concatenation of w; and wy is not necessarily a BAW
walk, we have

XNi+N2 < XNy XN,

and therefore
{ In XN}N21

is a subadditive sequence. Consequently the following limit exists,

. oInxny . Iy L
Ay T Ty T b (14)

Let b > 1 be fixed for all what follows.
Definition 28.

1. Cube D: D = {z € Z¥st. ¢; < XW < ¢; +b,1 < i < d} for some ¢ =
(c1,...,cq) € Z°.

2. Cube D': D* #{xGZd st —1< X0 <e¢+b+1,1 <1i < d} for the same
c € 7% of the cube D.

3. Cube D*: D* ={x €79 st. ¢; —2< X0 < ¢c; +b+2,1<i<d} for the same
c € Z% of the cube D.

4. Let w be a BAW and ¢ = (cy,...,cq) € Z%. Then we define the cube D(r,c):

D(r,c) ={x cZ% st ¢ < XO —XT(Z)(w) <c¢+b1<i<d}.
5. Let D be the boundary of the cube D (similarly for all other cubes).
6. Pattern P: P ={X;(P),1 <i <k} is a BAW with Xo(P) = 0.
Definition 29. Let w”" be a BAW of length N.

1. P occurs at the ' step of W™ if X, (W) — X, (W) = X;(P) for all j =
0,... k.

2. If there exists a cube D with Xo(P) = 0 and X(P) two of its vertices and such
that X;(P) € D' for alli =0,...,k, then we say that (P, D) occurs at the r*"
step W if

(a) P occurs at the r'* step of w",
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(b) wN  does mnot occupies any other points of D (except for
W (k) k=r,....,1r+ k).

3. E occurs at the r'" step of w is for some c € Z% with —b < ¢; <0,i=1,...,d,
all bonds of the cube D(r,c) are filled by W™ (similarly for E' with the cube
D'(r,c)).

4. By occurs at the " step of W if for some ¢ € Z¢, wY passes at least k steps
in D*(r,c).

5. Let F be an event like E or Ey. Then we say that F occurs at the ' step of
W from its (r — ny)™ step through its (r + ny)™ step if F occurs at the nit
step of WV, which is the restriction of wN to the steps in [r —ny,r +mnq] (clearly
r—mny <0 orr+mn; > N has to be replaced by 0 and N respectively). In this
case we say that F(ny) occurs at the r'* step of w™V.

Definition 30. The following definitions are used in lemma 34 and in the theorem 35.

1. Sy ={w" s.t. E and Ej do not occur in w™}.

; : . Card(Sn ) 1/N
2. ko is the largest integer such that liminfy_ o <X—NN> < 1.
3. E occurs if E or Ey, occur.

4. Ty is the set of all wV such that E and Eky+1 do not occur and Ey,(ny) occurs
at least asN times.

5. D*(r,c) = D*(r,c) U{X;(wN),r —ny <i<r+ni}.

6. Wy is the set of all W™ for which (P, D) occurs at most agN times and E*(n3)
occurs at least arN times.

Definition 31.
1. xn (4, P) is the number of w™ such that P occurs at most at j steps.
2. xn(4, (P, D)) is the number of w™ such that (P, D) occurs at most at j steps.

3. xn(j, F(n1)) is the number of w™ such that F(ny) occurs at most at j steps.

6.2 Lemmas and theorem

Lemma 32.

1. There exists a walk w of length k = k(b,d) such that 0 = Xo(w) and X;(w) are
vertices of D and w fills exactly D in the following sense:

(a) each bond of D are occupied by w,
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(b) Xi(w) e D forall1 <i< k.

2. For allY,Z € D’ (Y # Z in dimension 1), there exists a wy of length k1 <
d(b+ 5)T b+ 4) such that Xo(wy) =Y, X, (w1) = Z, Xi(w1) € D? for all
0 <1 <ky and such that w; contains w.

PROOF.

1. In dimension d = 1 it is evident because there is only a possibility for the walk

from 0 to b. Then k(b,1) = b.
Assume the first part of the lemma to be proven for dimension d — 1. Then,
let DO = {X® =0,0< X® <b2<i<d} bea (d—1)-cube filled from
0to Py = (0,P?, ..., P@) PO —=0orb Connect it by 3-step walk (outside
of D) to P, = (1,P? ... P¥). Then fill the (d — 1)-cube DM = {X1) =
1,0 < X® < b2 < i < d} similarly to what done for D©®. We can repeat
this procedure on (b — 1) more (d — 1)-cubes connecting them always with a
3-step. At this point it remains to occupy the bonds in D in the direction 1.
Let Q@ = (QW,...,Q%), Q" = 0 or b the last visited point until now. We can
fill the lasts (d+1)471b bounds of D moving along the direction 1 and each time
we have finished a line, we pass to another one with a 3-walk. In this way we
fill all the bonds of D with a walk w which is contained in D' of length k(b, d).
k(b,d) is given by: k(b,d) = (b+ 1)k(b,d — 1) + (b+ 1)*(b+3) + 3(b— 1) and
k(b,1) =b.

2. Let us take YV = —2 w.lo.g.. From Y to (—2,0,...,0) there exists a path on
D’ of length ko — 2. Then with a 2-walk we connect it to the origin (0,...,0).
After that we fill D as shown in the first part of the lemma (without occupying
the bond (—1,0,...,0) to (0,...,0)). Then from the last point of w (of length
k(b,d)) we can connect it to D? with a 2-walk and then to Z with a (ks — 2)-
walk on D that does not intersect the first one (it is always possible to do that).

In this way we have constructed the desired w; of length ky = ko + k3 + k& <
d(b+5)41(b+4).

O
Lemma 33. If

N—oo XN

then there exists a a; > 0 and a n; € N* such that

(m(«zlm F(m))”N

/N
hmnﬁ<5ﬁgﬁﬁ> <1

< 1.

lim sup
N—oo

XN
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PROOF.
First, remark that since no path of length greater than N can occurs before the N**
step, we have

XN(OaF(N)) = XN(O’ F)

1/N

By hypothesis liminfy_ . xn (0, F) < [, therefore there exists a ¢ > 0 and a

ny; € N* such that
XN1(O7 F) = Xnq (07 F(nl)) < ﬁm(l - 5)n1'

But since X%N \, f when N — oo, then for n; large enough we have
(an)l/m < B(1 + €) and therefore

Xny < BM(1+e)™.

Let us consider a BAW w®"'. It consists on a concatenation of s ni-walks. For F'(n;)
that occurs at most as N times is w*, F(ny) occurs in at most ayN of its pieces
and does not occurs in the others ones (at least s(1 — az)). There exists at most
Xn, (0, F'(n1)) choices for a w™ where F'(n;) does not occurs, and at most y,, choices
for the others ones. Moreover, if F'(n;) occurs in j (out of s) different pieces of length
ny, there are (j) ways to choose the j pieces. Consequently we obtain:

Xsny (a28’ F(nl)) < Z (8) (an )jn1 (an (0, F(nl)))(‘gij)nl

=0 \J

—\J
j
= [ A(ag,s)

Let us study lim,_ o (A(as, 3))1/Sm

bigger, therefore

Moo = 3 () (ii)j’” (1= gyom

=0

51 L\
S (s P DS —an)s)! (1_5> (1=2)

. 1 assny
= Power(s) (a*(1 — az)'~*) (1 i— i) (1 —¢g)*m.

. For small as > 0, the term with j = ays is the

From this follows
lim (A(as, s))Y*™ < (1 — €)®(ay)

§—00

where ®(ay) = ey (42Inazt(1-az) I (a-az)) ()™, Since limg,—o®(a2) = 1 and

(1 —¢) < 1 we obtain that for ay > 0 but small enough,

lim (A(as, )™ < 1.

S§—00
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And from this follows immediately

Lim sup (Yon, (a28, F(n1)))"/*" < 3.
For sny < N < (s 4 1)n1, xn(ass, F(ny)) < (2d)™ xn, (azs, F(n1)). Let us take
a, = 2“721 Then

lim sup (yw (a1 N, F(n))"™ < limsup (x (az[N/na], F(ng))) Y

N—o0 N—oo

< limsup (2d)™/™* (X, (azs, F(ny))"™* < 8.

S§—00

Finally we have the desired result:

N F 1/N
lim sup (XN(CLI ) (m))) <1
N—oo XN
for a; > 0 small enough. O
Lemma 34. N
0,F
lim inf (M) <1
N—oo XN
PROOF.
We prove it by contradiction. Assume for instance that the proposition is false,
1/N
ie. liminfy_ o (% = 1. First we prove that ko exists. Since X,(w) €

D(r,c) then X, 5(w), X, 1(w), X,41(w) and X, o(w) are in D?*(r,c) if they exists.
Therefore at least 3 points are in D?(r, ¢) (the random walk considered is longer than
3 steps). Therefore E5 occurs always and Card(Sy3) = 0. Consequently ky > 3. Let
k= d(b+5)% On the other hand, if £ does not occurs, then F} neither and then the

. . C . Card(Sy ;)\ VN R
initial assumption would give liminfy_, (T) = 1. Therefore kg < k — 1.
ko cannot be greater because a BAW cannot be into D?(r, ¢) more than k. Therefore

there exists a kg such that

1/N 1/N
lim inf (M) < 1 and liminf (M) =1,k > k.
N—oo XN N—o0 XN

Since E occurs if E or Ej, occurs, we have xn(0,E) = Card(Sny,) and

xn(0,E

1/N
therefore limianﬂoo< o )> < 1. Using lemma 33, there exists a az > 0

. 1N
and a n; € N* such that limsupy_, (W) < 1. Let us con-

sider the set Thy. Ty is equal to the difference of Swy,+1 and the set
{wh s.t. E and Ey, 41 do not occur and Ejy,(n;) occurs at most azN times},
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which is included in the set {w s.t. Ey,(n;) or E occur at most azN times}.
Therefore _
Card(Ty) > Card(Snky+1) — xn(asN, E(ny)).

The previous considerations imply that

(card(TN))l/N L

XN

lim

N—o0
We will prove that this last result conducts to a contradiction and therefore that the
initial assumption is false and consequently the lemma is true.
Let us take a w™ € Ty and let us now consider the D*(r, c). Each D*(r, c) is contained
in a cube, of edgelength 2¢ with ¢ = b+2+n;, noted 13(7“) that is centered in X, (w?).
D(r) intersect a similar cube D(s) for at most d(4b + 4ny + 0)? values of s (because
we need || X, (W) — X ()]s < 2¢+ 1). Moreover Xo(w™) or Xy (w?) belong to a
D*(r,c) for at most 2(2q + 1)¢d values of r. Then for N large enough, there are at

least m = a4 N values of r such that the D*(r, ¢) are pairwise disjoints, because

d(séljé\;l)d < d(4b—fj7jz\17+9)d —2d(2b + 2y +5)%.

Assume to have chosen a4 N of such values of r and consider one of them ry with the
cube Dy = D(rg,c). Since w? € Ty, w" occupoes ky times a place in D2 from its
(1o — n1)™ to its (rg + ny)™ steps, but does not occupy all bonds of Dy and does not
occupy a site in D before its (rg — ny)™" step or after its (rg + ny)™ step.

Let X, (w") be the first point of w" in D, and X,»(w") the last one. Then by
lemma 32 there exists a BAW w; of length k; < ny = b(b+5)%"1(b+4) that goes from
X (W) to X (wh) with X;(w;) € D2 for 0 <4 < k; and such that w; occupies all
bonds of Dy.

Now we make some changes in w”. Let us replace the piece of w” from X, (w®)
to X, (w") with w;. With this operation we obtain a BAW of length no more than
N + ny. If we make a similar replacement for as N values of r out of the as/N choiced,
we obtain at least (Z:%) Card(Ty) BAW of length at most N(1+asny). The next step
is to find an upper bound on the number of times that a BAW @ constructed by the
above procedure can be obtained.

In @ E occurs at least as/N times. In fact it can occurs more than as/N times because
the changes in a cube can create E in another cube that intersect the first one. But
the number of s such that D?(s, ¢,) can intersect a D?*(r, ¢) in which we have changed

something are at most M = b(4b 4+ 9)%asN. Given a @ and a s such that E occurs at
the s step of ©, we have no more than (b+1)?(b+5)?? choices for the corresponding ¢,
the first and the last intersection of @ with D?(s, ¢) noted X’ and X" respectively. For
the replaced piece from X’ to X” we have at most H = ;" xx possibilities (because
we know only that the length is at most 2n;). Therefore each @ can be obtained

d
at most in 7% different ways, where 7 = ((b+ 1)4(b+ 5)*'H) a0 Consequently,
since the obtained w are of length less or equal to N (1+asns), we obtain the following
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relation

N N(14asnz2)
4 —as N
Card(T sV < E )
(CL5N) . ( N)T N k=0 X

Taking the N** root and the limit N — oo we have:

N\ U
lim (G4N> T L gz,

N—oo G/S

(a4N)1/N = (POM@T(N))I/N%L and for a; > 0 small enough,

a5N as (a4—a5)a4*’15

impy_ oo (Z;‘%)UN — as(1+Inag—lnas)+0(a3) [0t § = 1+1n as—In7—nyIn B. This implies

. as N 1/N
> lim o0 (a5N) — pa5(0-Ina5)+0(a3) (15)

- T5 /8(15712

as(d—Inas)+O( as5(6—Inas)+0(a2) _

But lim,, e 93) = 1 and lim,, d%se +o00, therefore for
as > 0 but small enough, this contradicts equation (15). O

Theorem 35.
Let P be a BAW (or SAW) such that there exists a cube D which has Xo(P) =0 and
Xi(P) two of its vertices and contains P. Then

lim sup
N—o0

(XN(CLGNa (P, D))

1/N
) < 1 for some ag > 0.
XN

PROOF.

The strategy of the proof is similar to the one used for proving lemma 34. We assume
the theorem to be false and we obtain a contradiction. Assume therefore the theorem
to be false. Then

Vag > 0,limsup

N—oo

(XN<a6J>v<*;V<P,D>>)”N .

Let us consider the set Wy. It is equal to the difference the sets
{w" such that (P, D) occurs at most agN times}

and
{w¥ s.t. (P, D) occurs at most agN times and

E*(n3) occurs less than ay N times}.

The last one is included in {w" s.t. E'(n3) occurs less than a;N times}. Therefore

Card(Wy) > xn(asN, (P, D)) — xn(arN, E*(ns)).
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Using lemma 34 (with b 4 1 instead of b), there exists a a; > 0 and a n3 € N* such

that
(XN(CL?Na El(n3))>1/N
XN
and with the initial assumption we obtain

(Card(WN))l/N .

XN
For each w’ € Wy, there exists at least agN = % values of r such that w?

fills the bonds of D*(r,c) from its (r — n3)™ to its (r + n3)™ step and such that the
corresponding D*(r, ¢) are pairwise disjoints and such that the end points of w¥ are
not in these cubes.

Assume to have chosen ag/N such values of r and consider one of them ry (with the
corresponding cube D'(rg, c) denoted by D}). Let X, (w") be the first point of w?
in D} and X, (w") the last one. Then there exists a w; from X,/ (w?) to X, (w)
such that X;(wy) are contained in D§ and such that (P, Dy) occurs. The construction

lim sup < 1,

N—oo

lim sup
N—oo

of such a w; is simple. Let us take3? qu,l)(wN) = —2 w.l.o.g.. Connect this point to
(—1,0,...,0) remaining on ﬁ[l). Then connect is to 0 = Xo(P) in one step. After
that we construct the walk P in Dy. Finally we connect it to Eé with one step and
remaining on it we arrive to X, (w?). Doing this transformation in agN places out
of the agN, we obtain (ZS%) Card(Wy) walks of length no more than N.

To finish the proof we need to find an upper bound on the number of ways that a walk
& can be obtained by this procedure. In & there are at most agN + agNd(4b+ p)?2ns
occurrences of (P, D). In fact we make no more than ag/N changes, each change can
create new occurrences of (P, D) only on the cubes that intersect D'(r,c) (no more
than d(4b + 9)9) and each changed step can create an occurrence of (P, D) in two
ways, adding a point or leaving a point in a cube D. But given a @ and a s such that
E'(n3) occurs at the s step of @, we have no more than (b+ 1)4(b + 3)?¢ choices for
¢, the first and the last step of w® that is in D!(s,¢). The length of the piece of w®

that was replaced is at most 2n3 steps long. Therefore if we define H' = ifo Xk»

o= ((b —+ 1)d(b + 3)2dH/) 2n3d(4b+9)%

ae

m , We obtain

/.
and ag =

N
asN ’
( SN) Card(Wy)o~(@staoN < ;le

g9

Taking the N** root and the limit N — oo we have
1/N
. agN
1 < ag+ag as
A (N) S otTp

But this for ag > 0 and ag > 0 small enough is false, therefore we have obtained the
searched contraddiction. O]

32For this construction all points are noted up to a translation of X, (w™) + c.
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6.3 Growth factor for SAW and BAW

Proposition 36 (Growth factor).
For the BAW and SAW the growth factor of the number of contact matrices is strictly
less than 1, i.e.
) InW(N)
limsup ————=

< 1.
N—oo lnXN

PROOF.

Let us take b > 2 and consider a BAW (or SAW) of length & + 2d constructed as
follows. The firsts d steps of P connect the points (0,...,0) and (1,...,1). The
following k steps connect the points (1,...,1) and (b —1,...,b — 1) with a BAS
(or SAW) remaining always in D \ D. The last d steps of P connect the points
(b—1,...,b—1)and (b,...,b).

Let us divide the set Qy into a sum of two disjoint parts: Qy = Q% U (Q%)¢ where
Q% = {w € Qy s.t. (P, D) occurs at most alN times } and (Q2%)¢ its complementaire
set. From theorem 35 follows that

3¢ > 05t PweQy) <e V.

Let us consider a w € (Q%)°. Then (P, D) occurs at least aN times. Let D’ be
the bigger cube enclosed by D that does not intersect D. Consider an occurrence of
(P, D) in the piece of P between its t'* and its (¢t + k + 2d)"" steps. We apply an
axis rotation of 27“ degrees to the cube D', where the axis is its diagonal of direction
(1,...,1). This transformation does not change the contact matrix, and we can apply
it [ times obtaining each time a different BAW (or SAW). For the chosen w we can
make this transformation in at least aN different places independently, therefore the
corresponding contact matrix is at least [V times degenerate.

Now we have the desired upper bound for the total number of contact matrices:

XN

W(N) laN

IN

Plw € Qx)xn + Pw € (2F)°)

< (efﬁN + efNalnl) XN-

If we define a; = max{(,alnl} > 0 and a,, = min{¢,alnl} > 0, then we have

In (e*“mN (1 + e_Z_JmMN>> +Inyn

, InW(N) :
limsup————= < lim
Neoo InXN N—oo In xn
Qi
= 1-— <1
In <
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7 Random walks with intersection penalty

In this section we consider random walks to which we assign a non uniform probability,
for example to give a penalty to intersections.

One way to generalize the number of contact matrices is to count it giving a weight
to the different walks. For unweighted walks the probability is given by

1
P) = Gardan)

. 1
' Card QN wz degC (degC)'

Therefore a generalized number of contact matrices can be given by the above expres-
sion but with a probability®® P(w) non necessarily uniformly distributed on Q.
In what follows we consider random walks on Z¢ and we define n = limy ., n(N) =

In A(N)
NTnod - Note that

for all w € Qy,

and

A(N) =

n=0<4+= y=1

Let us look at two extreme cases:

1. Simple random walk on Z?. In this case we proved that n = 0 because we showed
that 4 = 1.

2. Self-avoiding walks on Z?. This is the limit case when the penalty we give to
each intersection goes to infinity. In this case there is only one contact matrix
according to definition given in section 1. Its degeneracy is deg C(w) = X ~, where

X~ is the number of SAW of length N. Therefore we have®! n = —ag < 0.

The obvious question that arises is, how about other cases? We could for example
consider random walks with a drift, i.e. with an asymmetric probability distribution
of displacements, or we can give a weight to each walk as a function of the intersections
(and consequently a function of the contact matrices), as in the following examples:

=B Tr(C%(w))

L P(w) = S5

, Domb-Joyce model (see [3]),

2. P(w) = e_gl(g,)(w) where Iy = N + 1 — Ry is the number of intersections.

The question we answer in this section is the following: for # > 0 but small enough
does limpy_.oo ng(N) = 0 or limy_o ng(N) < 07
In what follows we consider random walks with a probability weight given by

~ e BIn(w)
=06

33In this section P(w) is the weighted probability of w, E(...) the expectation under P and P(w) is
used for the unweighted probability of w.
34The asymptotic number of SAW is given by xn = ANY 1V,
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where (/) is the normalization.
First note that

weQN I=0 welQdn I1=0 C(w) s.t.
In(w)=I In(w)=I
For the mean degeneracy we have
degC(w)
deg C(w)) | =
(deg C(w)) In(w)=I Z Card({C(w) s.t. Iy(w) =1})
IN(w) I

Card({w s.t. Iy(w) =1})
Card({C(w) s.t. Iny(w) =1})

Therefore
(W) s.t. In(w) =1})

where

N
= Ze"mP I) Card(Q2y).
=0

Consequently we obtain

SN e PP(Iy = 1) ((degC(W)> ‘ 1N<w)=f> :

AN) =
ZI o€ P(Iy =1)
—1
Nk

Voo fo e B IP’ (degC It k) dk
f e—ﬁN’“IP’ TN: — dk

. Bv)

C Q)

Hypothesis 37. We suppose that
(k) = Jim - In (degC(w)) e

exists and 3y >0 s.t. d(1 —k) >0 Vke|[r—~,7+7].

Note that for all £ € [0,1] we have 0 < d(k) < In2d.
In particular d(0) = In 54" > 0 and d(1) = 0. Let us consider a simple random walk
on Z%, d > 3. Then we have the following properties:
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L If 1 = limy_o E (25) then limy_oP (|2 —7| >a) = 0,Va > 0. For

simple random walks in dimensions d > 3, © > 0.
2. limy_oo —% InP (EX > 2) = ((2) with ((z) > 0if > 7 (see [5]),
3. limpy_.o —% InP (RTN < ZL‘) =0 for all 2%.

We want an upper bound for 73, therefore we need an upper bound for Ag(N).
This implies that we need to compute an upper bound for P3(/N) and a lower bound

for Qs(NV).
In what follows all corrections to leadings terms in Pg(N) and Qg(N) will be immedi-
ately eliminated (because at the end we have to take the logarithm of these quantities,

divide by N and take the limit N — o0).

Lemma 38 (Upper bound for Ps(N)).
For 8 > 0 but small enough,

P3(N) < e BU-—m+7)N

PROOF.

For computing this bound we split the integrals on [0, 1] into the integral on [0, 7 —7),
[T — 7,7 +~] and (7 + 1, 1] where 7 > 0 is the one of hypothesis 37.

Let d = ming_y<p<riy d(k).

1
Ps(N) = /0 e PNke=Ndbp (% =1 k> dk

1 RN

— eﬁN/ e,BNkede(l k) ]P)< ]i]) dk
0 N
T—" T+ 1

= eﬁN{/ (---)dk+/ (~--)dk+/ ()dk}

0 T T+
< oo NEp (BN _ -
- N

i (R
+ PN Ndp <WN €lr—y,m+ 7])

R
+ NP (WN>7T+’Y>}

_ BN { AN(E=) 4 BN (rt) ~Nd

+ eIBNe—C(W“"‘/)N}

Let us consider 3 small, more precisely 8 < 37 = min {i (m+ } By hypothesis 37

1—m4y

we have d > 0. Then max{8(r —~),3(r+7)—d, 3 —C(x+7)} = —7). Therefore

35Tt seems that limy_ o0 —W InP (TN < x) = ¢(x), see [2].
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for 4 > 0 but small enough,

Pg(N) < e BU—m+7)N

Lemma 39 (Lower bound for Q3(N)).
For 3 > 0 but small enough,

Qo(N) > ¢,

PROOF.
In order to obtain this bound we split the integral on [0, 1] into the integral on [0, 7—«),
[ —a, 7+ a] and (7 + «a, 1] (where a > 0).

Qs(N) = /01 e PNFP (% =1 k:) dk

= e /0 leﬁNkIP (%:k) dk
= e‘ﬁN{/Ow_a(---)dk+/::a(---)dk+/;a(---)dk:}
> e_ﬁN{IP’(%<7T—a>

+ NP (% €lr—a,m+ a])

R
ﬂN(WJra)]P; N >
+ e (—N T+ a) }
— ¢ BN {1 + PN (r—a) + eﬁN(Tera)e—C(frJra)N}

Let us consider 3 small, more precisely 3 < 8% = C(ZZQ).

Then max{0, 8(r — «), f(m + a) — {(7 + a)} = B(m — «). Therefore for 3 > 0 but
small enough,

QQ(N) > efﬂ(17w+a)N'
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Proposition 40.
For 3 >0 small enough we have
ng < 0.

PROOF.
Using the two bounds obtained in lemmas 38 and 39 we obtain

Ag(N) < e PN(—a)
Therefore choosing v > a > 0 we have, for 3 > 0 and § < 8. = min{3%, 57}

By —a)

- 0.
1 mod

O]

We proved that under hypothesis 37 for random walks with a penalty of e~ to each
intersection, when 5 > 0 small, we have ng < 0 in three or higher dimensions (8 =0
corresponds to simple random walk with uniform probability distribution). Therefore
for the generalized number of matrices we have an asymptotic growth factor ¥ < 1.
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8 Summary

In this work we mainly study the exponential growth factor of the number of different
contact matrices. We find for random walk on a strip that the number of contact
matrices has the same behavior of the one-dimensional case. In two dimensions,
because of the recurrence of the random walks, the growth factor is equal to one.
Surprisingly also in dimension three or higher, for simple random walks on a cubic
lattice, we have the same result (5 = 1). For bond-self-avoiding walks it is no more
the case. In fact ¥ < 1 (the same holds for self-avoiding walks with a different
definition of contact matrices). Finally we consider random walks with a penalty of
e~# for each intersection. For weighted number of contact matrices we obtain, under
an assumption, ¥ < 1 also when 8 > 0 is very small.

We also have some additional results on the degeneracy of contact matrices in two
and three dimensions and on the end-to-end distance in two dimensions.
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9 Appendix: tables and graphics

N |W(N)—1|AN) ="
5 1 6.25- 1072
6 3 6.25- 1072
7 7 6.25 - 1072
8 15 6.25 - 1072
9 32 6.45 - 1072
10 66 6.54 - 102
11 143 7.03-1072
12 291 7.13-1072
13 603 7.37-1072
14 1’203 7.35-1072
15 2457 7.50 - 1072
16 4’865 7.42-1072
17 9’906 7.56 - 102
18 19’616 7.48 1072
19 39’813 7.59 - 1072
20 78970 7.53-1072
21 160092 7.63-1072
22 317954 7.58 - 1072
23 643'712 7.67 - 1072
24 1279887 | 7.63-1072
00 00 8.1072

53

Table 4: W(N) and A(N) for a random walk on a 2-strip without immediate return. The last one

is the expected value of limy_, A(N).
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12

11

0
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22

1/N

Figure 8: 7(N) as a function of 1/N for random walk on Z? that cannot come back immediately.
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Figure 9: (V) as a function of 1/N for random walk on honeycomb lattice that cannot return
immediately.



APPENDIX: TABLES AND GRAPHICS 95
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Figure 10: A(N) as a function of 1/N for random walk on Z? that turns 90 degrees at each step.
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Figure 11: A(N) as a function of 1/N for random walk on Z? with immediate return avoided.
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Figure 12: A(N) as a function of 1/N for simple random walk on Z2.
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Figure 13: A(N) as a function of 1/N for random walk on honeycomb lattice with immediate return

avoided.
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