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Exercise 1 (4 points)
Show that

(i) lp (R) is separable for 1 ≤ p < ∞,

(ii) l∞ (R) is not separable.

Exercise 2 (4 points)
Let (X, d) be a metric space (X ̸= ∅), K = R or K = C and consider the Banach space
(B (X) , ∥ · ∥∞) of bounded functions on X, i.e.

B (X) := {f : X → K | ∥f∥∞ < ∞} with ∥f∥∞ := sup
x∈X

|f (x)| .

Fix x0 ∈ X and consider L : (X, d) → (B (X) , ∥·∥∞) where for x ∈ X we define

L (x) (y) := d (x, y)− d (x0, y) for all y ∈ X.

(i) Show that L is well-defined, i.e. ∥L (x)∥∞ < ∞ for all x ∈ X.

(ii) Show that L is an isometry, i.e. ∥L (x)− L (y)∥∞ = d (x, y) for all x, y ∈ X.

Exercise 3 (4 points)
Let Ω ⊂ Rn be open and bounded, 0 < α < β < 1. Prove the following statements:

(i) C0,β(Ω) ⊂ C0,α(Ω) and there exists a constant C = C(Ω, α, β) such that ∥f∥0,α ≤ C ∥f∥0,β
for all f ∈ C0,β(Ω).

(ii) The inclusion C0,β(Ω) ⊂ C0,α(Ω) is strict.

(iii) There exists f ∈ C0(Ω) such that f /∈ C0,α(Ω) for all 0 < α < 1.

Exercise 4 (4 points)
We consider the space B(N,R) of bounded real sequences (we use the convention that 0 /∈ N).
We define

∥a∥∞ = sup
n∈N

|an|, ∥a∥∞,−1 = sup
n∈N

|an|
n

to get the following normed spaces

E0 = (B(N,R), ∥ · ∥∞) , E−1 = (B(N,R), ∥ · ∥∞,−1) ,

and consider the following maps:

(M(a))j = j−1
j∑

k=1

ak (the average of the entries)

(F (a))j = aj a2j (product of entries)

(i) Prove that M is not continuous from E−1 to E0.

(ii) Prove that F is continuous from E0 to E0.


