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Problem 1. (Separability) (10 Points)

Prove: The space B(X,R) is separable if and only if X is a finite set.
This proves in particular, that the space of bounded sequences l∞ = B(N,R) is not separable.

Hint: To every set A ⊆ N assign a function fA ∈ B(X,R) such that ‖fA − fA′‖ = 1 whenever
A 6= A′.

Problem 2. (Hölder continuous functions) (4+4+4+4+4+5∗ Points)

Reminder: For u : [a, b]→ R, α ∈ (0, 1], define [u]α = supx6=y
|u(x)−u(y)|
|x−y|α . Define ‖u‖α = ‖u‖C0 +[u]α

and C0,α([a, b]) = {u : [a, b]→ R : ‖u‖α <∞}.

a) Show that (C0,α([a, b]), ‖·‖α) is a Banach space.

b) Show that ‖u‖β ≤ ‖u‖α for u : [0, 1]→ R whenever β ∈ (0, α].

c) Let α ∈ (0, 1). Find u ∈ C0.α([0, 1]) with [u]β =∞ for all β > α.

d) Find u ∈ C0([0, 1]) with [u]α =∞ for all α > 0.

e) Let u ∈ C0,α([0, 1]) with α ∈ (0, 1]. Define for λ ∈ (0,∞) the function uλ : [0, λ] → R as
uλ(x) = u(x/λ). Calculate [uλ]α in terms of [u]α.

f∗) Show that C0,α([0, 1]) is not separable.

Hint: Proceed similarly as in Problem 1.

Problem 3. (The Hausdorff distance) (3+2+2+3+5∗ Points)

For A ⊆ Rn nonempty, r > 0, define B(A, r) = {x ∈ Rn : infy∈A ‖x− y‖ < r}.

a) Show that B(A, r) is open, and that B(B(A, r), s) = B(A, r + s).

b) Show that if A1 ⊆ A2, then B(A1, r) ⊆ B(A2, r).

Now let K1,K2 ⊆ Rn be two nonempty compact sets. Define their Hausdorff distance

dH(K1,K2) = inf{r > 0 : K1 ⊆ B(K2, r) and K2 ⊆ B(K1, r)}.

c) Let x, y ∈ Rn, r, s ≥ 0. Calculate dH(B(x, r), B(y, s)).

d) Show that dH is a metric on K = {K ⊆ Rn : K is nonempty and compact}.

e∗) Show that (K, dH) is complete.


