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Bounded solutions for a quasilinear singular problem with non
linear Robin boundary conditions

Imen Chourabi and Patrizia Donato

In this work, we study the existence of bounded positives solutions for a quasilinear

singular problem with nonlinear Robin conditions. The nonlinear term is singular with

respect to the solution and has a quadratic growth with respect to its gradient.

The corresponding singular case with Dirichlet conditions has been proved by F. Mu-

rat and D. Giachetti in [3] and the quasilinear case (without the nonlinear term) with

nonlinear Robin conditions has been studied by B. Cabarrubias and P. Donato in [2].

The existence of a solution for nonsingular quadratic growth in the gradient and Dirichlet

conditions has been proved in [1].

As in [3], we prove the result by approximation. Here, the approximate problem does

not present the singularity and is bounded with respect to the gradient. In a first step we

prove the existence of a bounded solution of this problem. As far as we know, this is new

in the literature, due to the presence of the nonlinear boundary condition. To do that,

we apply the Schauder fixed point Theorem and use some results from [2].

Then, using some equi-integrability arguments we pass to the limit in the approximate

problem and obtain at the limit a solution of our problem.

The results will be the object of an article (to appear).
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Mathematical modeling and simulations of parabolic trough
power plants

Federica Di Michele and Ingenuin Gasser

Parabolic trough power plants is a technology for utilizing solar energy in large power

plants. These use curved, long, parabolic mirrors that focus the sun’s direct beam radia-

tion on a linear receiver tube located on the focus of the parabola. This tube contains a

heat transfer fluid (HTF), that is heated and it is used to generated superheated steam.

At the final step the superheated steam is transformed into electricity by using a reheat

steam turbine-generator. Different kinds of HTFs are now available:

(1) Oil

(2) Ionic fluid

(3) Water and steam

In this talk we show a simple mathematical model for heat and mass transfer in parabolic

trough power plants. We also present a suitable numerical code, by use of which we

compare the performance of the different kinds of transfer fluid, in order to understand

which provides the best performance.

Modelling, Asymptotic Analysis and Simulation of Gas
Dynamics in Chimneys and Cooling towers

Elisabetta Felaco and Ingenuin Gasser

We start with a basic example in which we describe the motion of flue gases produced by

combustion trough a chimney.

We use a one dimensional fully compressible model, considering an adapted version

of the Euler equations of gas dynamics and after a standard scaling, we encounter two

small parameters, the Mach number M and the Froud number Fr, so that we have at

least two possible choices for asymptotic analysis: the Boussinesq approximation and the

small Mach number limit.

We find that the first one is not applicable in our case while the second lead us to a

simpler system of equations on which we perform numerical simulations.

The scheme that we use is simple, and it is faster then the corresponding simulations

on the full set of compressible equations.

Once analysed in details this basic model, we apply the same techniques to a more

sophisticated problem, such as that of cooling towers. We focus on natural draft hybrid

cooling towers, were the cooling effect is due both to the flow of fresh air and to the

evaporation of cooling water.



In this case we have to deal with a complex set of equations describing the dynamics of

water and of the mixture of dry air and water vapour, so that the asymptotic simplification

becomes essential to solve the problem.

Asymptotic formula of Stokes problem due to a small
perturbation of the domain

Luong Thi Hong Cam and Daveau Christian.

Let Ω ⊂ R2 be a bounded open domain with ∂Ω is of class C2. We consider the Stokes

system with inhomogeneous boundary condition P (g,Ω):
−∆u+∇p = λu in Ω

∇ · u = 0 in Ω

u = g on ∂Ω.

(1)

We consider the problem (1) with a perturbed geometry ∂Ωδ of ∂Ω such that

∂Ωδ = {x̃ : x̃ = x+ δρ(x)ν(x), x ∈ ∂Ω},

where ν(x) is the outward normal vector on ∂Ω, ρ(x) is of class C1 with ‖ρ‖C1 ≤ 1, and gδ
is the continuous extension of g that satisfies gδ = g on ∂Ω, and with δ � 1. We consider

the perturbed problem P (gδ,Ωδ):
−∆uδ +∇pδ = λuδ in Ωδ

∇ · uδ = 0 in Ωδ

uδ = gδ on ∂Ωδ.

(2)

We verify the stability of the solution uδ with respect to δ : There is a positive constant

C such that

‖uδ − u‖∞ ≤ Cδ‖g‖L2(∂Ω),

and then derive an asymptotic expansion of uδ − u in terms of δ by using layer potential

techniques.
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Removable singularities of solutions of elliptic equations with
nonstandard grow conditions

Yuliya V. Namlyeyeva and Igor I. Skrypnik

We study solutions of general quasilinear elliptic equation

− divA(x, u,∇u) = B(x, u,∇u), x ∈ Ω \ {x0} (3)

where x0 ∈ Ω ⊂ Rn, n ≥ 2. Here A(x, u, ξ), B(x, u, ξ) satisfy the Caratheodory conditions

and the following inequalities are valid:

A(x, u, ξ) ξ ≥ a0f(|ξ|)|ξ|2 − a1f(|u|)|u|2 − a1,

|A(x, u, ξ)|+ |B(x, u, ξ)| ≤ a2 (f(|ξ|)|ξ|+ f(|u|)|u|+ 1)

for every x ∈ Ω, u ∈ R1, ξ ∈ Rn, where a1, a2 are some positive constants. The function

f(t) defined for t ≥ 0 is a continuous nondecreasing function satisfying the following

inequalities:

ν1 t
p−2 − ν1 ≤ f(t) ≤ ν2 t

q−2 + ν2,

f(2 t) ≤ ν3f(t),

with some positive constants ν1, ν2, ν3 and p, q such that

1 < p ≤ q <
n− 1

n− p
p, p < n.

Moreover, for the function g(t) = t f(t) satisfying g(0) = 0, the following inequality is

valid
t∫

0

g(s) ds ≥ ν4 g(t) t,

for any t > 0, and some constant 0 < ν4 ≤ 1.

We establish the precise pointwise condition for removable isolated singularities of

solutions to equation (3). This study is a continuation of the previous research of the

authors [1,2].
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Symmetric Discontinuous Galerkin Formulation For Maxwell’s
equations

Azba Riaz and Christian Daveau.

In this paper, a new symmetric discontinuous Galerkin formulation for the time-dependent

Maxwell’s equations with superconductive boundary has been proposed. Its hp analysis

is carried out and error estimates that are optimal in the meshsize h is obtained. Some

numerical results are given to confirm the convergence rates as a function of the meshsize.

In [3], the discontinuous Galerkin method with solutions that are exactly divergence-free

inside each element, is developped for numerically solving the Maxwell equations. Here,

we consider a symmetric interior penalty discontinuous Galerkin method to approximate

in space an initial boundary value problem derived from Maxwell’s equations in stable

medium with supraconductive boundary.

∂2u

∂t2
+ c2∇× (∇× u) = f, ∇.u = 0 (1)

n× u(x, t) = 0 on ∂Ω× I, u(x, 0) = u0,
∂u

∂t
(x, 0) = u1 on Ω (2)

Here Ω is a convex polyhedron,

I = [0; t∗] ⊂ R, u0 and u1 are in H0(∇×,Ω) ∩H(∇.,Ω) and f is defined on Ω× I.

In this paper we used the same notations for spaces as in [1]. In order to derive a

weak formulation of (1)-(2), we note that formulas (1)-(2) in [1] implies for any u with

∇× u ∈ H(∇×,Ω)

c2 < ∇× (∇× u), v >= c2 < ∇× u,∇× v > +a(u, v)

where we have denoted

a(u, v) = c2 < n× (∇× u), v > −c2
∑
e⊂F Ih

< [v]T , {∇ × u} >e

Now, we introduce the penalty term via the form

Jσ(u, v) =
∑
e⊂F Ih

< σ[u]N , [v]N >e +
∑
e⊂Fh

< σ[u]T , [v]T >e u, v ∈ H1(∇×,Π)3

where σ = kp2/h is a stabilization parameter and k is a constant supposed ≥ 1. We also

defined

A(u, v) = c2(∇× u,∇× v) + a(u, v)− a(v, u) + J(u, v) where J(u, v) = (∇.u,∇.v)

So our formulation is B(u, v) = A(u, v) + Jσ(u, v).
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On solutions of some boundary problems for inhomogeneous
PDE with nondense defined operator in special spaces of entire

functions

Tetiana Stulova, and Sergey Gefter

In the talk we suppose to tell about the two abstract theorems, relating to theory of

differential equations in a Banach space and about its applications to solution of some

boundary problems for inhomogeneous PDE with nondense defined operator.

Here we illustrate one of the theorem and one of the example.

Let E be a Banach space and A : D(A) → E be closed invertible linear operator on

E (where its domain of definition D(A) can be not dense).

Theorem. Let f(z) be an E-valued entire function of zero exponential type. Then

the differential equation

w′ = Aw + f(z) (1)

has the unique entire solution of zero exponential type w (z) = −
∞∑
n=0

A−(n+1)f (n) (z), at

that this solution continuously dependent on f in the nature topology of space of all entire

E-valued functions of zero exponential type.

Example. Let E = C [0, 1] , A = d2

dx2
, D (A) = {u ∈ C2 [0, 1] : u (0) = u (1) = 0}.

Then operator A is invertible, (A−1h) (x) =
1∫
0

G (x, y) h (y)dy, where G is the Green



function of corresponding boundary problem. In this case

(
A−(n+1)h

)
(x) =

1∫
0

Gn+1 (x, y) h (y) dy, where G1 (x, y) = G (x, y) ,

Gn+1 (x, y) =

1∫
0

Gn (x, s) G (s, y) ds.

In this example by transition to real axes Equation (1) has the form of the heat

equation on (0, 1) with zero boundary conditions{
∂w
∂t

= ∂2w
∂x2

+ f (t, x) , t ∈ R, x ∈ (0, 1)

w (t, 0) = w (t, 1) = 0

If f (t, x) =
∞∑
n=0

cn (x) tn, where cn ∈ C [0, 1] and lim
n→∞

n
√
n! ‖cn‖ = 0, then Equation

(1) has the solution

w (t, x) = −
∞∑
n=0

1∫
0

Gn+1 (x, y)
∂nf

∂ tn
(t, y) dy.

One Problem of Optimal Forest Harvesting

Victoria Veshchinskaya and Elena Rovenskaya

In this work we consider the dynamic system described by the transport equation with

constant coefficients

xt(t, l) + gxl(t, l) = −µx(t, l) (t ∈ [0, T ], l ∈ [0, L]). (4)

Here x(t, l) ∈ R1 (t ∈ [0, T ], l ∈ [0, L]), T > 0, L > 0, g > 0 and µ > 0 are given.

System (4) is assumed to satisfy the general initial condition and the nonlocal boundary

condition:

x(0, l) = x0(l) (l ∈ [0, L]); gx(t, 0) = p(t) + β

∫ L

0

x(t, l)dl (t ∈ [0, T ]), (5)

where x0(·) : [0, L] 7→ R+
1 , p(·) : [0, T ] 7→ R+

1 and β > 0 are given. The dynamic system

(4) – (5) arises from the forest life cycle modeling [1,2].

Theorem 1 Let x0(·) and p(·) be sectionally continuously differentiable functions and

gx0(0) = p(0) + β
∫ L

0
x0(l)dl. Then the unique solution of the system (4) – (5) exists and

takes form

x(t, l) =

{
a
(
t− l

g

)
e−

µ
g
l, l ∈ [0, gt]

x0(l − gt)e−µt, l ∈ [gt, L]
(t ∈ [0, T ]), (6)



where a(t) = 1
g
p(t) + β

g
e−µt

∫ L−gt
0

x0(s)ds+ β
g
e(β−µ)t

∫ t
0
e(µ−β)sp(s)ds+

β2

g
e(β−µ)t

∫ t
0
e−βs

∫ L−gs
0

x0(l)dlds (t ∈ [0, T ]).

Let x0(·) : x0(l) = x̄(l) for l ∈ [0, l̄), and x0(l) = (1 − α)x̄(l) for l ∈ [l̄, L], x̄(l) =

γe−
µ
g
l, γ = x̄(0) > 0. Let p(·) ∈ C, where C denotes the set of sectionally continuously

differentiable functions possesses the values in [0, P ]. Let α ∈ [α−, α+] and l̄ ∈ [l̄−, l̄+] (0 ≤
α− < α+ ≤ 1, 0 ≤ l̄− < l̄+ ≤ L). Let us define the functionals on C × [α−, α+]× [l̄−, l̄+] :

B(p(·), α, l̄) = α
∫ L
l̄
x̄(l)dl − h

∫ T
0
p(t)dt; E(p(·), α, l̄) =

∫ L
0
x(T, l)dl and U(p(·), α, l̄) =

B(p(·), α, l̄) + σE(p(·), α, l̄), where σ ≥ 0 is a fixed weighting factor. In this work we

maximize the functional U(p(·), α, l̄) in the extreme case L→∞.
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On existence for a system modeling water-gas flow in porous
media in a fully equivalent global pressure formulation

Anja Vrbaški, Brahim Amaziane, and Mladen Jurak

Immiscible compressible two-phase flow through porous media under isothermal condi-

tion is described by a new model, developed in [1], [2], which employs the global pressure

and the non-wetting phase saturation as primary unknowns. The resulting equations are

written in a fractional flow formulation which leads to a degenerate coupled system con-

sisting of a nonlinear parabolic equation (the global pressure equation) and a nonlinear

convection-diffusion one (the saturation equation). This new formulation is fully equiva-

lent to the original phase equations formulation without any simplifying assumptions.

In this work, we consider a system in which each component only appears in one of

the phases with no mass transfer between the phases. Furthermore, we assume that the

wetting phase is incompressible and the non-wetting phase is compressible, such as wa-

ter and gas in the context of gas migration through engineered and geological barriers

for a deep repository of nuclear waste. The non-homogeneous Dirichlet and Neumann

conditions are imposed on the boundary of the domain. Under some physically relevant

assumptions on the data, as in [3], as well on the boundary data, we prove the existence



of weak solutions of the coupled and degenerate system by using an appropriate regu-

larization and a time discretization. A priori estimates are obtained using suitable test

functions, and a compactness result needed to pass to the limit in the nonlinear terms is

established.
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