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⬅ Crack in a pavement

Crack at the Moon’s 
surface ➞

⬅ Scotland coastline

Lengthscale matters!

Interfaces can be found everywhere...

Scale invariance?



Interfaces can be found everywhere...
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Interfaces can be found everywhere...

Santucci et al., Phys. Rev. E 75, 016104 (2007).

⬅ Paper

⬅ Sandblasted 

plexiglass

Crack fronts

Wetting line

Imbibition 
front

Magnetic 
thin film

Burning front

Lemerle et al., Phys. Rev. Lett. 80, 
894 (1998).



 Ubiquitous in Nature, large variety of lengthscales & microphysics.
BUT do they share nevertheless common (universal?) features?

How do they look like?
How do they respond when one pulls at them?

Disorder-conditioned features?

⇒ Statistical characterization of DISORDER
 Systems supported by an inhomogeneous underlying medium.

 Increasing complexity starting from a MICROSCOPIC description.
⇒ Need of a simpler MESOSCOPIC starting point

 Effective description depending on the LENGTHSCALE.
⇒ Characteristic lengthscales, scale invariance?

Review:  A.-L. Barabási & H. E. Stanley, Fractal Concepts in Surface Growth, Cambridge University Press, 1995.

MICRO

MACRO

Interfaces can be found everywhere...



 Competition of three physical ingredients ⇒ METASTABILITY, GLASSY PROPERTIES

DISORDERELASTICITY

TEMPERATURE

Disordered Elastic Systems (DES)



 Competition of three physical ingredients ⇒ METASTABILITY, GLASSY PROPERTIES

DISORDERELASTICITY

TEMPERATURE

 Exploration of disordered energy landscapes

V (x)

x

V (z, x)

Disordered Elastic Systems (DES)



 Disorder:
- ‘Random-bond’ versus ‘random-field’
- Collective weak pinning versus strong individual pinning centers

- Quenched versus annealed disorder HDES = Hel +Hdis

 Elasticity: Short-range versus long-range, e.g. Hel / system size

 Dimensionality

Disordered Elastic Systems (DES): a recipe

E. Agoritsas, V. Lecomte & T. Giamarchi, Physica B 407, 1725 (2012).

 No bubbles nor overhangs

E. Agoritsas, V. Lecomte & T. Giamarchi, Physica B 407, 1725 (2012).

 Finite width / Disorder correlation

�⇠

 Internal degree of freedom?



Main issue

What is  the imprint of a finite microscopic width and/or 
disorder correlation length  d

on the 1D interface fluctuations and properties?
⇠

�⇠



Ferromagnetic domain wall

RESOLUTION: 1µm
Ultrathin film of Pt/Co/Pt (a few atomic layers)

90x72µm2

Ferroelectric domain wall

 Courtesy of J. Guyonnet & Prof. P. Paruch.

RESOLUTION: 5nm
PbZr0.2Ti0.8O3 70nm / SrRuO3 30nm (electrode) / 

SrTiO3 (substrate)

(⇠ ⇠ 1nm)(⇠ ⇠ 50nm)

500nm

S. Lemerle, J. Ferré, C. Chappert,  V. 
Mathet, T. Giamarchi, & P. Le Doussal, 

Phys. Rev. Lett. 80, 849 (1998).

 Two examples of experimental realizations of interfaces:

Main issue: finite width or disorder correlation length ⇠ > 0



Low temperature ⇠th(T ) ⌧ ⇠

Random potential: V (z, x) V (x)

x

High temperature ⇠th(T ) � ⇠

Main result: low-temperature regime at ⇠ > 0

Interplay between

T > 0Thermal fluctuations

⇠ > 0
Width and/or disorder 
correlation length T 7 Tc(⇠)

(
)

⇠thermal(T ) 7 ⇠

)



Outline

 Model

 Geometrical fluctuations and roughness

 DES model of a one-dimensional (1D) interface

 Static 1D interface versus 1+1 Directed Polymer (DP)

 Disorder free-energy fluctuations

  Our results: Temperature-dependent fluctuations

 Roughness: temperature-induced crossover

 Conclusion & Perspectives

 Introduction

 Generic framework: Disordered Elastic Systems (DES)

 Specific issue: role a finite width or disorder correlation length



P(�u(r))

�u(r)

B(r)1/2

 Probability distribution function

P(�u(r))

Geometrical fluctuations & roughness

 Roughness function B(r) = h�u(r)2i ⇠ A · r2⇣

u(z+r)

u(z)

�uz(r)

z

r

x

(z, u(z))

 Roughness exponent:
⇢
⇣thermal = 1/2
⇣KPZ = 2/3

P(�u(r))

�u(r)

r

 Lengthscale    
�u(r)

r
- Relative displacement

=
Signature of the 

predominant physics

⇣Roughness exponent



Geometrical fluctuations & roughness: experimental examples

Domain walls in ultrathin Pt/Co/Pt 
ferromagnetic films

S. Lemerle et al., Phys. Rev. Lett. 80, 849 (1998).

⇣
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SATURATION

Buldyrev et al., Phys. Rev.  A 45, 8313 (1992).

Fluid invasion in a porous medium
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1D interface - Lenghtscale
P(�u(r))

�u(r)

r

THERMAL

⇣th = 1/2

RANDOM
MANIFOLD

r

(Log-log representation)

Single crossover
lengthscale ?

or
Whole intermediate

regime ?

=
BRM(r)

A(T,⇠) · r2⇣RM

Asymptotic 
roughness

=

B(r)

Effective
width ⇠2e↵

Larkin length
Lc

⇠ TrBth(r)

⇣RM = 2/3

Issues regarding the roughness at ⇠ > 0

u(z+r)

u(z)

x

z

r

(uz, z)

�uz(r)

�u(r)

P(�u(r))

r

B(r)1/2

  How many roughness regimes ?
Characteristic crossover lengthscales ?

 Universal roughness amplitude ?
B(r, c,D, T, ⇠) ⇠ A(c,D,T,⇠) ·r2⇣

 Imprint of the disorder correlator           ?R⇠(x)



Model of a thick 1D interface & 1+1 Directed Polymer (DP)

 Short-range elasticity & Elastic limit / Quenched random-bond weak disorder

e
V (z, x) = 0

e
V (z, x)eV (z0, x0) = D · �(z�z

0)�(x�x

0)

⇢⇠(x� uz) Density                     & random potential eV (z, uz)

V (z, x)V (z0, x0) = D · �(z�z0) R⇠(x� x

0)

 Alternative: correlated effective potential V (z, uz)

Elastic constant    / Width    / Disorder strength     / Temperaturec ⇠ D T

⇢

/ ⇠
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3

5

V (z, uz)

Hamiltonian:



Static 1D interface & Growing 1+1 Directed Polymer (DP)

 Observable: static geometrical fluctuations                    & roughnessP(�u(r)) B(r) = h�u(r)2i
& Effective disorder experienced by the 1D interface at a given lengthscale r

at fixed growing DP ‘time’ t$

1D interface
Lengthscale

Directed Polymer
Growing ‘time’

u(z+r)

u(z)

�uz(r)

z

r

x

(z, u(z))

u(z+r)

u(z)

�uz(r)

z

r

x

(z, u(z))

(0, 0)

t

y(t)

(t, y(t))

t0

y0

t

y(0, 0)

t1 y(t1)

p
B(t1)

V (t, y)

PV (t1, y)

Integrating the thermal fluctuations 
at short-‘times’/lengthscales!



Static 1D interface & Growing 1+1 Directed Polymer (DP)

 Observable: static geometrical fluctuations                    & roughnessP(�u(r)) B(r) = h�u(r)2i
& Effective disorder experienced by the 1D interface at a given lengthscale r

at fixed growing DP ‘time’ t$

Fth(t, y) + F̄V (t, y)

t

y

⇡ Fth(t, y)

⇡ F̄V (t, y)

PV (t, y) / e�[Fth(t,y)+F̄V (t,y)]/T

t

y(0, 0)

t1 y(t1)

p
B(t1)

V (t, y)

PV (t1, y)

Integrating the thermal fluctuations 
at short-‘times’/lengthscales! ‘Time-dependent free-energy landscape)



Static 1D interface & Growing 1+1 Directed Polymer (DP)

Tilted KPZ equation for the disorder contribution to the free-energy:

E. Agoritsas, V. Lecomte & T. Giamarchi, Phys. Rev. E 87, 042406 & 062405 (2013).

@tF̄V (t, y) =
T

2c
@2
y F̄V (t, y)�

1

2c

⇥
@yF̄V (t, y)

⇤2 � y

t
@yF̄V (t, y) + V (t, y)

F̄V (0, y) ⌘ 0 (‘flat’ initial condition)

8
<

:

Fth(t, y) + F̄V (t, y)

t

y

⇡ Fth(t, y)

⇡ F̄V (t, y)

@tFV (t, y) =
T

2c
@2
yFV (t, y)�

1

2c
[@yFV (t, y)]

2 + V (t, y)

KPZ evolution equation for the total free-energy with ‘sharp wedge’ initial condition:

M. Kardar, G. Parisi & Y.-C. Zhang, Phys. Rev. Lett. 56 889 (1986).

D.  Huse, C. L. Henley & D. S. Fisher, Phys. Rev. Lett. 55 2924 (1985).

PV (0, y) = e�FV (0,y)/T = �(y)

8
<

:



Static 1D interface & Growing 1+1 Directed Polymer (DP)

Tilted KPZ equation for the disorder contribution to the free-energy:

E. Agoritsas, V. Lecomte & T. Giamarchi, Phys. Rev. E 87, 042406 & 062405 (2013).

@tF̄V (t, y) =
T

2c
@2
y F̄V (t, y)�

1

2c

⇥
@yF̄V (t, y)

⇤2 � y

t
@yF̄V (t, y) + V (t, y)

F̄V (0, y) ⌘ 0 (‘flat’ initial condition)

8
<

:

Fth(t, y) + F̄V (t, y)

t

y

⇡ Fth(t, y)

⇡ F̄V (t, y)

 Focus on the unknown part of the free-energy

 Starting point of numerical/analytical study

P̄
⇥
F̄V (t, y + Y )

⇤
= P̄

⇥
F̄V (t, y)

⇤ Translation-invariant distribution:



Kardar-Parisi-Zhang (KPZ) equation

⌘(t, ~x) = 0

⌘(t, ~x)⌘(t0, ~x0) = D · �(t� t

0) · �(d)(~x� ~x

0)

8
<

:
Gaussian statistical distribution of a 

white noise...

... and of a colored noise in 1D 
(d=1) ⌘(t, x)⌘(t0, x0) = D · �(t� t

0) ·R⇠(x� x

0)

x

h(t, x)

M. Kardar, G. Parisi & Y.-C. Zhang, « Dynamical Scaling of Growing Interfaces », Phys. Rev. Lett. 56 889 (1986).

@

t

h(t, ~x) = ⌫r2
~x

h(t, ~x)| {z }+
�

2
[r

~x

h(t, ~x)]2

| {z }
+ ⌘(t, ~x)| {z }

random 
noise

relaxation or 
diffusion

slope-dependent lateral 
growth

Initial condition
h(0, ~x)

Distribution of the 
random noise

P̄ [⌘(t, ~x)]

Model for the time-evolution of the profile of a growing interface
h(t, ~x) $ FV (t, y)



Kardar-Parisi-Zhang (KPZ) equation

x

h(t, x)

M. Kardar, G. Parisi & Y.-C. Zhang, « Dynamical Scaling of Growing Interfaces », Phys. Rev. Lett. 56 889 (1986).

@

t

h(t, ~x) = ⌫r2
~x

h(t, ~x)| {z }+
�

2
[r

~x

h(t, ~x)]2

| {z }
+ ⌘(t, ~x)| {z }

random 
noise

relaxation or 
diffusion

slope-dependent lateral 
growth

1D KPZ universality class encompasses a wide range of problems:

Random matrices, Burgers equation in hydrodynamics, roughening phenomena & stochastic growth,

1+1 Directed Polymer (DP), our one-dimensional interface, ...

⇣KPZ = 2/3Fluctuations with power-law of exponent

Initial condition
h(0, ~x)

Distribution of the 
random noise

P̄ [⌘(t, ~x)]

Model for the time-evolution of the profile of a growing interface
h(t, ~x) $ FV (t, y)

J. Quastel, « Introduction to KPZ », CMD 2011,  http://www.math.toronto.edu/quastel/survey.pdf.
Ivan Corwin, « The Kardar-Parisi-Zhang equation and universality class », http://arxiv.org/abs/1106.1596.

http://www.math.toronto.edu/quastel/survey.pdf
http://www.math.toronto.edu/quastel/survey.pdf
http://arxiv.org/abs/1106.1596
http://arxiv.org/abs/1106.1596


1D interface - Lenghtscale

  How many roughness regimes ?
Characteristic crossover lengthscales ?

 Universal roughness amplitude?
B(t, c,D, T, ⇠) ⇠ A(c,D,T,⇠) ·t2⇣

 Imprint of the disorder correlator           ?R⇠(y)

Fth(t, y) + F̄V (t, y)

t

y

⇡ Fth(t, y)

⇡ F̄V (t, y)

1+1 Directed Polymer - `Time’

 Fluctuations of disorder free-energyF̄V (t, y)

 Scaling of free-energy correlator amplitude
eD1(T, ⇠)

 Focus on its two-point correlator R̄(t, y)

u(z+r)

u(z)

x

z

r

(uz, z)

�uz(r)

�u(r)

P(�u(r))

r

B(r)1/2

E. Agoritsas, V. Lecomte & T. Giamarchi, Phys. Rev. E 87, 042406 & 062405 (2013).

Issues regarding the roughness at ⇠ > 0



Free-energy of the 1+1 DP: uncorrelated disorder

Uncorrelated disorder (white-noise): R⇠=0(y) = �(y)

Asymptotically large-‘time’: GUE Tracy-Widom distribution (non-Gaussian!)
⇢

C̄(t, y) = 2-point correlator of Airy2 process

M. Prähofer & H. Spohn, J. Stat. Phys. 159 1071 (2002).

At all ‘times’:

T. Sasamoto & H. Spohn, Nucl. Phys. B 834 523 (2010).

P. Calabrese, P. Le Doussal & A. Rosso, Eur. Phys. Lett. 90 20002 (2010).
V. Dotsenko, Eur. Phys. Lett. 90 20003 (2010).

G. Amir, I. Corwin, J. Quastel., Comm. Pure Appl. Math. 64 466 (2011).

8
><

>:

C̄(t, y) ⌘
⇥
F̄V (t, y)� F̄V (t, 0)

⇤2

R̄(t, y) ⌘ @yF̄V (t, y) @yF̄V (t, 0)

(⇠ = 0)

D. A. Huse, C. L. Henley & D. S. Fisher, Phys. Rev. Lett. 55 2294 (1985).

Infinite-‘time’ limit:

R̄(1, y) =
cD

T
R⇠=0(y)()

Gaussian distribution
⇢

C̄(1, y) = cD
T |y|

Free-energy two-point correlators:



Free-energy of the 1+1 DP: ‘time’-dependence

Correlated disorder (colored-noise):

8
><

>:

C̄(t, y) ⌘
⇥
F̄V (t, y)� F̄V (t, 0)

⇤2

R̄(t, y) ⌘ @yF̄V (t, y) @yF̄V (t, 0)

R⇠(y) = ⇠�1R1(y/⇠)

(⇠ > 0)

E. Agoritsas, V. Lecomte & T. Giamarchi, Phys. Rev. E 87, 042406 (2013).

Fth(t, y) + F̄V (t, y)

t

y

⇡ Fth(t, y)

⇡ F̄V (t, y)

V (t, y)V (t0, y0) = D · �(t�t0) R⇠(y � y0)

Free-energy two-point correlators:

y

C̄(t, y)

p
B(t)�

p
B(t)

⇠ ⇠

⇡ eD1|y|



Focus on the two-point correlators:

Correlated disorder (colored-noise):

8
><

>:

C̄(t, y) ⌘
⇥
F̄V (t, y)� F̄V (t, 0)

⇤2

R̄(t, y) ⌘ @yF̄V (t, y) @yF̄V (t, 0)

Amplitude
eD1(T, ⇠)

Shape: Microscopic 
disorder correlator?

R̄(t, y) = eD1 [R⇠(y)� b(t, y, ⇠)]

Time dependence: 
Encoding the 
roughness?

R⇠(y) = ⇠�1R1(y/⇠)

E. Agoritsas, V. Lecomte & T. Giamarchi, Phys. Rev. E 87, 042406 (2013).

Free-energy of the 1+1 DP: ‘time’-dependence (⇠ > 0)

y

C̄(t, y)
R̄(t, y)

p
B(t)�

p
B(t)

⇠ ⇠

⇡ eD1|y|

y

C̄(t, y)
R̄(t, y)

p
B(t)�

p
B(t)

⇠ ⇠

⇡ eD1|y|

@2
y



Free-energy of the 1+1 DP: full evolution

Stochastic heat equation for the partition function ZV (t, y)

@tFV (t, y) =
T

2c
@2
yFV (t, y)�

1

2c
[@yFV (t, y)]

2 + V (t, y)
8
<

:ZV (0, y) = e�FV (0,y)/T = �(y) (‘sharp wedge’ initial condition)

@tF̄V (t, y) =
T

2c
@2
y F̄V (t, y)�

1

2c

⇥
@yF̄V (t, y)

⇤2 � y

t
@yF̄V (t, y) + V (t, y)

F̄V (0, y) ⌘ 0

8
<

:
(flat initial condition)

Tilt KPZ evolution equation for the disorder free-energy F̄V (t, y)

KPZ evolution equation for the total free-energy FV (t, y)

ZV (0, y) = �(y)

8
<

:

@tZV (t, y) =


T

2c
@2
y � 1

T
V (t, y)

�
ZV (t, y)

ZV (t, y) ⌘ e�FV (t,y)/T

FV (t, y) ⌘ FV⌘V (t, y) + F̄V (t, y)

 E. Agoritsas, PhD thesis (2013), http://archive-ouverte.unige.ch/unige:30031.

http://archive-ouverte.unige.ch/unige:30031
http://archive-ouverte.unige.ch/unige:30031


Free-energy of the 1+1 DP: linearized evolution
Tilt KPZ evolution equation for the disorder free-energy F̄V (t, y)

@tF̄V (t, y) =
T

2c
@2
y F̄V (t, y)�

1

2c

⇥
@yF̄V (t, y)

⇤2 � y

t
@yF̄V (t, y) + V (t, y)

8
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V (t, y) =

T

2c
@2
y F̄
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V (t, y)� y

t
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V (t, y) + V (t, y)

KPZ evolution equation for the total free-energy FV (t, y)

@tFV (t, y) =
T

2c
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1

2c
[@yFV (t, y)]

2 + V (t, y)
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T

2c
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y � y

t
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�
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V (t, y) +

cy2

2t2
+ V (t, y)

Stochastic heat equation for the partition function ZV (t, y)

Z lin
V (t, y) ⌘ e�F lin

V (t,y)/T

8
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:

@tZV (t, y) =


T

2c
@2
y � 1

T
V (t, y)

�
ZV (t, y)

@tZ lin
V (t, y) =

⇢
T

2c
@2
y � 1

T


V (t, y) +

1

2c

�
@yF̄

lin
V (t, y)

�2
��

Z lin
V (t, y)

F lin
V (t, y) ⌘ FV⌘0(t, y) + F̄ lin

V (t, y)

 E. Agoritsas, PhD thesis (2013), http://archive-ouverte.unige.ch/unige:30031.

http://archive-ouverte.unige.ch/unige:30031
http://archive-ouverte.unige.ch/unige:30031


Free-energy of the 1+1 DP: linearized evolution
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⇥
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Fluctuations are exactly Gaussian at all `times’ ⇒ fully characterized by:
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R̄ = @F̄@F̄

R̄lin(t, y) =
cD

T

⇥
R⇠(y)� blin(t, y, ⇠)

⇤

R̄lin(1, y) =
cD

T
R⇠(y)

Asymptote: Scaling with the diffusive roughness:

blin(t, y, ⇠) =
b̃(y/

p
Bth(t), ⇠/

p
Bth(t)p

Bth(t)



ttsat
SATURATION of the PEAKDEV.

0

Numerics: ‘time’-evolution of the free-energy correlators

E. Agoritsas, V. Lecomte & T. Giamarchi, Phys. Rev. E 87, 062405 (2013).

(⇠ > 0)

y

C̄(t, y)
R̄(t, y)

p
B(t)�

p
B(t)

⇠ ⇠

8
><

>:

C̄(t, y) ⌘
⇥
F̄V (t, y)� F̄V (t, 0)

⇤2

R̄(t, y) ⌘ @yF̄V (t, y) @yF̄V (t, 0)



Numerics: ‘time’-evolution of the free-energy correlators

E. Agoritsas, V. Lecomte & T. Giamarchi, Phys. Rev. E 87, 062405 (2013).

(⇠ > 0)



Numerics: shape of the asymptotic correlator

E. Agoritsas, V. Lecomte & T. Giamarchi, Phys. Rev. B 82, 184207 (2010).
E. Agoritsas, V. Lecomte & T. Giamarchi, Phys. Rev. E 87, 042406 & 062405 (2013).

Asymptotic disorder free-energy correlator
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correlator used in our numerical study!
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Numerics: temperature dependence of the free-energy
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Roughness in the DP formulation:

Numerics: disorder contribution to the roughness (⇠ > 0)
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Numerics: temperature dependence of the roughness (⇠ > 0)
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Numerics: temperature-dependence of the roughness (⇠ > 0)
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Summary

Effective description at fixed lengthscale: 
fluctuations of DP free-energy at fixed ‘time’

Regimes in the disorder free-energy fluctuations & roughness

Imprint of the microscopic disorder correlator in free-energy correlator R̄sat(y)

Crossover in temperature controlled by free-energy amplitude eD1(T, ⇠)

Tc(⇠) = (⇠cD)1/3& characteristic temperature

Study of the interplay between finite temperature
& finite width/disorder correlation length ⇠

0.1 0.5 1.0 5.0 10.0

0.001

0.01

0.1

1

10

100

t

Bdis(t)

B(t)

T %

¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥
¥ ¥

¥ ¥
¥
¥
¥
¥
¥
¥
¥
¥
¥
¥

¥

¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥
¥ ¥

¥ ¥
¥
¥
¥
¥
¥
¥
¥
¥
¥
¥

¥
1.0 5.02.0 3.01.5

1.0

2.0

1.5

1 2 3 4 5 6

0.5
1.0
1.5
2.0
2.5

T

R̄sat(0)

�2c @tF̄V (t, y)

T-10 -5 5 10

-0.5

0.5

1.0

1.5

2.0

2.5 R̄sat(y)

y

T %

/ eD1(T, ⇠)

⇠ 1/T

⇠ 1/Tc(⇠)

T %



0.1 0.5 1.0 5.0 10.0

0.001

0.01

0.1

1

10

100

t

Bdis(t)

B(t)

T %

¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥
¥ ¥

¥ ¥
¥
¥
¥
¥
¥
¥
¥
¥
¥
¥

¥

¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥
¥ ¥

¥ ¥
¥
¥
¥
¥
¥
¥
¥
¥
¥
¥

¥
1.0 5.02.0 3.01.5

1.0

2.0

1.5

1 2 3 4 5 6

0.5
1.0
1.5
2.0
2.5

T

R̄sat(0)

�2c @tF̄V (t, y)

T-10 -5 5 10

-0.5

0.5

1.0

1.5

2.0

2.5 R̄sat(y)

y

T %

/ eD1(T, ⇠)

⇠ 1/T

⇠ 1/Tc(⇠)

T %

Connections with the KPZ universality class: role of a correlated disorder/noise?

Theoretical predictions to be challenged with experimental interfaces:
Ferromagnetic domain walls? (low temperature)
Nematic liquid crystals? (high-velocity)

Perspectives
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Perspectives

Better understanding of the short-‘time’ 
regime hidden below tsat
& non-Gaussian fluctuations generated 
by the KPZ nonlinearity
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