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Problem 1 (Example for an evolution triple, 1+14+1=3 points).

Let
oo
> ul < oo}

n=1

H:= /0= {u = (Un)n>1

equipped with the scalar product (u,v)g =Y o | unvp. Let

V= {u = (Un)n>1 Zn%% < oo}
n=1

equipped with the scalar product (u,v)y =Y 2, n?u,v,. Moreover let

ST

A= {f fn n>1

equipped with the scalar product (u,v)a = Y oo " 2Upvy,.

(i) Let i1 : V — H, i1(u) =w and ig : V — H, is(u), = nu,. Show that i; and iy are both
continuous embeddings and i4(V') is dense in H for ¢ = 1,2.

(i) Let @ : H — H’ be the canonical isometric isomorphism and Jy : H — V' Jy(L) =
L oig4 for ¢ = 1,2. Determine the explicit form of J; = J, 0 @y oiz: V — V'. Show
that J5 is an isometric isomorphism but 77 is not.

(iii) Show that there exists an extension EJ; : A — V/ of J; which is an isometric isomor-
phism.

Problem 2 (Aubin-Lions-Simon, 248=10 points).
Let X C Y C Z be Banach spaces and assume that X — Y is compact and ¥ — Z is
continuous.

a) Show that for every § > 0 there exists ¢s > 0 such that
lz|ly < d|lzllx + csl|z||z for all z € X. (1)
Hint: Argue by contradiction and consider the sequence x, such that
[2nlly > dollznllx + nllznllz

for n > 1.



b) Let I = (0,7) and let for 1 < p < 0o
Ay ={uel’(;X)u e L' (I;2)}.
Our goal is to prove that the embedding A, — LP(I;Y) is compact.

(i) Using prove that if (vy)nen is a Cauchy sequence in LP(I; Z) and is bounded
in LP(I; X) then it is also a Cauchy sequence in LP(I;Y).

Let (up)n be a sequence such that: 1. (uy), is a bounded sequence in LP(I; X); 2. (u),),
is a bounded sequence in LY(I;Z). Let € C*°([0,T);R) with 6(T) = 0 and 6(0) = 1.
Let

Up = Oup + (1 — Q)uy =: vy, + wy.

Extend vy, (t) to Ry setting v, (t) = 0 for all ¢ > T. Taking h > 0 fixed, split v, (t) as
follows

t+h t+h
w®) = [ ous)ds+ [0 = 0a(6)ds = an(®) + (e

(ii) Show that sup;~g |lanx(t)||x < Ci(h) for some constant C;(h) which depends only
on h. Hence t — ay, j(t) takes values, independently of n, in a bounded subset of
X and therefore in a compact subset of Z.

(iii) Show that sup;g [la;, ;,(t)llz < C2(h) for some constant Co(h) which depends only
on h.

(iv) Show that ||byallre(rz) < ChY/P, for some constant C' > 0 (Hint: use Holder
inequality and Fubini’s theorem).
v) For k > 1 set hy, = 1/k. Use Arzela-Ascoli to extract from a,_;, a subsequence
Itk
Qy(k),hy, convergent in LP(I; Z) (Hint: start with hy fixed).
(vi) Use (iv) and (v) to show that we can extract from v, = a,  + by, a subsequence
which is Cauchy in LP(I; Z).

(vii) Note that a similar argument holds for w,. Conclude that A, — LP(I;Y) is
compact.



Problem 3 (A nonlinear parabolic equation I, 34+2+2*42 = 7+42%* points).
We want to study the nonlinear equation

Ou — Au+uDu = f. (2)

Let d = 4 and let U C R? be open and bounded with smooth boundary. Let 0 < T < oo and
I=(0,T). Set

V= {$ € C*(U;RY) : divg = 0},
let H be the closure of V in L?(U; R?), let V' be the closure of V in H'(U;R%), i.e.,

V = {¢ € H}U;R?) : divg = 0}.

Set
d
b(u, v, w) ::/ Z ui (Ov5 )w;.
Uii=1
(i) Show that for all u,v,w €V,
b(u, v, w) < Cllullv|[vllvllwllv, (3)
b(u,u,v) = —b(u,v,u). (4)

Hint: For assume first that u,v € V, integrate by parts and then use .

(ii) Let f € L?(I; V'), and up € H. Derive a reasonable notion of weak solutions to (2) for
we LX(I;V).

(iii*) Let {wg} be an orthonormal basis of H and an orthogonal basis of V. Show that there
exists a T' > 0 such that for all m € N there exists a u,(t) of the form

U (t) = Z d,(cm) (t)wg

k=1

solving

(um(0), wr) g = (vo, wk) o,
Uy, (1) [wi] + (D (t), Dwi) r21ry + b(tm (), um (t), wi) = f(t)[wy] (5)
ae. tel, V1I<k<m.

(iv) Show that there exists a constant 0 < C' < oo depending only on T', f and ug such that
||Um||L2(1;V) + ||um||L°°(I;H) <C.

Hint: Multiply by d,gm) (t) and sum over k.

Total: 20 points



