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Problem 1 (10 Points)

Consider the heat flux q in an isotropic material and assume that

q = q̂(%, θ,∇θ).

Show that q̂ must be of the form

q̂(%, θ, x) = −k̂(%, θ, |x|)x ∀x ∈ Rd,

where k̂ is a real valued function.

Problem 2 (10 points)

Suppose W : GL+(d)→ R satisfies

W (QF ) =W (F ) =W (FQ)

for all Q ∈ SO(d).

(a) Show that there exists a function g : (0,∞)n → R such that

W (F ) = g(λ1(F ), . . . , λn(F )),

where λi(F ) are the singular values of F .

(b) Argue that g is invariant under permutation of the arguments, that is,

g(z1, . . . zn) = g(zi(1), . . . , zi(d))

if i is a permutation.
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Problem 3 (10 points)

Let d = 3, and assume that L : Rd×d → Rd×dsym is linear, and

L
(
QFQT

)
= QL(F )QT

for all F ∈ Rd×d and all Q ∈ SO(d).

(a) Let F = e1 ⊗ e2 − e2 ⊗ e1, and show that FL(F ) = L(F )F .

Hint: Consider Qτ = eτF ∈ SO(d).

(b) Conclude from (a) that

L(F ) =

a c 0
c d 0
0 0 b


for some a, b, c ∈ R.

(c) Use (a) again to show that the matrices(
a c
c d

)
and

(
0 1
−1 0

)
commute, and argue that c = 0 and a = d using Problem 4 of sheet 3.

(d) Use the hypothesis for L for an appropriate Q to obtain a = b = 0.

(e) Argue that L(F ) = 0 for every skew matrix F , and that (for general F ) L(F ) only depends
on 1

2(F + F T ), that is, L(F ) = F(F + F T )).

(f) Argue that the arguments from parts (a)-(c) can be repeated to show

L(e3 ⊗ e3) = λ Id+µe3 ⊗ e3,

for some λ, µ ∈ R, and conclude that

L(ej ⊗ ej) = λ Id+µej ⊗ ej ,

for j = 1, 2, 3.

(g) Show that

L(F ) = µ
F + F T

2
+ λ(trF ) Id

for all F .

Hint: Assume that F is diagonal at first.
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