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Quantum Walk on Z

Quantum particle with spin 1/2 on 1—dim lattice, i.e. Ky = 3(Z) ® C2
Spin evolution: C unitary operator on C?, "coin" space
Spin dependent shift; &UJshmtoﬂmrghKMﬁ)onE%Z)
S=S5eNt+S || on?2Z)ec?
One Step dynamics: U := SI® C)
Ux@ 1) = Cip|(x = 1)@ |) + Cppf(x+ 1)@ 1)

Ux® ) = Cp|(x=1)® |) + C[(x+ De 1)

Analogy: H=-A+V
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Quantum Walk versus Random Walk

Random Walker = Coin g"?tf-&) Tme é\' .

' f.

Quantum Walker = Coin Matrix C €U(2) . i
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Quantum Walk on Z?2 :

Setup: K =172 eC

(M) rery s 1o = {£1, %2} for C* 2z
{10 }xezz for 12(22) . u
e Spin dependent shift:  Let P, the projection "on" |7) € C* < >
S:= Y xezz Yorer, X+ sign(r)e ) (X @ P, on 12(2?) @ C*
e Spin evolution:  C unitary operator on C* 1

Time one dynamics of a QW:
U(C) :=SI& C) = ) xeze 2orer, X+ SION(T)E ) (x| @ (P-C)
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Quantum Walk on Z?2 :

Setup: K =172 eC
{™)Yrery » 1+ = {£1,42} for C*, N 4

{1X)}xeze for 12(2?)
e Spin dependent shift:  Let P, the projection "on" |7) € C* <
S:= Y xezz Yorer, X+ sign(r)e ) (X @ P, on 12(2?) @ C*

e Spin evolution:  C unitary operator on C*

-1 +1

\

Time one dynamics of a QW:
U(C) :=SI& C) = ) xeze 2orer, X+ SION(T)E ) (x| @ (P-C)

Time one dynamics of a random QW:

U,(C):= Y > Ix+sign(r)e ) (x| @ (P-C.(x))

xe€Z2 T€l
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Random Quantum Walk

e A random diagonal unitary operator on X by
DX ® 7 = exp (iwyg )X R 7.
The random time one dynamics
U.(C) =Db,U(C)

Assumptions:
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Random Quantum Walk

e A random diagonal unitary operator on X by
DX ® 7 = exp (iwyg )X R 7.
The random time one dynamics
U.(C) =Db,U(C)
Assumptions:

e {wytxeT rea i-i.d. random variables on the torus T with common
distribution dv(0) =1(6)dd, where | € L>°(T)

Remarks:
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Random Quantum Walk

e A random diagonal unitary operator on X by
DX ® 7 = exp (iwyg )X R 7.
The random time one dynamics
U.(C) =Db,U(C)
Assumptions:

e {wytxeT rea i-i.d. random variables on the torus T with common
distribution dv(0) =1(6)dd, where | € L>°(T)

Remarks:

e Spatial disorder: C — {C,(X)}xe7



Quantum Walks: An Overview Spectral Properties of Quantum Walks on Trees

Random Quantum Walk

A random diagonal unitary operator on K by
DX ® 7 = exp (iwyg )X R 7.

The random time one dynamics

U.(C) =Db,U(C)
Assumptions:
e {wytxeT rea i-i.d. random variables on the torus T with common
distribution dv(0) =1(6)dd, where | € L>°(T)
Remarks:

e Spatial disorder: C— {C,(X)}xeT

e "Expected" spectral transition between "large" and "small" disorder
regimes. Abou-Chacra, Anderson, Thouless '73, Kunz, Souillard '83,
Klein 94
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Remarks

e First result for RQW [Konno '09]
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Remarks

e First result for RQW [Konno '09]

e Localization for d = 1 [Joye-Merkli 10, Ahlbrecht et al '11]

tdox T pdex
Cw(x) = (reiwj-l —teWH)
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Remarks

e First result for RQW [Konno '09]

e Localization for d = 1 [Joye-Merkli 10, Ahlbrecht et al '11]
tdox T pdex
C,.(x) = . .
¥ (rewi* = 1)

o Large disorder localization on Z9 [Joye’ 12]
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Remarks

First result for RQW [Konno '09]

Localization for d = 1 [Joye-Merkli '10, Ahlbrecht et al '11]
tdex T per
C,.(x) = . .
¥ (rewi* = 1)
Large disorder localization on Z9 [Joye’ 12]

Generalization to homogeneous trees.
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The Homogeneous tree 7,

3

I_|_|| H o ib '|‘_-‘|'_|_!
HE HEL e HE

o+

A, = {a,b} generators of a free group
Root: origin e

Edges: Any x € 74: Finite reduced word X = X1Xo...%n, X € Ao
Length: |x| =n

Distance: For any x,y € Tz, d(x,y) = |[x~1y|



Spectral Properties of Quantum Walks on Trees

Random Quantum Walk on 74

3

T

H+
[e))
Q

T
_I_

_|_

H

o+

Hilbert space; K4 = (?(Ts) ® C*
Shifton ¢2(T3): S/ |x) = |x7)
Spin dependent shift on £y :
S=S@laa + S bbbl + S @la )@ + S @b b

RQW: U, (C) = D(w)S(I® C)
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Landmarks in U(4)

° C(a)(b)(a—l)(b—l) =1 = a.c. Uw(]l) ~8S
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Landmarks in U(4)

® Cpa-1p-1y = acC. o same for Cap-14-1)
afl
p'| [T
RragL b
a
a
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° C(abaflb—l> = a.cC.

Landmarks in U(4)

Spectral Properties of Quantum Walks on Trees

e for Ciap-1a-1p)

)

° C(aafl)(bb*l) = p.p

same for C(abb—la—l) ) een
H2 =span {x®a,xa '®a '}

H2 = span {x®@ b,xb~t® b~}

C = Ca® Gy onspan{|a),a-})}& span {|b), b~}
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Landmarks in U(4)

® Clapa-1p-1) = a.C. o1 samefor Cipoia )
afl
p'| [T
Rraa b
a
a
® Cpapp-1a-1) = P.p same for Craa 1pp-1) 4 ...

Hy = {x@axbabxob ! xatewal},
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Spectral Phase Diagram

Spectral Properties of Quantum Walks on Trees

Deloc.
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Neighborhood of Caya-1p-1)

Proposition
There exists ¢ > 0. Then, forany C € U(4), ||C — Capa-1p-1)| < € implies for

any w €
(U (C)) = 0ac(Uu(C)).

Idea of Proof:
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Neighborhood of Caya-1p-1)

Proposition
There exists ¢ > 0. Then, forany C € U(4), ||C — Capa-1p-1)| < € implies for

any w €
(U (C)) = 0ac(Uu(C)).

Idea of Proof:

e Spectral criteria

He(U) = {o| D olung)? < oo}
neN
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Neighborhood of Caya-1p-1)

Proposition
There exists ¢ > 0. Then, forany C € U(4), ||C — Capa-1p-1)| < € implies for

any w €
U(UM(C)) = Uac(Uw(C))-

Idea of Proof:

e Spectral criteria

He(U) = {o| D olung)? < oo}
neN

e Path counting argument to show |[(x® 7|UZ(C)x® 7)| < (ke)"
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Quantum Walks: An Overview
Neighborhood of Caya-1p-1)
Proposition
There exists ¢ > 0. Then, forany C € U(4), ||C — Capa-1p-1)| < € implies for
any w e

U(UM(C)) = Uac(Uw(C))-

Idea of Proof:

e Spectral criteria

HE(U) = {61 Y [(6]Ung)? < oo}
neN

e Path counting argument to show |[(x® 7|UZ(C)x® 7)| < (ke)"

Remark: This result is deterministic and can be generalized for all q even
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Neighborhoods of Ciah-1a-1) and Cpaa-1pp-1y, ...

Theorem
Let m € {(abb~a"1), (aa~bb~?1), (aa~tb~1h), (aa~1)(bb~1), (ab~tba~?1)} there
exists € > 0 such that for all C € U(4) with ||C—C,| <e

0(Uy(C)) = opp(Uu,(C)) almost surely.

Proof: Fractional Moment Method [Aizenman-Molchanov 93, H.-Joye-Stolz
09]
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Fractional Moment Estimate

Theorem

Forall 0 <s< 1/3,and all v > 0, there exist K(s,v) < oo and €(s,y) >0
such that for all C € U(q) with [|C— C2|| < e(s,v), all x,y € Tq with
dix,y)>2,all z¢ U,and all 7,0 € Aq,

E(|(x® 7] (Uu(C) =2ty ® 0)[°) < K(s,7)e 9.
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