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Problem 1 (Nemitski operator, 4 points).
Let © C R™ be open and bounded, and let f : 2 x R — R be a Carathéodory function, that
is, f satisfies the following conditions:

a) for every s € R the map = — f(x,s) is measurable in €;

b) for almost every x € Q the map s +— f(x,s) is continuous on R.

Let 1 < p,q < oo, and define the Nemitski composition operator F' : LP(Q) — L(Q) by
setting F(u)(x) := f(x,u(x)). Prove that F' is well defined and continuous, provided f
satisfies ,

[f(z,5)] < a(x) + bs|«
for some a € L4(Q2) and b > 0.

Problem 2 (An application of Schauder’s fixed point theorem, 4 points).
Let €2 C R™ be open and bounded, and let f: 2 x R — R satisfy the following assumptions:

a) for every s € R the map = — f(x,s) is measurable in €;
b) for almost every x € Q the map s — f(x,s) is continuous on R;

c) |f(z,s)] < a(z)+b|s|? for every s € R and almost every z € 2, where a € L2(Q), b > 0,
and 0 < 5 < 1.

Use Schauder’s fixed point theorem (in particular, the second version proved in Problem 3
in Problem Sheet 10) to show that there exists a weak solution u € H}(£2) to the boundary
value problem

u=20 on 0f).

If 8 =1, is there always a weak solution to the problem?
Hint: use the properties of Nemitski operators in Problem [}

{—Au = f(z,u(x)) in £,

Problem 3 (Brezis-Nirenberg example, 2 points).
Let F: R? - R, F(z,y) = 22 + (1 — 2)3y?. Show that there are constants r,a > 0 such that

inf F(z,y) >a,
|(z.y)|=r

and (g, o) € R? such that

|(z0, y0)| > 7, F(x0,90) <0.
What are the critical points of F'? Why does the Mountain Pass Theorem fail in this example?

Please turn over.



Problem 4 (Mountain Pass Theorem, 6 points).
Let 2 C R”™ be open, bounded and connected, with smooth boundary, let £ > 0, and consider
the boundary value problem

—Au=MNu—-£k)" in
{A Au — k) Q, Q)

u € H(Q),
where (-) denotes the positive part and A > \; (first eigenvalue of the Laplacian in 2). Prove

that has a positive solution whose maximum is larger than k, by applying the Mountain
Pass theorem to a suitable functional ® : H}(Q2) — R. In particular, show that:

a) the functional ® is of class C'!, with ®' Lipschitz;

b) the functional ® has the mountain pass geometry;
(Recall that the eigenfunction uy corresponding to Ay is strictly positive inside (2.)

c) if (u;); is a Palais-Smale sequence, then [ju;|| is bounded;
Hint: letting z; = u;/||uj|| one finds that z; — 2 strongly in HZ(Q); using also the
Mazimum Principle, the function z satisfies z > 0 and —Az = Az, a contradiction.

d) the Palais-Smale condition holds.

Total: 16 points



