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Problem 1 (Properties of the space BMO, 2+2+2 points).
Let @ C R™ be a cube. The space BMO(Q) is defined as the set of functions v € L'(Q) such
that

[u]s,@ = sup lu — ug|dr < oo,
QCQ JQ
where the supremum is over all cubes Q" C @ and ug denotes the mean value of u on Q'.

a) Prove the inclusion W™ (Q) < BMO(Q).
b) Show that u(z) = Inx belongs to BMO(Q), Q = (0,1).
(Therefore L>(Q) is strictly contained in BMO(Q)).

c¢) Prove that if u € BMO(Q) then u € LP(Q) for every p € [1,00), with

1

<]{2!u —uql? da:) " < eln,p)[u)sg -

Hint: first prove the equality

11 %0 ) =p/0 Wz : flz) >t} dt.

Problem 2 (Harnack inequality in dimension 2, 242 points).
We show that, for equations in two variables, the Holder estimate and the Harnack inequality
can be deduced by simpler methods.

a) Let u € C*(Bg), Br C R?, and write for 0 <r < R

w(r) := oscu =supu — inf u.
0B: 9B,

T

If w is non-decreasing, show that

() < /ln(;/r) </BR \Du|2d:r>§.

b) Let u € C'(Bgr) be a nonnegative solution to the elliptic equation

2 2
— Y Dy(ai;Dju) =0, with a;; € L®(Br), Y ai&i&; > al¢l.
i,j=1 i,j=1
Prove the Harnack inequality

supu < Cinfu,
B, Br

for 0 < r < R, where C' is a constant depending on the coefficients a;;, on r, and on R.
Hint: first show that the Dirichlet integral fBr |Dv|?dx of the function v = Inu is
bounded in every disc By, 0 <r < R. Then apply part a) to obtain the result.



Problem 3 (Decay estimates for constant coefficients equations, 6 points).
Let 2 C R™ be open and let u € HL () be a weak solution to the equation

- Z Di(a;jDju) =0 locally in

1,j=1
where the coefficients a;; are constant and satisfy the estimates

n

laij| < A, 3" ay&it; > Ae® for all € € R™.
ij=1

Prove that, for all zop € Q and 0 < r < R < dist (zg, 092), u satisfies

r\”n
lul?de < e = / lul? dz , (1)
/Bv-(xo) <R> Br(ao)

r n+2
U — gy [P de < ¢ = / [u — gy p|* da, (2)
/Br(xo) ’ <R) Br(a0) ’

where ug, , = \Bil,ﬁ i) B, udz, and ¢ is a constant depending only on n, A and A.

Hints: to prove (1), argue as follows:

a) Consider first the case r < %. Use the Hilbert-space Regularity Theory, together with
the embedding H*(B,) < L*(B,) for k large, to prove that

1

ey
" JBy(z0)

lu|? dz < c(n, A, A, R)/ ul?.
Br(zo)

b) Use a scaling argument to make explicit the dependence of ¢ on R: assume without loss
of generality that xo = 0, and observe that for a given solution u in Bg, the rescaled
function u(x) = u(Rz) is a solution in Bj. ..

c¢) Finally, consider the case r > %.

To prove : apply the first estimate to Du (why can you do this?). Then combine this
inequality with Caccioppoli inequality (see Exercise 3a in Problem Sheet 4).

Total: 16 points

The student council of mathematics will organize the math party on 23/11 in
N8schicht. The presale will be held on Mon 20/11, Tue 21/11 and Wed 22/11 in
the mensa Poppelsdorf. Further information can be found at fsmath.uni-bonn.de.
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