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Problem 1 (Uniqueness by energy methods, 4 points).
Show that there is at most one smooth solution u(x, t) to the equation

utt + cut − uxx = f (x, t) ∈ (0, 1)× (0,∞),

c ∈ R, with initial conditions u(x, 0) = g(x), ut(x, 0) = h(x), and boundary conditions
u(0, t) = u(1, t) = 0.
Hint: study the function E(t) := 1

2

∫ 1
0 (u2

t (x, t) + u2
x(x, t)) dx (you may distinguish the cases

c ≥ 0 and c < 0).

Problem 2 (Picone’s example, 4 points).
Let u ∈ C1(Ω) be a solution to

a(x, y)ux + b(x, y)uy = −u,

where Ω = B1(0) is the unit ball in R2. Assume that a, b ∈ C∞(R2) and a(x, y)x+b(x, y)y > 0
on ∂Ω. Prove that u vanishes identically in Ω.
Hint: show that maxΩ u ≤ 0, minΩ u ≥ 0.

Problem 3 (Viscous Burgers’ equation, 4 points).
Consider the viscous Burgers’ equation

ut + uux = νuxx,

with ν ∈ R.

a) Identify the exponents n,m such that self-similar solutions of the form u(x, t) = tmf(xtn)
can be obtained. Write down the resulting ODE for the function f .

b) Let s(x, t) be a solution to the heat equation st = νsxx. Show that, if we make the
transformation u(x, t) = −2νsx/s, we obtain a solution to the viscous Burgers’ equation.

Problem 4 (Korteweg-de Vries equation, 4 points).
Consider the Korteweg-de Vries equation

ut + 6uux + uxxx = 0.

We look for a traveling wave solution u(x, t) = f(x − ct). Write the resulting ODE for f .
Assuming that both f and its derivatives vanish at infinity, integrate this equation once to
get a second order ODE for f .

Total: 16 points
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