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Problem 1 (Uniqueness for Neumann problem)
Let Q C R™ be open, connected and bounded with smooth boundary. Show that the only
smooth solutions to the Neumann problem

—Au=0 in €,
Vu-v=20 on 0f)

are u = const.

Problem 2 (Galerkin approximation for elliptic problems)
Let V be a real Hilbert space, f € V and B: V x V — R a bilinear form that is bounded
and coercive, that is

B(u,v) < M||ul|||v]] and B(u,u) > ofjul? for all u,v € V
Moreover, let (V},) a sequence of finite-dimensional subspaces such that
VicVeC...CV,C V1 C...CUZ |V, =V.
1. Show that for any n € N the variational equation
B(u,v) = (f,v) for all v € V,,

has a unique solution u,, € V,,. Furthermore, show that the sequence (u,) converges
weakly in V' to the unique solution u of B(u,v) = (f,v) for all v € V as n — oc.

2. Show that B(u, —u,v) =0 for all v € V,,, that is, u,, — u is B-orthogonal to V},.

3. Deduce that Y
llun, — ul| < — dist(u, V3,).
«

Problem 3 (A nonlinear parabolic equation)
Let @ C R™ be open and bounded with smooth boundary, g € H}(2) and f: R — R
Lipschitz-continuous. Consider the problem

Ou — Au = f(u) in Q x (0,7),
u=0 on 99 x (0,7T),
u(-,0) =g on (2

and show that a suitable weak solution exists for any T > 0.
Hint: Use a contraction principle and linear theory from the lecture or Fvans Chapter 7.




