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Problem 1 (4 points)
Let © C R™ be open and bounded and consider the problem
—div(aVu) = f in Q,
u=0 on 0,

where f € H=1(Q) = (H(Q))* and a € L>(; R™*") such that

D ai(@)&8 > colél®  forae. z€Qandall { €R".
ij=1

Use the continuation method to show that there exists a unique weak solution u € Hj ()
to (1). You may use without proof that in the case a;; = cd;; with ¢ > 0 a unique weak
solution exists.

Problem 2 (4 points)
Let 0 < A <n+2and Q C R” be open. Show that uj, — u in L?

i .(2) implies
[u]ﬁz,A(Q) S likrggf[uk]ﬁg,x(g),
where both sides may take the value +oo.

Hint: Passing to a subsequence one may assume that L := limg_,o [uk}L"Q,)\(Q) < o0o. If the
claim is not true, then there are 6 > 0, xg € Q and p > 0 such that

p_’\/ U — tgg [P > L? + 6.
Q(zo,p)
Derive a contradiction to the weak convergence of uy.

Please turn over.



Problem 3 (8 points)
Assume that the coefficients A?jﬂ are constant and satisfy the Legendre-Hadamard condition

AP CaCam'n? > vIC2In)? for all ¢ € R", € RY.

1. Let f € L?>(R™%R™¥). Show that there exists a weak solution u € VVI})’S(R";RN)
with Vu € L2(R"; R™N) of
—Do(A}’Dgul) = —Dofl, i=1,....N  (—divAVu = —divf),

which is uniquely determined up to constants and satisfies

1
/ |Vu|* dz < 2/ |£]? da. (2)
Rn vV Rn
Hints:

(a) For existence, first obtain a unique solution ux € W12(R™RYN) of —divAVuy, +
%uk = —divf. Then, deduce that a subsequence of Vuy, converges weakly in L?

and hence uy — (ug)o1 converges weakly in Wlif to the desired solution.

(b) For uniqueness, use that reverse Poincaré estimates

C C
sup |[Vul? < s / lu — u,|*de < n/ |Vu|? dz
Br/2 r B, r B

sup |V2ul* <
B'r/2

o
7’”*2/3 \Vu — (Vu),|* dz

are true for arbitrary balls.

2. Let 0 < A <n+2and f € L2 (R";R™N) with [f]2A@ny < co. Show that there

loc
exists a weak solution u € VVl:LC2 (R™; RY) with [Vu] £22(Rr) < 00 of

—divAVu = —divf,
which is uniquely determined up to an affine function and satisfies
[VU][:Q,)\(Rn) S C[f]EZ,A(Rn).
Hints:

(a) Assume first that spt f C Bpr,(0) so that f € L?. Let u be the solution from 1.
and deduce the estimate for [Vul 2 mny from interior estimates and (2).

(b) For general f let n € C2°(B1(0)) withn =1 on By 2(0) and set ni,(x) = n(2~*x).
Let fr, = mi(f — foor) and let uy, be the solution with right hand side fi. Show
that [fk]ﬁQ,)\(Rn) < [f]£2,A(Rn) and [VUk]£2,A(Rn) < C[f]EQ,A(Rn) and deduce that
for p > 1 we have

o 7 (T2 < O
B, (0

[(Vug)o,p — (Vur)oa| < C(p)[f] g2 mny-

Conclude weak convergence of (a subsequence of) Vur — (Vug)o1 and uy —
(uk)oJ - (Vuk)071$.

Total: 16 points



