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Problem 1 (4 points)
Let Ω be open and bounded with smooth boundary, and for ε > 0 define βε : R→ R by

βε(z) =

0 if z ≥ 0,
z

ε
if z < 0.

Given f ∈ L2(Ω), let uε ∈ H1
0 (Ω) be the weak solution of

−∆uε + βε(uε) = f in Ω,

uε = 0 on ∂Ω.

Show that uε converges weakly in H1
0 (Ω) as ε → 0 to a solution u ∈ M of the variational

inequality ∫
Ω
∇u · ∇(v − u) dx ≥

∫
Ω
f(v − u) dx

for all v ∈M , where M =
{
v ∈ H1

0 (Ω) : v ≥ 0 a. e. in Ω
}

.

Problem 2 (4 points)
Let Ω ⊂ Rn be open and assume that Φ: Ω→ Rn is a bi-Lipschitz C1-diffeomorphism from
Ω to Φ(Ω), that is, there is a constant L > 0 such that

1

L
|x− y| ≤ |Φ(x)− Φ(y)| ≤ L|x− y| for all x, y ∈ Ω.

Let 0 < λ < n+ 2. Show that u ∈ L2,λ(Φ(Ω)) if and only if u ◦ Φ ∈ L2,λ(Ω).

Problem 3 (4 points)
Let Ω = B1/2(0) ⊂ R2 and

u(x) = (x2
1 − x2

2)(− ln |x|)1/2.

Show that ∆u = f in Ω for some function f ∈ C(Ω), but that u 6∈ C1,1(Ω).

Problem 4 (EXTRA CREDIT: 4 points)
If ∆u = f for some f ∈ C0,1(Ω), do we have u ∈ C2,1(Ω)?

Total: 12 points, extra credit 4 points


