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Problem 1 (4 points)
Let Ω ⊂ Rn be open and 1 ≤ p ≤ ∞.

1. Assume that g : R → R is continuously differentiable with ‖g′‖∞ ≤ C and satisfies
g(0) = 0 if Ω has infinite measure. Show that g ◦ u ∈W 1,p(Ω) for all u ∈W 1,p(Ω).

2. Conclude that

u+ = max(u, 0), u− = −min(u, 0) and |u|

belong to W 1,p(Ω) if u ∈W 1,p(Ω) and find the corresponding weak derivatives.

Problem 2 (4 points)
Let Ω ⊂ Rn be open and bounded with smooth boundary.

1. Suppose that u ∈ H1(Ω) satisfies u ≥ 0 on ∂Ω and

−
∫

Ω
∇u · ∇v dx ≤ 0

for all v ∈ H1
0 (Ω) such that v ≥ 0 a. e. in Ω. Show that u ≥ 0 a. e. in Ω.

2. Let now u, v be smooth in Ω and prove that

(a) ∆u ≤ 0 in Ω and u ≥ δ > 0 on ∂Ω imply u ≥ δ in Ω;

(b) −∆u ≤ −∆v in Ω and u ≤ v on ∂Ω imply u ≤ v in Ω.

Problem 3 (8 points)
Let Ω ⊂ Rn have finite measure and fix p ∈ [1,∞).

1. Let u ∈ Lp(Ω) and show that∫
Ω
|u|p dx = p

∫ ∞
0

tp−1|Ut| dt

where Ut = {x ∈ Ω : |u(x)| > t}.

2. Show that Lp(Ω) ⊂ w-Lp(Ω) with

|Ut| ≤
(
‖u‖Lp

t

)p

for all t > 0 and all u ∈ Lp(Ω). Show that this inequality cannot be improved.

3. Show that w-Lp(Ω) ⊂ Lq(Ω) for p > 1 and all q ∈ [1, p).

4. Do we have Lp(Ω) ( w-Lp(Ω)?

Total: 16 points


