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Problem 1 (H?-regularity for a semilinear problem, 3 points)
Let u € H'(R") have compact support and be a weak solution of

—Au+c(u) = f in R",
where f € L2(R") and ¢ € C'(R) with ¢(0) = 0, ¢ > 0. Show that u € H?(R"™).

Problem 2 (Discontinuous coefficients, 1+2-+2 points)
Consider the problem

(av/) =2in (—=1,1),

u(£1) =0,
where
_ x<0
a(z) = {a T ,
ar x>0

and a_,a4 € Ryg.
1. Show that there exists a unique weak solution u € H'((—1,1)).

2. Compute the weak solution.

Hint: Compute a smooth solution in (—1,0) and (0,1) and investigate transmission
conditions at x = 0.

3. Under what condition(s) is «’ continuous?

Problem 3 (Boundary regularity, 444 points)
Let (r,¢) be polar coordinates in R? and €, = {(rcos¢,rsing) : 0<r <1, 0 < p < w} C
R?, 0 < w < 2.

1. Verify that u(r, ) = r*sin agp with o = 7/w is a weak solution of

Au=20 in Q,
u=0 onT'p ={(rcosp,rsing):0<r<1,¢€{0,w}},
Vu-v=asinap onl'y=002\Tp.

For which w do we have u € H%(Q,,)? If u ¢ H*(Q,,) what is the problem?

2. Verify that u(r, @) = /2 cos(§p) with a = m/w is a weak solution of

Au=0 in Q,
u=0 on I'p ={(rcosw,rsinw) : 0 <r <1},
Vu-v=0 onI'y, =(0,1) x {0},
Vu-uz%cos%go on I'y, = {(cosg,siny) : 0 < p < w}

and determine whether u € H?(Q,,).

Total: 16 points



